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PREFACE 



This Student Solutions Manual contains detailed solutions to selected exercises in the text 
Multivariable Calculus, Seventh Edition (Chapters 10-17 of Calculus, Seventh Edition, and 
Calculus: Early Transcendentals, Seventh Edition) by James Stewart. Specifically, it includes solu- 
tions to the odd-numbered exercises in each chapter section, review section, True-False Quiz, and 
Problems Plus section. Also included arc all solutions to the Concept Check questions. 

Because of differences between the regular version and the Early Transcendentals version of the 
text, some references are given in a dual format. In these cases, readers of the Early Transcendentals 
text should use the references denoted by "ET." 

Each solution is presented in the context of the corresponding section of the text. In general, 
solutions to the initial exercises involving a new concept illustrate that concept in more detail; this 
knowledge is then utilized in subsequent solutions. Thus, while the intermediate steps of a solution 
are given, you may need to refer back to earlier exercises in the section or prior sections for addition- 
al explanation of the concepts involved. Note that, in many cases, different routes to an answer may 
exist which are equally valid; also, answers can be expressed in different but equivalent forms. Thus, 
the goal of this manual is not to give the definitive solution to each exercise, but rather to assist you 
as a student in understanding the concepts of the text and learning how to apply them to the chal- 
lenge of solving a problem. 

We would like to thank James Stewart for entrusting us with the writing of this manual and offer- 
ing suggestions and Kathi Townes of TECH-arts for typesetting and producing this manual as well as 
creating the illustrations. We also thank Richard Stratton, Liz Covello, and Elizabeth Neustaeller of 
Brooks/Cole, Ccngage Learning, for their trust, assistance, and patience. 

DAN CLEGG 

Palomar College 

BARBARA FRANK 

Cape Fear Community College 
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ABBREVIATIONS AND SYMBOLS 



CD concave downward 

CU concave upward 

D the domain off 

FDT First Derivative Test 

HA horizontal asymptote(s) 

I interval of convergence 

I/D Increasing/Decreasing Test 

IP inflection point(s) 

R radius of convergence 

VA vertical asymptote(s) 

CAS 

= ' indicates the use of a computer algebra system. 

1 indicates the use of l'Hospital's Rule. 

= indicates the use of Formula j in the Table of Integrals in the back endpapers. 

= indicates the use of the substitution {u == sin x, du = cosxdx}. 

= indicates the use of the substitution {u = cos a;, du = - sinxdx}. 
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10 □ PARAMETRIC EQUATIONS AND POLAR COORDINATES 



10.1 Curves Defined by Parametric Equations 
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(b) y = t - 2 =* t = y + 2, so a = 1 - t 2 = 1 - (y + 2) 2 e» 
x = -(k + 2) 2 + 1, or x = -y 2 - 4j/ - 3, with -4 < y < 0 
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2 □ CHAPTER 10 PARAMETRIC EQUATIONS AND POLAR COORDINATES 
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(b)x = \/i =* t = x 2 =* y = 1 - t = 1 - x 2 . Since t > 0, x > 0. 
So the curve is the right half of the parabola y = 1 - x 2 . 

11. (a) x = sin \6, y = cos \6, -tr < 6 < tt. 

x 2 + y 2 - sin 2 \8 + cos 2 \6 = 1. For -tt < 0 < 0, we have 
-1 < x < 0 and 0 < y < 1. For 0 < 9 < tt, we have 0 < x < 1 
and 1 > H > 0. The graph is a semicircle. 

13. (a) x = smt, y = csct, 0 < t < f . y = csci = = i. 

ant x 

. For 0 < t < f , we have 0 < x < 1 and y > 1. Thus, the curve 
portion of the hyperbola y = 1/x with y > 1. 




17. (a) a; = sinh t, y = cosh t y 2 - x 2 = cosh 2 1 - sinh 2 1 = 1. Since 

t/ = cosht > 1, we have the upper branch of the hyperbola y 2 - x 2 = 1. 



(2, -3) r=4 




15. (a)a; = e 2t 2i = lna: =^ t = \\nx. 
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19. x = 3 + 2 cos t, y = 1 + 2 sin t, tt/2 < t < 3tt/2. By Example 4 with r = 2, /i = 3, and k = 1, the motion of 

takes place on a circle centered at (3, 1) with a radius of 2. As t goes from f to ^ , the particle starts at the point (3, 3) and 
moves counterclockwise along the circle (x - 3) 2 + (y - l) 2 = 4 to (3, -1) [one-half of a circle]. 

21. x = 5sint, y = 2cos£ sint = ^, cost = ^. sin 2 1 + cos 2 t = 1 =^ (— \ + (f ) = 1. The motion of the 

particle takes place on an ellipse centered at (0, 0). As t goes from -tt to 5tt, the particle starts at the point (0, -2) and moves 
clockwise around the ellipse 3 times. 

23. We must have 1 < x < 4 and 2 < y < 3. So the graph of the curve must be contained in the rectangle [1, 4] by [2, 3]. 
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SECTION 10.1 CURVES DEFINED BY PARAMETRIC EQUATIONS □ 3 



25. When t = -1, (x, y) = (0, -1). As t increases to 0, x decreases to -1 and y 
increases to 0. As t increases from 0 to 1, x increases to 0 and y increases to 1. 
As t increases beyond 1, both x and y increase. For * < — 1, x is positive and 
decreasing and y is negative and increasing. We could achieve greater accuracy 
by estimating x- and y-values for selected values of t from the given graphs and 
plotting the corresponding points. 

27. When t = 0 we see that x = 0 and y = 0, so the curve starts at the origin. As t 

i show that y increases from 0 to 1 while x 
increases from 0 to 1, decreases to 0 and to -1, then increases back to 0, so we 
arrive at the point (0, 1). Similarly, as t increases from | to 1, y decreases from 1 
to 0 while x repeats its pattern, and we arrive back at the origin. We could achieve greater accuracy by estimating x- and 
y-values for selected values of t from the given graphs and plotting the corresponding points. 

29. Use y = t and x = i - 2 sin nt with a r-interval of [-ir, w] . 



y 
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31. (a) x = xi + (x 2 - x{)t, y = yi + (y 2 - yi)t, 0 < t < 1. Clearly the curve passes through Pi( Xl , yi ) when t = 0 and 
through P 2 (x2, 1/2) when t = 1. For 0 < t < 1, x is strictly between xi and x 2 and y is strictly between y\ and y 2 . For 

every value of t, x and y satisfy the relation y - yi = — — — (x - xi), which is the equation of the line through 

X2 — Xl 



Pi(zi,2/i)andP 2 (x2,i/2). 

Finally, any point (x, y) on that line, satisfies 



y - yi _ x - xi 



; if we call that common value t, then the given 



J/2 - Vi X2- Xl 

parametric equations yield the point (x, 1/); and any (x, y) on the line between Fl(xi,1/i) and P2(x2, 2/2) yields a value of 
t in [0, 1]. So the given parametric equations exactly specify the line segment from Pi (xi, 1/1) to P2(x 2 , y 2 ). 

(b) x = -2 + [3 - (-2)]* = -2 + 5f. and y = 7 + (-1 - 7)t = 7 - 8t for 0 < t < 1. 



33. The circle x 2 + (y - \f = 4 has center (0, 1) and radius 2, so by Example 4 it can be represented by x = 2 cost, 

y = 1 + 2 sin t, 0 < t < 2ir. This representation gives us the circle with a counterclockwise orientation starting at (2,1). 

(a) To get a clockwise orientation, we could change the equations to x = 2 cos t, y = 1 - 2 sin t, 0 < t < 2n. 

(b) To get three times around in the counterclockwise direction, we use the original equations x = 2 cos t, y = 1 + 2 sin t with 
the domain expanded to 0 < t < 6ir. 
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4 □ CHAPTER 10 PARAMETRIC EQUATIONS AND POLAR COORDINATES 



(c) To start at (0, 3) using the original equations, we must have Xi = 0; that is, 2 cos t = 0. Hence, t = f . So we use 

x = 2cost,y = l + 2sint, f < t < 3= 

Alternatively, if we want t to start at 0, we could change the equations of the curve. For example, we could use 
x = -2 sint, y = 1 + 2cost, 0 < t < it. 

35. Big circle: It's centered at (2, 2) with a radius of 2, so by Example 4, parametric equations are 

a; = 2 + 2cost, 2/ = 2 + 2sini, 0 < t < 2ir 

Small circles: They are centered at (1, 3) and (3, 3) with a radius of 0.1. By Example 4, parametric equations are 

(left) x = 1 + 0.1 cost y = 3 + 0.1 sint, 0 < t < 2n 
and (right) x = 3 + 0.1 cos t, y = 3 + 0.1 sint, 0 < t < 2n 

Semicircle: It's the lower half of a circle centered at (2, 2) with radius 1. By Example 4, parametric equations are 

x = 2+lcost, j/ = 2 + lsint, 7r < t < 2k 
To get all four graphs on the same screen with a typical graphing calculator, we need to change the last t-interval to[0, 27r] in 
order to match the others. We can do this by changing t to 0.5f . This change gives us the upper half. There are several ways to 
get the lower half — one is to change the "+" to a "— " in the y-assignment, giving us 

x = 2 + 1 cos(0.5f.), y = 2 - 1 sin(0.5t), 0 < t < 2tt 
37. (a)x = t 3 * t = x 1/3 ,so 3 /=t 2 =x 2 / 3 . (b) x = t 6 * t = x 1/6 , so y = t" = .r 4/6 = x 2/3 . 

We get the entire curve y = x 2/3 traversed in a left to Since x = t 6 > 0, we only get the right half of the 



right direction. 



curve y = x 2 ^ 3 . 




y 










t >0 . 






0 


X 



(c) x = e" 3 ' = (e-') 3 tsoe"' =i 1/3 ], 
y = e~ 2t = (e _t ) 2 = (x 1 ^ 3 ) 2 = x 2 ^ 3 . 

If t < 0, then x and 2/ are both larger than 1. Wt > 0, then x and y 
are between 0 and 1. Since x > 0 and y > 0, the curve never quite 
reaches the origin. 




39. The case f < 6 < n is illustrated. C has coordinates (r<9, r) as in Example 7, 
and Q has coordinates (r0, r + r cos(tt - 9)) = (r9, r(l - cos 9)) 
[since cos(7r - a) = cos tt cos a + sin it sin a = - cos a], so P has 
coordinates (r9 - rsin(7r - 0),r(l - cosfl)) = (r(d - sin0),r(l - cos 9)) 
[since sin(7r — a) = sin n cos a — cos tt sin a = sin a]. Again we have the 
parametric equations x = r(9 — sin 9), y = r(l - cos0). 
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SECTION 10.1 CURVES DEFINED BY PARAMETRIC EQUATIONS □ 5 



41. It is apparent mat x — \UQ\ anay — |tvi | — pi |. rrom me aiagram, 


y 






x = \OQ\ = acosf? and y = \ST\ = bsinfl. Thus, the parametric equations are 








x = a cos 9 and y = b sin 9. To eliminate 9 we rearrange: sin0 = y/b =*> 


/ \/w 


r 

AO \ 




sin 2 0 = (y/6) 2 and cos 6 = x/a cos 2 0 = {x/af. Adding the two 


\ V ° 


TJ Q \ x 


equations: sin 2 9 + cos 2 9 = 1 = x 2 /a 2 -1- ?/ 2 /6 2 .Thus, we have an ellipse. 









43. C = (2a cot 6, 2a), so the re-coordinate of P is x = la cot 9. Let B = (0, 2a). 
Then ZOAB is a right angle and = 9, so |(_X4| = 2a sin 9 and 

A = ((2a sin 9) cos 9, (2a sin 0) sin 9). Thus, the y-coordinate of P 
is y = 2a sin 2 9. 

45, (a) 4 There are 2 points of intersection: 

( 1 ^ 

(—3, 0) and approximately (—2.1, 1.4). 

6 





(b) A collision point occurs when x\ =.xi and %j\ = y> for the same t. So solve the equations: 

3sini = -3 + cost (1) 
2cost = l+sint (2) 

From (2), sint = 2 cost- 1. Substituting into (1), we get 3(2 cost- 1) = -3 + cost => 5cost = 0 (*) 
cos t = 0 =4- t = f or . We check that t = ^ satisfies (1) and (2) but t = f does not. So the only collision point 
occurs when t = Sjf, and this gives the point (-3, 0). [We could check our work by graphing x\ and x 2 together as 
functions of t and, on another plot, j/i and yi as functions of t. If we do so, we see that the only value of i for which both 
pairs of graphs intersect is t = ^.] 

(c) The circle is centered at (3, 1) instead of (-3, 1). There are still 2 intersection points: (3, 0) and (2.1, 1.4), but there are 
no collision points, since (*) in part (b) becomes 5 cost = 6 cost = f > 1. 

47. x = f 2 , y = t 3 - ct. We use a graphing device to produce the graphs for various values of c with -tt < t < tt. Note that all 
the members of the family are symmetric about the z-axis. For c < 0, the graph does not cross itself, but for c = 0 it has a 
cusp at (0, 0) and for c> 0 the graph crosses itself at x = c, so the loop grows larger as c increases. 
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i n CHAPTER 10 PARAMETRIC EQUATIONS AND POLAR COORDINATES 



49. x = t + a cos t , y = t + a sin t , a > 0. From the first figure, we see that 
curves roughly follow the line y = x, and they start having loops when o 
is between 1.4 and 1.6. The loops increase in size as a increases. 
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_ — 1 A 

a — i.*t ~ 

11! 


a = l.o 


0 




X 



















that is, we seek the values of o for which there exist parameter values t and u such that t < u and 
(t + acost,t + asini) = (u + acos7i, u + osinu). 

In the diagram at the left, T denotes the point (t, t), U the point (u, u), 
and P the point (t + acost, t + asini) = (u + acosu, u + asinu). 
Since ~PT = P~U = a, the triangle FTt/ is isosceles. Therefore its base 
angles, a = /PTC/ and 0 = ZPt/T are equal. Since a = t - | and 

/3 = 2tt - 2g - u = Sf - u, the relation a = 0 implies that 
u + < = 3f (1). 




Since Tl/ = distance^, i), (u, tt)) = ^2(u - t) 2 = y/2(u- t), we see that 

IfTJ ( u -t)A/2 k , . 

cost* = 4=^ = - , sou - t = V2acosa, that is, 

PT a 

u-t = v/2acos(f - | ) (2). Now cos(< - f ) = sin[f - - f)] = sin(^ - t), 
so we can rewrite (2) as u - t = x/Sasin^ - (2'). Subtracting (2') from (1) and 
dividing by 2, we obtain t = - &asm(2f - t),or - t = ^sin(^ - t) (3). 




h -Ji{ U -i) H 



Since a > 0 and t < u, it follows from (2') that sin(^t - t) > 0. Thus from (3) we see that t < ^f. [We have 
implicitly assumed that 0 < f. < 7r by the way we drew our diagram, but we lost no generality by doing so since replacing t 
by t + 2tv merely increases x and y by 2tt. The curve's basic shape repeals every time we change t by 2-rr.] Solving for a in 

(3), we get a = -rjhgi r- Write z = *f - t. Then a = where z > 0. Nowsinz < z for z > 0, so a > V2. 

[asz->0+, thatis,asi-> (^)~ , a -» vf]. 

51. Note that all the Lissajous figures are symmetric about the x-axis. The parameters a and b simply stretch the graph in the 
x- and y-directions respectively. For a = b = n = 1 the graph is simply a circle with radius L For n = 2 the graph 
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SECTION 10.2 CALCULUS WITH PARAMETRIC CURVES □ 7 



itself at the origin and there are loops above and below the x-axis. In general, the figures have n - 1 points of intersection, 
all of which are on the y-axis, and a total of n closed loops. 

U 2.1 3.1 



-1.1 




-(a, b) = (2,1) 

2.1 -3.1 




(a, /» = (2, 3) 



- (a, b) = (3, 2) 



10.2 Calculus with Parametric Curves 



(x, y) = (4, 1) and dy/dx = -§, so an equation of the tangent to the curve at the point corresponding to t = I is 

y - 1 = -f (x - 4), or y ■ = -f x + 7. 

, . , dy . , . . dx . . . dy dy/cii icosi + sint 

5. x = I cost, y = ismi; t = tt. J = I cost + smt, ^ = t(-Bmt) +cost, and - = ^ = _ fsint + cos , - 

When t = 7r, (x, y) = (— ir, 0) and dy/dx = -w/(—l) = JT, so an equation of the tangent to the curve at the point 
corresponding to t = tt is y - 0 = 7r[x - (-7r)], or y = nx + % 2 . 

, (., x . , + in, , . t + * (1 ,3). * « (M), 

x = l+lnt=l =* ln£ = 0 t = 1 and ^ = 2, so an equation of the tangent is y - 3 = 2(x - 1), 

ax 

or y = 2x + 1. 

(b)x = l+lnt \nt = x-l => t = e"- 1 ,soy = ^+2 = (e 3: - 1 ) 2 + 2 = e 2l - 2 + 2,andy' = e 2 — 2 ■ 2. 

At (1,3), y' = e 2(1) " 2 -2 = 2, so an equation of the tangent is y - 3 = 2(x - 1), ory = 2x + 1. 

9. x = 6sint, y = t 2 +t; (0,0). 



dy _ dy/dt _ 2t + l 



. The point (0, 0) corresponds to t = 0, so the 



dx dx/dt 6 cos t ' 
slope of the tangent at that point is ±. An equation of the tangent is therefore 
y-0= i(x-0),ory = fx. 



-10 



_ 









10 



-2 
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8 □ CHAPTER 10 PARAMETRIC EQUATIONS AND POLAR COORDINATES 
11.x = * 2 + l, y = t* + t => ^_^M_2t + 



dx dx/di It 



1 - 1 d 2 y jg Vdx ; -l/(2t 2 ) _ J_ 
+ 2i dx 2 dx/dt 2t 4t 3 ' 



d 2 y 



The curve is CU when -7-^ > 0, that is, when t < 0. 

_ dt\dx) _ e- 2t (-l) + (l-i)(-2e- 2t ) _ e^j-l - 2 + 2t) _ 3t 
dx 2 " dx/dt " S« ? =e ( 2t ~ 3 )- The curve ,s CU when 

d 2 w 

^ > 0, that is, when t > § . 
15. i = 2sint, y = 3cost, 0 < t < 2tt. 

_d /dy\ 

dy _ di//dt _ -3sint 3 d 2 y _ dtydx/ _ -fsec 2 t 3 3 

dx ~ dx/dt ~ 2cost ~ 2 t£m *' 50 dx 2 ~ dx/dt ~ 2 cost ~ ~4 SC ° 

The curve is CU when sec 3 t < 0 => sect<0 => cosf<0 => f < f < 3f-. 



17. x = t 3 - 3i, y = t 2 - 3. 



J = 24, so || = 0 t = 0 4* 



(*,») = (0,-3). ^=3f 2 -3 = 3(t+l)(t-l),so^|=0 o 

i = -lorl 4* (x,y) = (2, -2) or (-2, -2). The curve has a horizontal 
tangent at (0, -3) and vertical tangents at (2, -2) and (-2, -2). 



-3 



19. x = cos0, y = cos 30. The whole curve is traced out for 0 < 0 < ir. 

^| = -3sin30, so ^ = 0 <=> sin30 = 0 & 30 = 0, tt, 2ir, or 3tt 

e = Q.f, £,or* * (x,y) = (1,1), (1,-1), (_i,i), or(-l,-l). 
dx dx 

-jt = -sin0,so — = 0 <s> sin0 = O <=> 6 = 0 or tt <=> 



-2 



d0 

(x,y) = (l ) l)or(-l,-l). Both 



dy dx 



equal 0 when 0 = 0 and r. 







(-2,-2) 


\. (2.-2) 
\/ = -l 




(o. -3) y 

1 = 0^/ 






-4 




1 


[ H.») 

fl = 2ir/3 


\ 

(1.1) 

9=0 


(-1.-1) 


vi, 

0= ir/3 



To find the slope when 0 = 0, we find lim J| = lim " lim = 9, which is the same slope when 0 . 

Thus, the curve has horizontal tangents at (|, -l) and (- A, l), and there are no vertical tangents. 
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SECTION 10.2 CALCULUS WITH PARAMETRIC CURVES □ 9 

21. From the graph, it appears that the rightmost point on the curve x = t-t 6 ,y = e t 
is about (0.6, 2). To find the exact coordinates, we find the value of t for which the 

graph has a vertical tangent, that is, 0 = dx/dt = 1 - 6t 5 t = 1/^/6. 
Hence, the rightmost point is 

(l/VQ-l/i&Ve),^^) = (5-6- 6 '" 5 ,e fl " ,/s ) « (0.58, 2.01). 

23. We graph the curve x = t 4 - 2t 3 - 2t 2 , y = t 3 - t in the viewing rectangle [-2, 1.1] by [-0.5, 0.5]. This rectangle 
corresponds approximately to t G [— 1, 0.8]. 

0.5 




-2 




i I 



-8.5 




-0.5 -1 

We estimate that the curve has horizontal tangents at about (-1, -0.4) and (-0:17, 0.39) and vertical tangents at 



about (0, 0) and (-0.19, 0.37). We calculate ^ = 



3t 2 



- . The horizontal tangents occur when 



dx dx/dt 4f 3 -6£ 2 -4*' 
dy/dt = 3i 2 - 1 = 0 f» t = ±-±, so both horizontal tangents are shown in our graph. The vertical tangents occur when 

dx/dt = 2t(2t 2 - 3t - 2) = 0 2t{2t + l)(t - 2) = 0 & t = 0, -| or 2. It seems that we have missed one vertical 
tangent, and indeed if we plot the curve on the i-interval [-1.2, 2.2] we see that there is another vertical tangent at (-8, 6). 

25. x = cost, y = s'mt cos t. dx/dt = — sini, dy/dt = — sin 2 t + cos 2 t = cos2t. 
(x, i/) = (0, 0) cost = 0- t is an odd multiple of f. When t = f, 

dx/dt = -1 and dy/dt = -1, so dy/dx = 1. When t = ^, dx/dt = 1 and 
dy/dt = — 1. So dy/dx = — 1. Thus, y — x and y = — x are both tangent to the 
curve at (0, 0). 

27. x = rd - dsintf, y = r- dcosfl. 

(a) _ =r _ dcoBfl ,_ =dsme , so _____. 

(b) IfO < d < r.then \dcosG\ <d<r,sor- dcos9 >r-d>Q. This shows that dx/dB never vanishes, 
so the trochoid can have no vertical tangent if d < r. 




6t 2 +2t-4 = 0 2(3t-2)(t + l) = 0 * ( = | or t = -1. If t = |, the point is (if , f ), and if t = -1, 

the point is (-2, -4). 
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10 □ CHAPTER 10 PARAMETRIC EQUATIONS AND POLAR COORDINATES 




31. By symmetry of the ellip 

A = 4 /; y dx = 4 / ° /2 b sin 9 (-a sin 0) d.9 = Aab $£ 12 sin 2 9 d9 = 4ab § (1 - cos I 
= 2ab[0 - | sin20]* /2 = 2o6(f ) = Trab 

33. The curve jb = 1 + e\ y = t - f 2 = t(l - t) intersects the x-axis when y = 0, 
that is, when t = 0 and t = 1. The corresponding values of x are 2 and 1+ e. 
The shaded area is given by 

/■x=l+e /•*=! 



/ (»r -y B )dx= [y(t) - 0] x'(t) dt = J, 1 (t - tV df 

= te* dt - fl t 2 e f dt = £ te ( di - [tV] J + 2 ft te* dt [Formula 97 or parts] 
= 3 1* te." dt - (e - 0) = 3 [(t - 1 )e'] J - e [Formula 96 or parts] 
= 3[0 - (-1)] - e = 3 - e 

35. x = r9 - dsm.9, y = r - dcosO. 

A = j 2 * r ydx = J 2 * (r-d cos 6)(r - d cos 0) dd = Jf* (r 2 - 2dr cos 0 + d 2 cos 2 9) d6 
= [r 2 9 - 2drsia9 + §d 2 (9 + \ sin26»)] 2,r - 2tit 2 + 7rd 2 

37. x = t + e~\ y = t- e~\ 0 < t < 2. dz/dt = 1 - e"' and dy/dt = 1 + e"', so 

(dx/dt) 2 + (dy/dt) 2 = (1 - e-') 2 + (1 + e- ( ) 2 = 1 ' 2e-' + e" 2 ' + 1 + 2e~' + e" 2t = 2 + 2 e " 2t . 
Thus, L = /* ^(dx/dt) 2 + {dy/dty dt = / 0 2 y/2 + 2e~ u dt Pi 3.1416. 

39. x = t — 2sint, y = 1 — 2cost, 0 < t < Att. dx/dt = 1 - 2cosi and dy/dt = 2sint, so 

(dx/dt) 2 + {dy/dt) 2 = (1 - 2 cos tf + (2 sin i) 2 = 1 - 4 cos t + 4 cos 2 i + 4 sin 2 i = 5 - 4 cos t. 
Thus, L = j£ sf (dx/dt) 2 + (dy/dt) 2 dt = / 0 4,r 1 /5-4costdi ftf 26.7298. 

41. a?=l+ 3t 2 , y = 4 + 2i 3 , 0 < i < 1. dx/dt = 6t and dy/dt = 6t 2 , so (dx/dt) 2 + (dy/dt) 2 = 36t 2 + 36t 4 
Thus, L = y^t 2 + 36i4 dt = jf 6* >/l + t 2 dt = 6 jjf yi (|<§»3 + * 2 , «fe = atdt] 

= 3 [|it 3/2 ] * = 2(2 3/2 - 1) = 2 (2 v/2 - 1) 

43. x = tsrnt, y = .tcost, 0 < t < 1. %as icost + sini and ^ = -tsini + cost, so 

at dt 



t 2 cos 2 t + 2t sin t cos t + sin 2 * + t 2 sin 2 t — 2t sin i cos t + cos 2 t 



(f) , + (f)'= 

= t 2 (cos 2 t + sin 2 t) + sin 2 I + cos 2 t = t 2 + 1. 
Thus, L = £ Vi^dt i [l tv ^TT+ Jln(t + V^+T)]^ = |V§ + | ln(l + v*f ) 
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-25 




-2.1 




SECTION 10.2 CALCULUS WITH PARAMETRIC CURVES □ 11 

x = e* cos f , y = e' sin t, 0 < f < 7r. 

(f f + (§f = [e*C«9*- sint)] 2 + [e'(sint + cost)] 2 
= (e t ) 2 (cos 2 i-2costsmi + sin 2 i) ' 

+ (e t ) 2 (sin 2 1 + 2 sin t cos t + cos 2 t 
= e 2t (2cos 2 i4-2 S in 2 f) = 2e 2 ' 

Thus,L = V2^dt = y/^e'dt- y/2 [e l g = ^2 («' - 1). 

The figure shows the curve a; = sint + sin 1.5t, y = cost for 0 < t < 4ir. 
dx/dt = cost + 1.5cos 1.5t and dy/dt = — sint, so 
2.1 (dx/dt.) 2 + [dy/dt) 2 = cos 2 t + 3 cos t cos 1.5t + 2.25 cos 2 1.5t + sin 2 1. 



Thus, L = J"** >/l + 3 cos t cos TM + 2,25 cos 2 IM dt W 16.7102. 



-1.4 



49. x = t - e £ , || = t + e', -6 < t < 6. 

(f f + (%f e') 2 + (1 + e') 2 =[1- 2e' + e 2t ) + (1 + 2e' + e 2£ ) = 2 + 2e 2t , so L = /_ 6 0 VT+2^dt. 

Set /(t) = >/2 + 2e 2t . Then by Simpson's Rule with n = 6 and At = ^f^- = 2, we get 
£ « |{/(-6) + 4/(-4) + 2/(-2) + 4/(0) + 2/(2) + 4/(4) + /(6)] m 612.3053. 

51. x = sin 2 t, 1/ = cos 2 t, 0 < t < 3tt. 

(dx/dt) 2 + (dy/dt) 2 = (2 sint cost) 2 + (-2 cost sint) 2 = 8 sin 2 t cos 2 t = 2sin 2 2t 

Distance = j*" V2 |sin 2t| dt = 6 J 0 ' r/2 sin2tdt [by symmetry] = -3^/2 [cos 2t]* /2 = -3 \/2(-l - 1) = 6 s/2. 
The full curve is traversed as f goes from 0 to f , because the curve is the segment of x + y = 1 that lies in the first quadrant 
(since x, y > 0), and this segment is completely traversed as t goes from 0 to f . Thus, L = f* /2 sin 2t dt = \/2, as above. 

53. x = asinfl, j/ = bcosfl, 0 < 0 < 2jr. 

(4e) 2 + (it) 2 . = (acos^) 2 + (-bsinfl) 2 = a 2 cos 2 5 + b 2 sin 2 0 = a 2 (l - sin 2 0) + 6 2 sin 2 6 

= a 2 - (a 2 - 6 2 ) sin 2 9 = a 2 - c 2 sin 2 B = a 2 - £ sin 2 (?) = a 2 (l - e 2 sin 2 f?) 
So 1/ = 4 jj** (l-e 2 sin 2 0) rif5 [by ^] = 4a /; /2 y/l - e 2 sin 2 9 d0. 



55. (a)x = llcosi-4cos(llt/2), j/ = 11 sint - 4sin(llt/2). 

Notice that 0 < t < 2% does not give the complete curve because 
x(0) ^ x(2w). In fact, we must take t e [0, 4tt] in order to obtain the 
complete curve, since the first term in each of the parametric equations has 
period 27r and the second has period -jf^ = y*, and the least common 
integer multiple of these two numbers is 47r. 
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12 □ CHAPTER 10 PARAMETRIC EQUATIONS AND POLAR COORDINATES 

(b) We use the CAS to find the derivatives dxjdt and dy/dt, and then use Theorem 6 to find the arc length. Recent versions 
of Maple express the integral ^/(dx/dt) 2 + (dy/dt) 2 dt as 88£(2 v*ft), where E(x) is the elliptic integral 
1 VI - x 2 t 2 



dt and i is the imaginary number >/— T- 



Some earlier versions of Maple (as well as Mathematica) cannot do the integral exactly, so we use the command 
evalf (Int (sqrt (diff (x, t)"2+dif f (y, t )"2) , t=0 . . 4*Pi) ) ; to estimate the length, and find that the arc 
length is approximately 294.03. Derive's Para_arc_length function in the utility file Int_apps simplifies the 



integral to 11 ^-4 cos t cos (^) - 4sint sin(^) + 5 dt. 

57. x = tsint, y = icost, 0 < t < rr/2. dx/dt = t cost + sin£ and dy/dt = -tsint + cost, so 

(dx/dt) 2 + (dy/dt) 2 = t 2 cos 2 t + 2t sin t cos i + sin 2 t + i 2 sin 2 t - It sin « cos ( + cos 2 £ 
= t 2 (cos 2 t + sin 2 t) + sin 2 t + cos 2 t = t 2 + 1 

S = / 27r?/ ds = /J r/2 27rf cos tv / f 2 TTdf « 4.7394. 

59. i = l+ £e\ » = (t 2 + l)e\ 0 < t < 1. 

(f ) 2 + (M = + e') 2 + K* 2 + I)** + e'(2t)] 2 = [e'(t + I)] 2 + [^(t 2 + 2t + I)] 2 
= e 2t (t + l) 2 + e 2t (t + l) 4 = e 2l (t + 1) 2 [1 + (t + l) 2 ], so 

> 

S = / 27ry ds = £ 27r(t 2 + l)e' ^(t + l) 2 (t 2 +2t + 2)dt = jf 27r(t 2 + l)e 2t (t + 1) v/£ 2 + 2£ + 2dt « 103.5999. 
61. x = t\ y = t 2 , 0 < t < 1. (§ ) 2 + (f f = (3t 2 f + (2t) 2 = 9£ 4 + 4t 2 . 

s S=J*2nyyJ(% f + (%f dt = j % 2 7 rt 2 v / 9£ 4 + 4t 2 dt = 2tt £ t 2 y/t 2 {9t 2 + 4) dt 

= a [f „■/» - | W 3 / 2 ];= £ . * [ 3u v, _ 20U 3 /2 ] - 

= llfs [(3- 132 Vl3- 20- 13 V13) -(3-32 - 20-8)] = ^(247^13 + 64) 

63. x = acos 3 0, ? y = a sin 3 0, 0 < 0 < f . (§) 2 + (^) 2 = (-3acos 2 9 sin0) 2 + (3asin 2 8 cos0) 2 = 9a 2 sin 2 6 cos 2 6. 
S = g f9 2tt • a sin 3 0 • 3a sin 6> cos 0 d0 = 67ra 2 j* /2 sin 4 0 cos 0 d8 = f Tra 2 [sin 5 0] "J 2 = f Tra 2 

65. x = 3t 2 , y = 2t\ 0 < t < 5 (f f + ($) 2 = (6i) 2 + (6t 2 ) 2 = 36t 2 (l + t 2 ) => 

S = / 0 5 2-kx y/(dx/dt) 2 + (dy/dt) 2 dt = / 0 5 27r(3£ 2 )6t VT+Pdt = 18tt $ t 2 VTTt* 2i d£ 



= 187r/ 2(> (u-l)Vwdw 



u = l + t*, 
ciu = 2t dt 



= l&r/f (u 3 ' 2 - u^ 2 )du = 187r[§ U r '/ 2 - fu 3 / 2 ] 2 " 



= IStt [(§ - 676 V26 - § ■ 26 V26 ) - (f - f )] = f tt(949 ^26 + l) 
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SECTION 10.3 POLAR COORDINATES □ 13 



67. If/' is continuous and f(t) £ 0 for a < t < b, then either f'(t) > 0 for all f. in [o, b] or f'(t) < 0 for all t in [a, b}. Thus, / 
is monotonic (in fact, strictly increasing or strictly decreasing) on [a, b]. It follows that / has an inverse. Set F = g o f~\ 
that is, define F by F(x) = g(f- l (x)). Then x = f(t) /~ l f» = t, so y = g(t) = *(*)) = 

J 0 



cty _ d</>/cfe _ ^zyj-iy^ 



sy - 



da ds/di 



(b) a; = a: and y - /(x) x = 1, i = 0 and y = y 



So K 



So «; = 



x 2 +y 2 J (i 2 + y 2 )V2 (±2 + y2)3/2 • 

dy = dj^y 
dx" 

d^y/dx 2 



d<£ 




xy' - xy 


\xy - xy\ 


ds 




(i 2 +y 2 )3/2 


(±2 +y2)3/2 



|l-(d 2 y/dx 2 )-0(dy/dx)| 



[1 + (dy/da:)2]3/2 [1 + (dy/dx) 2 ]3/2 ' 

71. x = f?-sinf? => x = l-cosf? £ = sinfl, and y = 1 - cos0 => y = sin0 y = cos 0. Therefore, 

|cos0-cos 2 0-sin 2 0| |cos0 - (cos 2 9 + sin 2 0)| |coafl-l| 

K = [(l-cos0) 2 +sin 2 0]3/2 _ (1 - 2cos0 + cos 2 0 + sin 2 0)3/ 2 ~ (2 - 2 cos 0)3/2 ' The t0p of the 15 

characterized by a horizontal tangent, and from Example 2(b) in Section 10.2, the tangent is horizontal when 9 = (2n - tfa 



I COS 7T — 1 1 

so take n = 1 and substitute 9 = tt into the expression for «: k - — ■ — - 



-1-1| 



(2-2cos7r)3/ 2 [ 2 -2(-l)]3/2 4 - 



73. The coordinates of T are (r cos 9, r sin 0). Since TP was unwound from 
arc TA, TP has length r6>. Also ZPTQ = ZPTil - ZQTR =^-9, 
so P has coordinates x = r cos 9 + t6 cos(\-n - 9) = r (cos 0 + 9 sin 0), 
y = rsin0 - r0sin(^7r - 9) = r(sin0 - 0cos0). 




10.3 Polar Coordinates 



1. (a) (2, f) 



By adding 2tt to f , we obtain the point (2, . The direction 
opposite f is ^, so (-2, ^) is a point that satisfies the r < 0 
requirement. 
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4 □ CHAPTER 10 PARAMETRIC EQUATIONS AND POLAR COORDINATES 
(b)(l,-2f) 



• 

o 


• 




4 



r >0: (1,-3* +2*)=(l,$) 
r<0: + *) = (-!,*) 



r>0: (-(-l),f +7r) = 
r <0: (_l,f + 27r) = (-l,f) 



3. (a) 



x = 1 cos7r = 1(— 1) = — 1 and 
y — 1 sin7r = 1(0) = 0 give us 
the Cartesian coordinates (—1, 0). 



(b) 




X = 2cos(-^) = 2(-i) = -1 and 
!/ = 2sin(-f)=2(-^) = -V3 
give us (-1, -\/3). 



(c) 




z = -2co S 2p = -2(-^) = v^and 

7/ = -2sin^ = -2(^) =-y/2 
gives us (v/2, -v/2). 



5. (a) x = 2 and y = -2 >* r = y^ 2 + (-2) 2 = 2 and 9 = tan -1 (^) = -f . Since (2, -2) is in the fourth 
quadrant, the polar coordinates are (i) (2 y/2, *f ) and (ii) (-2 y/2, 2f ). 



(b) x = -land tf = VS '=> r = i/(-l) 2 + (\/3) 2 = 2 and 0 = tan" 1 (^f) = Since (-1, %/3) is in the second 
quadrant, the polar coordinates are (i) (2, ^) and (ii) (-2, ^). 
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SECTION 10.3 POLAR COORDINATES □ 15 



7. r > 1. The curve r = 1 represents a circle with center 
O and radius 1. So r > 1 represents the region on or 
outside the circle. Note that 0 can take on any value. 



9. r > 0, tt/4 < 9 < 3tt/4. 

9 — k represents a line through O. 












o 





11. 2 < r < 3, f < 0 < f 











r = 2- 








o' 


V ' 

\ / 



13. Converting the polar coordinates (2, tt/3) and (4, 2tt/3) to Cartesian coordinates gives us (2cos f , 2sin f ) = (l, v^) and 
(4 cos ^ , 4 sin = (-2, 2 a/3 ) • Now use the distance formula. 



d= V /(x 2 -x 1 ) 2 + (i/2-S/i) 2 = ^/(-2-l) 2 + (;2V3-V3) 2 = V9 + 3 = Vl2 = 2V3 
15. r 2 = 5 «* x 2 + y 2 = 5, a circle of radius s/% centered at the origin. 

17. r = 2cos0 => r 2 =2rcos0 x 2 +y 2 = 2x x 2 - 2x + 1 + y 2 = 1 4* (x - l) 2 + y 2 = 1, a circle of 

radius 1 centered at (1,0). The first two equations are actually equivalent since r 2 = 2r cos 0 =J- r(r - 2 cos 9) = 0 
r = o or r = 2 cos 0. But r = 2 cos 0 gives the point r = 0 (the pole) when 0 = 0. Thus, the equation r = 2 cos 0 is 
equivalent to the compound condition (r = 0 or r = 2cos0). 

19. t 2 cos 20 = 1 r 2 (cos 2 0 - sin 2 0) = 1 (r cos 0) 2 - (r sin 0) 2 = 1 x 2 - y 2 - I, a hyperbola centered at 

the origin with foci on the a;-axis. 

2 

21. u = 2 <^ rsin0 = 2 o r = -— ; r = l 2csc0 

sm0 

23. t/ = 1 + 3x <^ rsin0 = l + 3rcos0 r sin0 - 3rcos0 = 1 r(sin0 - 3cos0) = 1 <=> 

1 

7* = 

sin 0 — 3 cos 0 

25. x 2 + y 2 = 2cx <=> r 2 = 2crcos0 O r 2 -2crcos0 = O r{r - 2ccos0) - 0 r = 0 or r = 2ccos0. 

r = 0 is included in r = 2ccos0 when 0 = f + n7r, so the curve is represented by the single equation t = 2ccos0. 
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16 □ CHAPTER 10 PARAMETRIC EQUATIONS AND POLAR COORDINATES 



27. (a) The description leads immediately to the polar equation 0 = J , and the Cartesian equation y = tan(f ) x=^xis 
slightly more difficult to derive, 
(b) The easier description here is the Cartesian equation x = 3. 

29. r = -2 sin 0 



31. r = 2(1+ cos 9) 







33. r = 0, 0 > 0 



35. r = 4 sin 30 



37. r = 2 cos 40 
















I 






2-. 


111 111 I 




0 \ 

-2 V 







5 \ 


/0 (4 ' f) 


/ I 


J 4 \ 

\ 


/ 3 \ 
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SECTION 10.3 POLAR COORDINATES □ 17 



39. r = l-2sin0 




47. For 6 — 0, n, and 27r, r has its minimum value ofabout 0.5. For f = f and r attains its maximum value of 2. 
We see that the graph has a similar shape for 0 < 9 < 7r and w < 9 < 2n. 
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18 □ CHAPTER 10 PARAMETRIC EQUATIONS AND POLAR COORDINATES 

49. x = rcos0 = (4 + 2sec0) cos0 = 4cos0 + 2. Now, r -» Op => 

(4 + 2sec0) -» oo 0-> (f)" or 0 -> (^) + [since we need only 
consider 0 < 9 < 2tt], so lim x = lim (4 cos 0 + 2) = 2. Also, 

9->ir/2- 




j Jc = 1 



r — -oo => (4 + 2 sec 0) ► oo 0 — (f ) + or 0 — (^) , so 
^ lim^ i = ^ lim + (4 cos 9 + 2) = 2. Therefore, lirn^ x = 2 x = 2 is a vertical asymptote. 

51. To show that x = 1 is an asymptote we must prove ^ lirn^ x = 1. 

x = (r) cos 0 = (sin 0 tan 0) cos 0 = sin 2 9. Now, r -» oo =** sin 0 tan 0 -> oo => 
0 (f )~, so lim x = lim sin 2 9 = 1. Also, r -t -oo =*• sin0 tan0 -oo =► 

w/ r- too 9-.7T/2- 

0— »(f) + , so lim x = lim sin 2 0 = 1. Therefore, lim x = 1 x = 1 is 

w/ r— -oo 0-.,r/2+ r—±oo 

a vertical asymptote. Also notice that x = sin 2 9 > 0 for all 0, and x = sin 2 9 < 1 for all 0. And x ^ 1, since the curve is not 
defined at odd multiples of f . Therefore, the curve lies entirely within the vertical strip 0 < x < 1. 

53. (a) We see that the curve r = 1 + csin 9 crosses itself at the origin, where r = 0 (in fact the inner loop corresponds to 

negative r-values,) so we solve the equation of the limacon for r = 0 <=> csin0 = -l <S> sin0 = -1/c. Now if 
|c| < 1, then this equation has no solution and hence there is no inner loop. But if c < -1, then on the interval (0, 2n) 
the equation has the two solutions 6 = sin _1 (-l/c) and 0 = 7r - sin _1 (-l/c), and if c > 1, the solutions are 
9 = ir + sin _1 (l/c) and 9 — 2n - sin _1 (l/c). In each case, r < 0 for 9 between the two solutions, indicating a loop. 

(b) For 0 < c < 1, the dimple (if it exists) is characterized by the fact that y has a local maximum at 9 = ^f. So we 

d 2 v 

determine for what c-values ^ is negative at 0 » $ , since by the Second Derivative Test this indicates a maximum: 

y = rsin0 = sin0 + csin 2 0 => ^ = cos0 + 2csin0 cos0 bs cos0 + csin20 =* ^| = - sin0 + 2ccos20. 

At 9 = ^, this is equal to -(-1) + 2c(-l) = 1 - 2c, which is negative only for c> ±. A similar argument shows that 
for -1 < c < 0, y only has a local minimum at 0 = § (indicating a dimple) for c < -|. 

55. r = 2sin0 x = rcos0 = 2sLn0cos0 = sin20, y = r sin 0 = 2sin 2 9 => 



dy _ dy/d9 _ 2 ■ 2 sin 0 cos 0 _ sin 20 _ ^ 
dx ~ dx/d9 ~ cos 20 • 2 ~ cos 29 ~ ^ 



When 0 = ^ , = tan^2 ■ ^ = tan ^ = y/3. [Another method: Use Equation 3.] 

57. r = 1/0 =^ x = r cos 0 = (cos 0) /0, y = r sin 0 = (sin 0)/0 => 

_ dy/d9 _ sin0(-l/0 2 ) 4- (1/0) cos 0 0 2 -sin0 + 0cos0 
dx ~~ dx/d0 ~ cos0(-l/0 2 ) - (l/0)sin0 ' 0 2 ~~ -cos0-0sin0 

.dy — 0 + 7r(-l) -7r 
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SECTION 10.3 POLAR COORDINATES □ 19 



59. r = cos20 => x = rcosfl = cos20 cos0, y = rsin0 = cos20 sin0 => 

dy _ dy/dB _ cos 20 cos 0 + sin 0 (-2 sin 20) 
ax _ ax/d0 ~ cos20(-sin0) + cos0 (-2sin 20) 

Whenfl-l ^ _ 0(^/2) + (v^/2)(-2) _ -y/2 
W 4*<& ~ 0(-v^/2) + (V2/2)(-2) " -v^ ~ 



61. r = 3cos0 



a; = r cos 0 = 3 cos 0 cos 0, y = r sin 0 = 3 cos 0 sin 0 



^ = -3sin 2 0 + 3cos 2 .0 = 3cos20 = O => 20 = f or If # 0 = f or ^. 



So the tangent is horizontal at f ) and (-^, ^) [same as -§ )] . 

4§ = -6sin0cos0 = -3sin20 = O 20 = 0 or n <f4- 0 = 0 or f. So the tangent is vertical at (3, 0) and (0, f). 
63. r=l+cos0 =^ x = rcos0 = cos0(l+cos0), y = rsLn0 = sin0(l + cos0) . 



^ = (l+cos0)cos0-sin 2 0 = 2cos 2 0 + cos0-l = (2cos0-l)(cos0 + l) = O cos0 = ior-l 
0=f > 7r,orf ; =4- horizontal tangent at (|,f),(0,7r), and (f,^). 

% = -(l+cos0)sin0-cos0sin0 = -sin0 (1 + 2cos0) =0 sin0 = 0 orcos0 = -\ => 

0 = O,tt, ^,or^ vertical tangent at (2, 0), (i,^), and (f,^). 

Note that the tangent is horizontal, not vertical when 0 = n, since lim ^J^ D = 0. 

65. r = osin0 + 6cos0 =>• r 2 = ar sin 0 + br cos 0 => 
x *_ bx+ { i b f +y *-ay+ (la) 2 = {\bf + (|«f 
with center ^a) and radius |Va 2 + b' 2 . 

67. r = 1 + 2sin(0/2). The parameter interval is [0, 4ir]. 



-3.4 




1 + y 2 = ay + bx => 
(x - \bf + (y - fa) 2 = i(a 2 + 6 2 ), and this is a circle 

69. r = e 8infl -2cos(40). 

The parameter interval is [0, 2tt}. 

3.5 



-2.6 




-2.5 



71. r = 14 cos 999 6. The parameter interval is [0, 2n\. 



-l.i 




-l.l 
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20 □ CHAPTER 10 PARAMETRIC EQUATIONS AND POLAR COORDINATES 



2.1 



-2 





— 


ft 

L 


\ \ \ 

\ — V " 

h-4- 




J/J 











r = 1 + sin 8 

r = 1 + sin(e-j ) 

r=l + sin(e-f ) 

1.4 



-0.9 



73. It appears that the graph of r = 1 + sin (5 - f ) is the same shape as 
the graph of r = 1 + sin0, but rotated counterclockwise about the 
origin by f . Similarly, the graph of r = 1 + sin(0 - f) is rotated by 
f . In general, the graph of r = f(9 - a) is the same shape as that of 
r = f (9) , but rotated counterclockwise through a about the origin. , 
That is, for any point (r 0 , 0 O ) on the curve r = f{9), the point 
(r 0 , 6o + a) is on the curve r = f(9 - a), since r 0 = f(9 Q ) = f({9 0 + a) - a). 

75. Consider curves with polar equation r = 1+ c cos 9, where c is a real number. If c = 0, we get a circle of radius 1 centered at 
the pole. For 0 < c < 0.5, the curve gets slightly larger, moves right, and flattens out a bit on the left side. For 0.5 < c < 1, 
the left side has a dimple shape. For c = 1, the dimple becomes a cusp. For c> 1, there is an internal loop. For c > 0, the 
rightmost point on the curve is (1 + c, 0). For c < 0, the curves are reflections through the vertical axis of the curves 
with c> 0. 




2 -1 




2 -1 




2 -1 




c = 2 



77. t&ntp — tan(</> — 9) = 



dy 

tan <{>- tang _ ^ - tang 



dy/d9 
dx/dB 



tan# 



l + tan*tan* 1 + |/ tan0 1 + $/M tan(9 
ax 



dr 



sin $\ rcos9 + r- 



% + d9 tand (Jcos^-rsin^+tan^Jsine + rcos^ |«> S 0 + g 
rcos 2 0 + rsin 2 f? r 



sin 2 9 

cos 9 

sin 2 9 



cost 



10.4 Areas and Lengths in Polar Coordinates 



1. r = e" e/4 , 7r/2<0<7r. 



^ tt/2 .Ar/2 yTT/2 L J *V2 



-tt/2 
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SECTION 10.4 AREAS AND LENGTHS IN POLAR COORDINATES □ 



3. r 2 = 9sin20, r > 0, 0 < 0 < tt/2. 

/•tt/2 _ f ir/2 



A= f ±r 2 d9= r i(9sin2e)de = |[-icos2e]; /2 = -f(-l-l) = f 
7o Jo 

5. r = V0, 0 < 9 < 2tt. A = ^ ±r 2 d0 = jf" ± (vf J d6 = jf 2 * |0d0 = [}fff = tt 2 



7. r = 4 + 3sin0, -f < 0 < f - 



A= ±((4 + 3sin0) 2 d0=± I"'* (16 + 24sm6 + 9sm 2 6)dd 

J-Tl/2 ' /-7T/2 

= k (16 + 9sin 2 0)d0 [by Theorem 4.5.6(b) [ET 5.5.7(b)]] 

J -tt/2 

= i ■ 2 / /Z [16 + 9 • ^(1 - cos 20)] d$ [by Theorem 4.5.6(a) [ET 5.5.7(a)]] 
Jo 



= -fcos20)d0 = [f0-|sin2d]^ 2 = (^-O)-(O-O) = ^L 

Jo 



9. The area is bounded by r = 2 sin 0 for 5 = 0 to 6 = n. 
A = £ ±r 2 d0 = § jT(2 sin 0) 2 dO = i jT 4 sin 2 5 d0 

= 2^ ±(l-cos20)d0= [0- |sin20]* = tt 
Also, note that tliis is a circle with radius 1, so its area is ir(l) 2 = ir. 

11. A = \r 2 d6 = \{Z + 2cos0fde= \ ^(9+12cos0 + 4cos 2 0)d0 

/•2rr 

= \J [9 + 12cos0 + 4-f(l+cos20)]d0 
= ^ £ W (ll + 12cose + 2cos20)dB= i [11(9 + 12sin0 + sin 20}\ 





(2, TT/2) 


( 


^/ r = 2 sin 0 


0 





= i(227T) = 117T 



(3. TT/2) 










(s.oA 




0 




(3,3W 







13. ^4 = ±r 2 d0 = |(2 + sin 40) 2 d0 = § / ^ (4 + 4 sin 45 + sin 2 40) d0 
Jo Jo Jo 

/•2n 

= i/ [4 + 4 sin 40 +|(1 -cos 861)] d9 
Jo 

= 5 / (§ + 4sin40 - | cos80) d0 = ± [§0 - cos40 - ^ sin 80]** 
Jo 
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22 □ CHAPTER 10 PARAMETRIC EQUATIONS AND POLAR COORDINATES 

l-2-n /-2ir 



15. A= *§r a d9 = jf * \(y/l + cos 2 50)*d0 

= | r \\+ cos 2 50)d0=± /" 2 '[l + i(l + ooBl(»)] 

*/o 



-2.1 




-1.4 



r= 4 cos 30 



17. The curve passes through the pole when r = 0 => 4 cos 30 = 0 =*■ cos 30 = 0 => 30 = § + 7m =► 

9 — f+fn. The part of the shaded loop above the polar axis is traced out for 
0 = 0 to 0 = 7r/6, so we'll use -tt/6 and 7r/6 as our limits of integration. 

A= /*' i(4cos30) 2 d0 = 2 r /6 |(16cos 2 30)d0 

= 16 r /6 i(l+cos60)<i0 = 8[0 + ^sin60]; /6 = 8(f) = fir 

JO 

19. r = 0 sin40 = O e» 40 = ttti => 0 = f n. 

A= * (sin4<?)2 d * = i j[* * sin2 40 d9 = I C cos80) M 




21. 



r = 1 + 2 sin 0 (rect.) 




= 1 + 2 sin 6 




This is a limacon, with inner loop traced 
out between 0 = ^ and ^ [found by 
solving r = 0]. 



/•37T/2 /-37T/2 /-37T/2 

,4 = 2/ ±(l+2sin0) 2 d0= / (l+4sin0 + 4sin 2 0)d0= / [l + 4sin0 + 4 • 1(1 - cos20)] d0 
= [0 - 4cos0 + 20 - sin20] 3 7 :; 2 = ($) - + 2 VS - f ) = * - 



2cos0 = l =t> cos0=± =* 0=for^. 






A = 2 /J^ 3 ±[(2cos0) 2 - l 2 ] d0 = f; /3 (4cos 2 0 - 1) d0 










= Io /3 ( 4 [W + cos20 )] " 1} dd = /o*^ 1 + 2 cos 20) d0 






= [0 + sin20]; /3 = f + ^ 




r = 2cos0 

« 
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= £ /3 I • \ (1 - cos 20) dO + /;/ 3 2 I • 3 • i (1 + cos 20) d6 

= i[(f-^)-o]+l[(f + o)-(f + f)] 

sin 26 



31. sin 20 = cos 26 



9 = f =* 



COS; 



tan 20 = 1 =;> 20 = f =*> 



A = 8- 2f* /a '±sm 2 26d6 = B£ /9 £(1 - cos40)d0 
= 4[0-Isin40]; /8 =4(f-I.l) = f-l 



H = 8 cos 29— 


r = 2 













SECTION 10.4 AREAS AND LENGTHS IN POLAR COORDINATES □ 

25. To find the area inside the leminiscate r 2 = 8 cos 20 and outside the circle r = 2, 
we first note that the two curves intersect when r 2 = 8 cos 20 and r = 2, 
that is, when cos 20 = §. For -7r < 6 < 7r, cos' 20 =5 O 20 = ±ir/3 
or±5w/3 <=> 0 = ±7r/6 or ±57r/6. The figure shows that the desired area is 
4 times the area between the curves from 0 to 7r/6. Thus, 

A = 4 /; /6 [f (8 cos 20) - ^(2) 2 ] d0 = 8 J^ 6 ^ cos 20 - l)t» 
= 8 [sin20 - = 8{V3/2 - jr/6) = 4 x/3 - 4tt/3 

27. 3cos0 = 1 + cos0 <=> cos0 = ± => 0=for-f. 
A = 2 j; /s \ [(3 cos 0) 2 - (1 + cos 0) 2 ] d6 

= j; /3 (8 cos 2 0 - 2 cos 0 - 1) dO = J* /3 [4( 1 + cos 20) - 2 cos 0 - 1] d0 
= Io /3 (3 + 4 cos 20 - 2 cos 0) d0 = [30 + 2 sin 20 - 2 sin 0] * /3 

= 7T + V3 - y/3 = 7T 

29. N/3cos0 = sin0 => -^3 = ^^ => tan0 = v / 3 =4- 0= f . 

cos 0 3 

A = /; /3 I(sin0) 2 d0 + /J/ 2 I (V3co S 0) 2 d0 



1 




r = l + cosf? 






r i 1 




/• = 3 cos 0 



r = sin 6 




0 






r = s/3cos0 





"S r = sin 20 

/Q--"" e=f 

^5^~Nr = cos20 











33. sin 20 = cos 20 =j> tan20=l 20 = f => 0=f 




r 2 = sin 20 


A = 4 | sin 20 d0 [since r 2 = sin 20] 




I )...- 0 


= f* /a 2 sin 20 d6 = [- cos 20] * /8 




= -|v^-(-l) = l-iv^ 








.-'**' I / 


r 2 = cos 20 
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24 □ CHAPTER 10 PARAMETRIC EQUATIONS AND POLAR COORDINATES 

35. The darker shaded region (from 9 = 0 to 0 = 2ir/3) represents | of the desired area plus \ of the area of the inner loop. 
From this area, we'll subtract \ of the area of the inner loop (the lighter shaded region from 8 = 2ir/3 to 0 = tt), and then 
double that difference to obtain the desired area. 

A = 2 [ C /z \ (I + cos efde- £ /3 1 (i + cos ef <w] 
= C 3 (i + cos 6 + cos2 *) de - J£/8 (i + cos * + cos2 *) * 

= /o 2 ^ 3 [i +cos0 + i(l + cos20)] d0 

" / 2 ; /3 [i+cos0 + i(l + cosi 



0 OaSS" ,a * fa 



r-i 



0 . 0 sin 20 
_ +8m 0 + _ + __ 



27T/3 



=(f+^+f-f)-(f+f)+(f+^+f-f) 

= I + fv^=H' r + 3 ^ / 3) 




37. The pole is a point of intersection. 

1 + sin0 = 3sin0 l=2sin0 => sin0=± => 
0 = f orf . 

The other two points of intersection are (f , f ) and (f , 





T = 3 sin 8 












r = 1 + sin $ 



39. 2sin20 = l =* sin20 = i * 2 0 = £, f , if^, or 
By symmetry, the eight points of intersection are given by 
(1, 0), where 9 = ^,% and and 
(-1, 6), where 0 = a Jte and 2fr. 

. [There are many ways to describe these points.] 



r=l 




r = 2sin20 



41. The pole is a point of intersection, sin 9 = sin 19 = 2 sin 0 cos 9 
sin0(l - 2cos0) = 0 sin0 = 0 or cos0 = $ 

9 = 0, 7r, |, or - J the other intersection points are § ) 

and (^,^) [by symmetry]. 





r = sin 6 




r = sin20 
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SECTION 10.4 AREAS AND LENGTHS IN POLAR COORDINATES □ 25 

3 y = 2* 









- 



y = 1 + sin x 

3 



-0.3 



"3 , 



From the first graph, we see that the pole is one point of intersection. By zooming in or using the cursor, we find the 6- values 
of the intersection points to be a tH 0.88786 « 0.89 and tt — a M 2.25. (The first of these values may be more easily 
estimated by plotting y = 1 + sin x and y = 2x in rectangular coordinates; see the second graph.) By symmetry, the total 
area contained is twice the area contained in the first quadrant, that is, 

A=2j° \{2ef d0 + 2 £'* i(l + sin0.) 2 d9 = £ 40 s 1 <W + £ [l + 2smf7 + |(1 - cos20)j d6 

= I! 63 } o + l e ~ 2 cos 9 + (¥ ~ \ sin 2$ )] T = t° 3 + Kf + f ) - ( Q " 2 cos a + 3« " I sin 2q )] * 3.4645 

45. £= jf ^V 2 + (dr/dOY d£ = £ V(2cos0) 2 + (-2 sin 0)2 d6 

= £ y/4(cos 2 9 + sin 2 9) d6 = £ VldB = [20]* = 2tt 
As a check, note that the curve is a circle of radius 1, so its circumference is 27r(l) = 27r. 

47. l = £ ^/^TW/W do = £ ^(6i 2 ) 2 + (260 2 dfl = jf V9 r +l~^ de 

r2ir i /-27T 

= J yje 2 (9 2 + 4:)de = J eVP + tdo 

Nowletu = 0 2 +4, so that du = 26 dB \9dB=\du\ and 

£* e y/^ridB = f£ +A yz<b* = n ['« 3/2 J^ C7r2+1) = §[4 3/ v + d 3/2 - 4 3 / 2 i = § [(tt 2 + 1) 3 / 2 - 1] 

49. The curve r = cos 4 (0/4) is completely traced with 0 < 9 < 4tt. 
r 2 + {drldBf = [cos 4 (0/4)] 2 + [4cos 3 (0/4) • (-sin(0/4)) • ±] S 



= cos 8 .(6>/4) + cos 6 (0/4) sin 2 (0/4) 

= cos 6 (0/4) [cos 2 (0/4) + sin 2 (0/4)] = cos 6 (0/4) 



-0.75 




1.25 



L = ^cos 6 {9/ 4) d9 = fi* |cos 3 (0/4)| d9 

= 2 f 2w cos 3 (0/4) d9 [since cos 3 (0/4) > 0 for 0 < 9 < 2ir] =8 f£ /2 cos 3 U du [u = ±6] 

= 8/ 0 ' r/2 (l- sin 2 u) cosudu = 8fg(l-x 2 )da: " ^ ] 

= 8[z -§^ = 8(1- I) = f 
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26 □ CHAPTER 10 PARAMETRIC EQUATIONS AND POLAR COORDINATES 
51. One loop of the curve r = cos 25 is traced with -tt/4 < 5 < tt/4. 

r 2 +(^j = cos 2 25 + (-2sin25) 2 = cos 2 25 + 4sm 2 25 = l + 3sin 2 25 =* L j*'* y/l + 3sin 2 25d5 « 2.4221. 

cir 

53. The curve r = sin(6 sin 9) is completely traced with 0 < 5 < ir. r = sin(6 sin 6) =*> — = cos(6 sin 0) ■ 6 cos 5, so 

r2+ (^j~) = sin 2 (6 sin 5) + 36 cos 2 5 cos 2 (6 sin 5) => L sjsm 2 (6 sin 61) +36 cos 2 0 cos 2 (6 sin 61) d0 m 8.0091. 
55. (a) From (10.2.6), 



$ = ^2ir yy /W/dWTWWd0 



[from the derivation of Equation 10.4.5] 



= / a 6 27rr sin 61 ^/r 2 + {dr/dO) 2 d0 



(b) The curve r 2 = cos 20 goes through the pole when cos 10 = 0 

25 = | => 5= |. We'll rotate the curve from 5 = 0 to 5 = f and double 
this value to obtain the total surface area generated 



r 2 =cos25 => 2r^ = -2sin25 => 



($)- 



sin 2 25 _ sin 2 20 
r 2 ~ cos25' 



/7r/4 i /*tt/4 / 

2tt Vcos 26> sin 9 yjcos 20 + (sin 2 261) /cos 20 d0 = 4tt | Vcos 20 sin 5 y 



(°.f) 


cos 20 


J, . \ 

/ n\ 

1 ^ 








o^aJ cos 


25 + sin 2 25 JO 


V cos 25 



T/4 



:4*-y vW^sin5-===d5 = 4tt^ ' sin5d5 = 47r[-cos5]* /4 = -4tt^ - l) = 2tt(2 - V2) 



10.5 Conic Sections 



1. x 2 = 6y and x 2 = Apy => Ap = 6 => p = f . 
The vertex is (0, 0), the focus is (0, §), and the directrix 



isy = -§- 



. y 
\ 6 








6 * 



3.2x=-y 2 =J> y 2 = -2x.Ap = -2 P=-^. 
The vertex is (0, 0), the focus is 0), and the 



directrix is x = |. 




t 
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SECTION 10.5 CONIC SECTIONS □ 27 



5. (x + 2) 2 = 8 (y - 3). 4p = 8, so p = 2. The vertex is 
(-2, 3), the focus is (-2, 5), and the directrix is y = 1. 

(-2,5). 




7. y 2 + 2y + 12a: + 25 = 0 =!► 
2/ 2 + 23/+l = -12x-24 
(j/ + l) 2 = -12(x + 2). 4p = -12, so p = -3. 
The vertex is (-2, -1), the focus is (-5, -1), and the 
directrix is x = 1. 

y 




(-5,-1). 



9. The equation has the form y 2 = 4px, where p < 0. Since the parabola passes through (-1, 1), we have l 2 = 4p(— 1), so 
4p = -1 and an equation is y 2 = -x or x = -y 2 . 4p = -1, sop = ~\ and the focus is (-3,0) while the directrix 

ft £■ = 1 a = Vi = 2, b = y/2, c = = v / 5^2 = sft. The 

ellipse is centered at (0, 0), with vertices at (0, ±2). The foci are (0, ±\/2 ). 



y 

2 

-JA 




-2 


^^V2 » 



1 A 

13. x 2 + 9y 2 = 9 <* j + = 1 =* a = 79 = 3, 

ft = = 1, c = V^fc 5 " = = v/8 = 2V2. 

The ellipse is centered at (0, 0), with vertices (±3, 0). 
The foci are (±2^2,0). 



1 



-3 




-1 



15. 9x 2 -18x+4j/ 2 =27 * 

9(x 2 -2x + l)+4?/ 2 = 27 + 9 *> 

9(x - l) 2 + Ay 2 = 36 0 (x ~ /)' + £ = 1 

4 9 

o = 3, 6 = 2, c=\/5 => center (1, 0), 
vertices (1, ±3), foci (l, ±y/E ) 




3 x 



y< 


(1.3) 


4 














(1.-3) 



x 2 1/ 2 

17. The center is (0, 0), a = 3, and b = 2, so an equation is — + y = 1. c = Va 2 - 6 2 = ^5, so the foci are (0, ±\/E) . 
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28 □ CHAPTER 10 PARAMETRIC EQUATIONS AND POLAR COORDINATES 



2 2 

19- 25 " T = 1 °* a = 5 > 6 = 3 > c = v/25 + 9 = => 

center (0, 0), vertices (0, ±5), foci (0, ±y/34 ), asymptotes y = ±§x. 
AfoOt; It is helpful to draw a 2a-by-26 rectangle whose center is the center of 
the hyperbola. The asymptotes are the extended diagonals of the rectangle. 



(0,734) 



(0,5) 



(0,-5)- 



/ 

Ik 



(0.-V34) 



(3, 5) 



'~~\ x 



c =s V100 + 100 = 10\/2 =» center (0, 0), vertices (±10, 0), 
foci (±10 %/2, 0) , asymptotes j/ = ±331; = ±x 



23. 4x 2 - y 2 - 24x - 4y + 28 = 0 

4(x 2 -6x + 9)-(j/ 2 +42/ + 4) =-28 + 36-4 

4(x-3) 2 -( y + 2) 2 =4 * (£^_k±2)l = 1 = 

a= -/T= 1,6= V4 = 2, c= ,/r+~4 = >/5 => 

center (3, -2), vertices (4, -2) and (2, -2), foci (3 ± a/5, -2), 

asymptotes y + 2 = ±2(x — 3). 




(3-v/5.-2) 



(3 + x/5,-2) 



25. x 2 = y + 1 <=> x 2 = l(y + 1). This is an equation of a parabola with 4p = 1, so p = |. The vertex is (0, -1) and the 
focus is (0,-3). 

27. x 2 = 4y - 2i/ 2 x 2 + 2y 2 - 4y = 0 <4> x 2 + 2(y 2 - 2y + 1) = 2 *> x 2 + 2(j/ - l) 2 = 2 

x 2 (v - 1) 2 /- 

y + w - y = 1. This is an equation of an e«ipj« with vertices at (±V2, l) . The foci are at (±^2 - 1, l) = (±1, 1). 

29. y 2 + 2y = 4x 2 + 3 & y 2 + 2y + 1 = 4x 2 + 4 <f* (y + l) 2 - 4x 2 = 4 ^-i^- - x 2 = 1. This is an equation 

of a hyperbola with vertices (0, -1 ± 2) = (0, 1) and (0, -3). The foci are at (0, -1 ± n/4+T) = (0, -1 ± . 

31. The parabola with vertex (0, 0) and focus (1, 0) opens to the right and has p = 1, so its equation is y 2 = 4px, or y 2 = 4x. ' 

33. The distance from the focus (-4, 0) to the directrix x = 2.is 2 - (-4) = 6, so the distance from the focus to the vertex is 
5(6) = 3 and the vertex is (-1,0). Since the focus is to the left of the vertex, p = -3. An equation is y 2 = 4p(x +1) =* 
I/ 2 = -12(1+1). 



© 2012 Ccneagc Learning. All Riglns Reserved. May nol he scanned, copied, or dupliculcd. or pusled lo a publicly accessible websile, in wbole or in pari. 

www.elsolucionario.net 



SECTION 10.5 CONIC SECTIONS □ 29 

35. A parabola with vertical axis and vertex (2, 3) has equation y - 3 = a(x - 2) 2 . Since it passes through (1, 5), we have 
5-3 = a(l-2) 2 es> a = 2,soanequationisy-3 = 2(:c-2) 2 . 

37. The ellipse with foci (±2, 0) and vertices (±5, 0) has center (0, 0) and a horizontal major axis, with a = 5 and c = 2, 

x 2 v 2 

so b 2 = a 2 — c 2 = 25 — 4 = 21. An equation is — + 2- = 1. 

25 21 

39. Since the vertices are (0, 0) and (0, 8), the ellipse has center (0, 4) with a vertical axis and a = 4. The foci at (0, 2) and (0, 6) 

are 2 units from the center, so c = 2 and b = Va 2 - c 2 = V4 2 - 2 2 = Vl2. An equation is ^ X ~ + ^ ~ ^ = 1 => 

, o a 2 

12 T 16 

41. An equation of an ellipse with center (-1, 4) and vertex (-1, 0) is ^ X + ^ = L The focus (-1, 6) is 2 units 

from the center, so c = 2. Thus, ft 2 + 2 2 = 4 2 =* t> 2 = 12, and the equation is (x |„ 1)2 + (y ~ r 4)2 = 1. 

12 16 

2 2 

43. An equation of a hyperbola with vertices (±3, 0) is |~ - |f = 1. Foci (±5, 0) =* c = 5 and 3 2 + b 2 = 5 2 => 

2 2 

6 2 ps 25 - 9 = 16, so the equation is ^- - ^- = 1. 
45. The center of a hyperbola with vertices (-3, -4) and (-3, 6) is (-3, 1), so a = 5 and an equation is 

^p^-^4r^ = l- Foci (-3, -7) and (-3, 9) =s> c = 8, so 5 2 + b 2 = 8 2 * t 2 = 64 - 25 = 39 and the 



rnintin nh (y-i) 2 (* + 3) 2 . 

eq Uatl on ts — — - L 

2 2 

47. The center of a hyperbola with vertices (±3, 0) is (0, 0), so a = 3 and an equation is p - ^ = 1. 

6 x 2 v 2 

Asymptotes y = ±2x =>■ ~ = 2 =* 6 = 2(3) = 6 and the equation is — — |- = 1. 

49. In Figure 8, we see that the point on the ellipse closest to a focus is the closer vertex (which is a distance 
a-c from it) while the farthest point is the other vertex (at a distance of a + c). So for this lunar orbit, 
(a-c) + (a + c) = 2a = (1728 + 110) + (1728 + 314), or a = 1940; and {a + c) - (a - c) = 2c = 314 - 110, 

or c = 102. Thus, b 2 = a 2 - c 2 = 3,753,196, and the equation is + = 1. 

51. (a) Set up the coordinate system so that A is (-200, 0) and B is (200, 0). 

\PA\ - \PB\ = (1200)(980) = 1,176,000 ft = 34S2 mi = 2a => a = I22S , and c = 200 so 

3,339,375 121a: 2 121y 2 _ 

121 "* 1,500,625 3,339,375 ~ 
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30 □ CHAPTER 10 PARAMETRIC EQUATIONS AND POLAR COORDINATES 

12 101, ,2 



(b) Due north of B => x = 200 => 



(i2i)(2oo) 2 i2ir _ l ^ y = 



133,575 



1,500,625 3,339,375 " 539 

53. The function whose graph is the upper branch of this hyperbola is concave upward. The function is 



« 248 mi 



y = f(x) = a ^1 + ^ = ^ VW+lP, so y' = ^x{b 2 + x 2 )~ 1/2 and 

y" = 2 J( 6 2 + ^J-l/i _ x 2( b 2 + x 2)-3/2j _ q6(6 2 + ^-3/2 > q for a j, ^ ^ s0 / js co^ye upward. 

X 2 V 2 

55. (a) If k > 16, then fc - 16 > 0, and — + fc _ ^ = 1 is an ellipse since it is the sum of two squares on the left side. 

2 2 

x y 

(b) If 0 < k < 16, then /c - 16 < 0, and — + , = 1 is a hyperbola since it is the difference of two squares on the 

fc K — 16 

left side. 

(c) If k < 0, then k - 16 < 0, and there is no curve since the left side is the sum of two negative terms, which cannot equal 1 . 

(d) In case (a), a 2 = k,b 2 = k- 16, and c 2 = a 2 - b 2 = 16, so the foci are at (±4, 0). In case (b), k - 16 < 0, so a 2 = k, 
b 2 = 16 - k, and c 2 = a 2 + b 2 = 16, and so again the foci are at (±4, 0). 

57. x 2 = <ipy => 2x = 4pj/ => y' = — , so the tangent line at (x 0 , yo) is 
H — = ^ {« — Xo). This line passes through the point (a, -p) on the 

2 

directrix, so -p - 22 = ^ ( a - x 0 ) => -4p 2 - xl = 2ax 0 - 2X 2 , <=> 
xl - 2ax Q - 4p 2 = 0 # x 2 , - 2ax 0 + a 2 = a 2 + 4p 2 <^> 



y 






x 2 = Apy/ 


Vwo) 






X 


(a.-p) 





(xo — a) 2 = a 2 + 4p 2 <s> xo = a ± i/a 2 + 4p 2 . The slopes of the tangent lines at x = a ± y/o? +4P 2 



a ± yja 1 + 4p 2 
2p" 



, so the product of the two slopes is 



a + s/a? + 4p 2 a - y/a 2 + 4p 2 _ a 2 - (a 2 +4p 2 ) _ -4p 2 
2p 2p 4p2 " 4p2 



showing that the tangent lines are perpendicular. 
x 2 w 2 

59. 9x 2 + 4y 2 = 36 — + — = 1. We use the parametrization x = 2 cost, y = 3sint, 0 < t < 27r.fhe circumference 

is given by 



L = J 0 2 " y/(dx/dt)' + (dy/dt)*dt = ft* V(-2sint) 2 + (3 cos t) 2 dt = f 2 * ^4 sin 2 t + 9 cos 2 * dt 
= j 0 2 "V4 + 5cos 2 tdt 

Now use Simpson's Rule with n = 8, At = 2n ~ - = ^, and /(i) = v/4 + 5cos 2 t to get 

o 4 

£ « 5s = *P [/(0) + 4/(f ) + 2/(f ) + 4/(3=) + 2f(*) + 4/(f ) + Vflf) + 4/(^) + /(2tt)] « 15.9. 
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2 2 2 i 

■x - a b ,-= T 

— = — 2/ = ±- VI 2 - a 2 . 
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A=2 y'^^/^ 2 ^dxl^[|^^ 2 ^-^ln| a: + v^ 2-: ^|] ^ 



= 2 [c V*^? - a 2 In | c + n/? - ^ 2 " I + a 2 In |a| ] 
Since a 2 +b 2 =c 2 ,c 2 -a 2 = b 2 , and v^O* = b. 

= - [cb - a 2 ln(c + b) + a 2 lna] = ^ [d. + a 2 (lna - ln(6 + c))] 
= 6 2 c/a + abln[a/[b + c)], where c 2 = a 2 + b 2 . 




,''0 




2 2 

63. 9x 2 + 4y 2 = 36 <=> — + y = 1 => a = 3, b = 2. By symmetry, x = 0. By Example 2 in Section 7.3, the area of the 
top half of the ellipse is ^(irab) = 3n. Solve 9a; 2 + Ay 2 - 36 for y to get an equation for the top half of the ellipse: 
9x 2 + 42/ 2 = 36 4y 2 = 36-9x 2 « <!/ 2 = §(4-x 2 ) s* y = § v/4 - i 2 ". Now 

rb 1 ! Z-2 1 /Q \2 q /-2 



= A . 2 f(4 - x 2 ) dx = — L. - Ix 3 l 2 = A f»\ . 



3 



4 

7T 



so the centroid is (0, 4/w). 



-2 0 




2 * 



'x^ v* ' 1x Ivv' b^x 

65. Differentiating implicitly, + ^ = 1 => + = 0 => y' = -— [y ^ 0]. Thus, the slope of the tangent 

line at P is The slope of F X P is V \ and of F 2 P is 2/1 . By the formula from Problems Plus, we have 

a J yi X\ + c Xi — c 



tana = 



Vi + b 2 xi 
xi + c a 2 7/i 
6 2 xiyi 



a 2 yr + b 2 xi (xi + c) a 2 b 2 +b cx 



1 - ■ 



a 2 yi(xi +c) - 6 2 xi7/i c 2 xi?/i +a 2 e(/i 



using 6 2 x 2 
and a 



* 2 - IP = c 2 



o 2 yi(xi +c) 

& 2 (cxi+a 2 ) ft 2 
~ cj/i(cxi + a 2 ) ~ cyi 



and 



6 2 X! 



2/i 



tan/3 = 



1- 



X! -c = -a a p? (a, -e) = -a 2 & 2 -f b 2 cxi _ fa 2 (cx! - a 2 ) = 

a 2 yi (xi - c) - b 2 xij/i e^xij/i - a 2 cj/i ci/i(cxi - a 2 ) cj/i 



b 2 xiyi 



a 2 ?/i(xi - c) 



Thus, a = /3. 
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32 □ CHAPTER 10 PARAMETRIC EQUATIONS AND POLAR COORDINATES 

10.6 Conic Sections in Polar Coordinates 



1. The directrix x = 4 is to the right of the focus at the origin, so we use the form with "+ e cos 9" in the denominator. 



ed 



(See Theorem 6 and Figure 2.) An equation is r = = ^-J— = 



3. The directrix y = 2 is above the focus at the origin, so we use the form with "+ e sin 9" in the denominator. An equation is 
ed 1.5(2) 6 



r — 



14-esinO 1 + I.5sin0 2 + 3sinrT 

5. The vertex (4, 3x/2) is 4 units below the focus at the origin, so the directrix is 8 units below the focus (d = 8), and we 
use the form with "- e sin 9 " in the denominator, e = 1 for a parabola, so an equation is 



r = 



ed 



1(8) 



8 



l-esin0 1-lrinfl l-sin0' 



7. The directrix r = 4 sec 9 (equivalent to r cos 9 = 4 or X = 4) is to the right of the focus at the origin, so we will use the form 
with "+ e cos 6" in the denominator. The distance from the focus to the directrix is d — 4, so an equation is 



r = 



9. r = 



ed 



a 



*(4) 



4 



l + ecos0 l + icos0 2 2 + cos0' 



1/5 _ 4/5 



5-4sin0 1/5 1 - £ sin 



-, where e= f and ed = f d = 1. 



(a) Eccentricity = e = f 

(b) Since e = | < 1, the conic is an ellipse. 

(c) Since "- esinfl" appears in the denominator, the directrix is below the focus 
at the origin, d = \Fl\ - 1, so an equation of the directrix is y = -1. 

(d) The vertices are (4, f ) and (f , 
2 1/3 _ 2/3 



11. r m 



-, where e = 1 and ed = § =* d=|. 



3 + 3sin0 1/3 I + lame' 

(a) Eccentricity = e = 1 

(b) Since e = 1, the conic is a parabola. 

(c) Since "+ esin0" appears in the denominator, the directrix is above the focus 
at the origin, d = = §, so an equation of the directrix is y = §. 

(d) The vertex is at (5, f), midway between the focus and directrix. 



y 


(4, ir/2) 


( 




TRfr 


— ~™i 


y 


> = 2/3 




P 


/ 0 
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13. r 



9 



1/6 



6 + 2cos6> 1/6 1 + icosO 



SECTION 1 0.6 CONIC SECTIONS IN POLAR COORDINATES □ 
— , where e = ± and ed = § => d=§. 



3/2 



(a) Eccentricity = e = | 

(b) Since e = 5 < 1, the conic is an ellipse. 

(c) Since "+e cos 9 " appears in the denominator, the directrix is to the right of 
the focus at the origin, d = \Fl\ = §, so an equation of the directrix is 

x = §. 

(d) The vertices are (f,0) and (f ,7r),so the center is midway between them', 
that is, ( & , . 



3 1/4 3/4 . , . 

15. r = - — • -7- = - — i -, where e = 2 and ed = ± 

A — 8 nvt ft 1/4 1—9 rns ft 1 



d=l 



4-8cos0 1/4 l-2cos0 

(a) Eccentricity = e = 2 

(b) Since e = 2 > 1, the conic is a hyperbola. 

(c) Since "-ecostf " appears in the denominator, the directrix is to the left of 
the focus at the origin, d = \Fl\ = §, so an equation of the directrix is 



x — — — 

8" 



(d) The vertices are (— f , 0) and (\, it), so the center is midway between them, 
that is, ,ir). 
1 



17. (a) r 



-, where e = 2anded= 1 => d = The eccentricity 



e = 2 > 1, so the conic is a hyperbola. Since "-c sin 0" appears in the 
denominator, the directrix is beiow the focus at the origin. d = \Fl\ = ±, 
so an equation of the directrix is y = The vertices are (-1, f) and 
(5, %r), so the center is midway between them, that is, (f , 3f ). 

(b) By the discussion that precedes Example 4, the equation 



is r = 



l-2sin(0-2a)' 








AM 






0 




3 
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34 □ CHAPTER 10 PARAMETRIC EQUATIONS AND POLAR COORDINATES 



19. For e < 1 the curve is an ellipse. It is nearly circular when e is close to 0. As e 
increases, the graph is stretched out to the right, and grows larger (that is, its 
right-hand focus moves to the right while its left-hand focus remains at the 
origin.) At e = 1, the curve becomes a parabola with focus at the origin. 

21. \PF\ = e\Pl\ => r = e[d - r cos(tt - 0)] = e(d + r cos 0) s» 
r(l-ecos9) = ed * r — ~^~~^sQ 





2i.\PF\ = e\Pl\ => r = e[d-r sin(0 - tt)] = e(d + r sin0) 
r(l -«-»*) = erf * r = T -f^ 



25. We are given e = 0.093 and a = 2.28 x 10 8 . By (7), we have 



y 


N / 




F / x 







_ a(l -e 2 ) _ 2.28 x 10 s [1 - (0.093) 2 ] _ 2.26 x 10 8 
r ~l+ecos0 _ l + O.O93cos0 * 1 + 0.093 cos 0 



27. Here 2a = length of major axis = 36.18 AU 



a = 18.09 AU and e = 0.97. By (7), the equation of the orbit is 



r = 



18.09[1 - (0.97) 2 



1.07 



By (8), the maximum distance from the comet to the sun is 



1 + 0.97 cos 0 1 + 0.97 cos 0' 
18.09(1 + 0.97) w 35.64 AU or about 3.314 billion miles. 

29. The minimum distance is at perihelion, where 4.6 x 10 7 = r = a(l - e) = o(l - 0.206) = a(0.794) 
a = 4.6 x 10 7 /0.794. So the maximum distance, which is at aphelion, is 
r = a(l + e) = (4.6 x 10 7 /0.794) (1.206) « 7.0 x 10 7 km. 

31. From Exercise 29, we have e = 0.206 and a(l - e) = 4.6 x 10 7 km. Thus, a = 4.6 x 10 7 /0.794. From (7), we can write the 

1 - e 2 

equation of Mercury's orbit as r = a 1 + ecos g - So sincc 
dr _ q(l - e 2 )esin0 



d6 (l + ecos0) 2 



, (drY a 2 (l - e 2 ) 2 a 2 (l - e 2 ) 2 e 2 s: 
\d$) (l + ecos0) 2 (l+ecos0) 



sin 2 0 _ a 2 (l-e 2 ) : 



(l + ecos0) 



-(l + 2ecos0-|-e 2 ) 
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the length of the orbit is 

L = r Vr 2 + (dr/deyde = o(l - e 2 ) f" Vl + _f + ^.ff 8 - d8 » 3.6 x 10 8 km 
Jo Jo (,l + ecos0) 

This seems reasonable, since Mercury's orbit is nearly circular, and the circumference of a circle of radius a 
is 2na rs 3.6 x 10 s km. 

10 Review 

CONCEPT CHECK 

1. (a) A parametric curve is a set of points of the form (a;, y) = (/(t), g{t)), where / and g are continuous functions of a 

variable t. 

(b) Sketching a parametric curve, like sketching the graph of a function, is difficult to do in general. We can plot points on the 
curve by finding f(t) and g(t) for various values of t, either by hand or with a calculator or computer. Sometimes, when 
/ and g arc given by formulas, we can eliminate t from the equations x = f(i) and y = g(t) to get a Cartesian equation 
relating x and y. It may be easier to graph that equation than to work with the original formulas for x and y in terms oft. 

2. (a) You can find ^ as a function oft by calculating ^ = [if dx/dt ^ 0], 

(b) Calculate the area as j> y dx = J* g(t) f'(t)dt [or ft g(t) f'(t)dt if the leftmost point is (f{0),g(/3)) rather 
than (/(«),<?(«))]. 

3. (a) L = ft y/(dx/dt)* + (dy/dt)>dt = ft Vl/'Wl 2 + [s'Wl 2 * 

(b) S = ft 2iry^(dx/dt)* + (dy/dtydt = ft 2ng(t)^[fW+WWdt 

4. (a) See Figure 5 in Section 10.3. 

(b) x = rcosfl, y = rsm9 

(c) To find a polar representation (r, 0) with r > 0 and 0 < 6 < 2n, first calculate r = ^x 2 + y 2 . Then 0 is specified by 
cosfl = x/r and sin 8 = y/r. 

5. (a) Calculate ± = f- = = fl 1 = , where r = 

(b) Calculate A = £ ir 2 d8 = /* ±[/(0)] 2 dB 

(c) £ = £ y/(dx/dB)* + {dy/d9)*d& = X? y/r* + {drfdB)*dB = £ vlW + ITW <» 

6. (a) A parabola is a set of points in a plane whose distances from a fixed point F (the focus) and a fixed line I (the directrix) 

are equal. 

(b) x 2 = Apy\ y 2 = 4px 
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36 □ CHAPTER 10 PARAMETRIC EQUATIONS AND POLAR COORDINATES 

7. (a) An ellipse is a set of points in a plane the sum of whose distances from two fixed points (the foci) is a constant. 

a 2 a 2 - c 2 

8. (a) A hyperbola is a set of points in a plane the difference of whose distances from two fixed points (the foci) is a constant. 

This difference should be interpreted as the larger distance minus the smaller distance. 

(b)4- ~2^~2 = 1 

a? c 2 -a 2 



(0 y = ±- 



a 

9. (a) If a conic section has focus F and corresponding directrix I, then the eccentricity e is the fixed ratio \PF\ / \Pl\ for points 
P of the conic section. 

(b) e < 1 for an ellipse; e > 1 for a hyperbola; e = 1 for a parabola. 

... ed . ■ ed ■, ed , ed 

(c) x = d: r = x = -d:-r = - — — — . y = d: r = g = -d: r = 



l+ecos0' l-ecos0' ,v ' l+esin0 ,J ' l-esin0' 

TRUE-FALSE QUIZ ' 

1. False. Consider the curve defined by X = f(t) = {t - l) 3 and y = - (t - l) 2 . Then = 2(t - 1), so = 0, 
but its graph has a vertical tangent when t = 1. Afore: The statement is true if f'(l) / 0 when #'(1) a 0. 

3. False. For example, if f(t) = cost and = sini for 0 < t < 4n, then the curve is a circle of radius I, hence its length 
is 2tt, but C yAFW+¥W& = Jo 4 " >/(-sint) 2 + (co8t) a dt = J^* 1 dt = 4tt, since as t increases 
from 0 to 47r, the circle is traversed twice. 

5. True. The curve r = 1 - sin 29 is unchanged if we rotate it through 180° about O because 

1 - sin 2(0 + 7r) = 1 - sin(20 + 27r) = 1 - sin 20. So it's unchanged if we replace r by -r. (See the discussion 
after Example 8 in Section 10.3.) In other words, it's the same curve as r = -(1 - sin 20) = sin 20 - 1. 

7. False. The first pair of equations gives the portion of the parabola y = x 2 with x > 0, whereas the second pair of equations 
traces out the whole parabola y = x 2 . 

9. True. By rotating and translating the parabola, we can assume it has an equation of the form y = ex 2 , where c > 0. 

The tangent at the point (a, ca 2 ) is the line y - car = 2ca(x — a); i.e., y = 2cax — ca 2 . This tangent meets 
the parabola at the points (x, cx 2 ) where cx 2 = 2cax — ca 2 . This equation is equivalent to x 2 = 2ax - a 2 
[since c> 0]. But x 2 = 2ax - a 2 «s> x 2 - 2ax + a 2 = 0 & (x - a) 2 = 0 4* x = a # 
(t, ci 2 ) = (a, ca 2 ) . This shows that each tangent meets the parabola at exactly one point. 
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CHAPTER 10 REVIEW □ 37 



EXERCISES 



1. x = t 2 + At, y = 2 - t, -4 < t < 1. 1 = 2 - y, so 

i = (2 - yf + 4(2 - y) = 4 - 4f| + y 2 + 8 - 4y = y 2 - &y + 12 
x -)- 4 = j/ 2 — 8y + 16 = (y — 4) 2 . This is part of a parabola with vertex 
(—4, 4), opening to the right. 




3. y = sec 0 = — !-r = -. Since 0 < 9 < tt/2, 0 < x < 1 and y > 1. 
cos a x 

This is part of the hyperbola y — 1/x. 



5. Three different sets of parametric equations for the curve y = \fx are 

(i) x = t, y = Vi 

(ii) x = t\ y = t 2 

(iii) x = tan 2 t, y = tan£, 0 < f < tt/2 

There are many other sets of equations that also give this curve. 
7. (a) (4 , ¥) 



(1,1). 0=0 




The Cartesian coordinates are x = 4cos ^ = 4(-i) = -2 and 
y = 4sm 2 f = 4^) = 2 v/3, that is, the point (-2,2^3). 



(b) Given x = -3 and y = 3, we have r = v^-3) 2 + 3 2 = Vl8 = 3 V^- Also, tan 0 = | => tan 9 = and since 

(—3, 3) is in the second quadrant, 9 = ^f. Thus, one set of polar coordinates for (—3, 3) is (3 \/2, ^ L ), and two others are 

(3x/2,-4^)and (-3^,^). 

9. r = 1 - cos 0. This cardioid is 
symmetric about the polar axis. 






















(■■*) 
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38 □ CHAPTER 10 PARAMETRIC EQUATIONS AND POLAR COORDINATES 



11. 7- = cos 30. This is a 

three-leaved rose. The curve is 
traced twice. 



13. r = 1 + cos 20. The curve is 
symmetric about the pole and 
both the horizontal and vertical 





(2. IT) 



3 

-14 




(2.0) 



15. r = 



l + 2sin0 



e = 2 > 1, so the conic is a hyperbola, de = 3 



d — | and the form "+2 sin 0" imply that the directrix is above the focus at 
the origin and has equation y = f . The vertices are (l, f ) and (-3, 




V.x + y = 2 rcos0 + rsm0 = 2 o r(cos0 + sin0) = 2 4=> r= — 

cos a + 



sine 



19. r = (sin0)/0. As 0 -> ±oo, r-*0. 
As 0 -> 0, r -» 1. In the first figure, 
there are an infinite number of 
:r-intercepts at x — -rrn, n a nonzero 
integer. These correspond to pole 
points in the second figure. • 




-0.25 



0.75 



-0.3 





6 \ 




■ - 



-0.75 



When j == 1, (x, jy) = (0, 2) and dj//tte = 2. 



23. r 



y = r sin 0 = e 0 sin 0 and x = r cos 0 = e 0 cos 0 



rfy _ dy/dO _ §sin0 + rcos0 _ -e" 9 sing + e~° cos 0 - e e _ sin 0 - cos 0 
cte ~~ dx/d0 ~~ ^cos0-rsin0 _ -e~ 9 cos0 - e -0 sin0 -e fl _ cosf 
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CHAPTER 10 REVIEW □ 



dv dv/dt 1 + sin t 
25.x = t + sint, J/ = t-co S t =* ^ = ^ = TT ^ => 



dx 2 



dt ydxy 



(1 + cost) cost - (1 + sint)(-sint) 
(1 + cost) 2 



dx/dt 



l+cos< 



_ cos t + cos 2 t + sin t + sin 2 t _ 1 + cost + sint 
(1+cost) 3 ~ (1+cost) 3 



27. We graph the curve x = t 3 - 3t, y = t 2 + 1 + 1 for -2.2 < t < 1.2. 
By zooming in or using a cursor, we find that the lowest point is about 
(1.4, 0.75). To find the exact values, we find the t-value at which 

2t+l=0 4* t*-J **,(*,») = 




29. x = 2acost - acos2f =► — = -2asint + 2asin2t = 2asini(2cost - 1) = 0 

dt 

sint = 0 or cost = J t = 0, f , it, or Af. 

2/ = 2asint- asin2t ^ = 2a cost - 2acos2t = 2a(l + cosf - 2cos 2 t) = 2a(l - cost)(l + 2 cost) = 0 
t = 0,^,orf. 

Thus the graph has vertical tangents where t = f , v and ^, and horizontal tangents where t - ^ and To determine 



what the slope is where t = 0, we use I'HospitaPs Rule to evaluate lim 



dy/dt 



t-.o dx/dt 



= 0, so there is a horizontal tangent there. 



t 


X 




0 


a 


0 


3 


§<» 


^a 

2 " 


2tt 
3 


-§« 


¥° 


7T 


-3a 


0 


4tt 
3 


-§* 




5ir 
3 


fa 





l-3a.0)j 






>0) 











31. The curve r 2 = 9 cos 50 has 10 "petals." For instance, for --fj < 9 < there are two petals, one with r > 0 and one 
with r < 0. 

A = 10 j:i)° 0 y d9 = 5 9cas50d0 = 5-9 • 2 £ /10 cos50d0 = 18[sin W]* /10 = 18 

33. The curves intersect when 4cos0 = 2 => cos9 = % => 9 = ±f ^ = j r = 4cos0 

for -ir < 9 < w. The points of intersection are (2, f ) and (2, -f ). 
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40 □ CHAPTER 10 PARAMETRIC EQUATIONS AND POLAR COORDINATES 



35. The curves intersect where 2 sin 9 = sin 9 + cos 9 

sin 0 = cos B =t> 0 = \, and also at the origin (at which 9 = 
on the second curve). 

A = /; /4 i(2sin<?) 2 d9 + ffi I(8inff + cos0) 2 d<> 

= /; /4 (i - cos 20) d0 + 1 j 3 ;/ 4 (i + sin 20) d# 

= [0-Isin2 0 ] o ^ + [I (? -Icos2 e ]^ 4 = l(.-I ) 
37. x = 3t 2 , y = 2t 3 . 




r = 2 sin 5 



\ 

r = sin 0 + cos 6 



L = j 2 J(dx/dt)* + (dy/dt)*dt = j 0 2 V(6t) 2 + (6* 2 ) 2 di = jjfvW+W* = £ v^fj^yTTP dt 
= \l 6 [i| vTTi 2 dt = 6/ 0 2 r. vT+I 2 di = 6 $ u 1 ' 2 (\du) [„ = i + 1 2 ; d« = 2tdt] 

= 6 -5-|[« 3/2 ]' = 2 (5 3/2 -l) = 2(5^-l) 



/•2tt 

L = C Vr 2 + (dr/d9)*d0 = VU/0) 2 + (-1/0 2 )* d9 = ^ 



d9 



0 



1 | In f(N .^TT)1" V ^ TT ^llnf 2 ^^ 1 ) 

V / 7T. 27T V TT + v/TT 2 ! 7 ! / 



2V^TT- V4tt 2 -+1 
2tt 



41. as = 4 v^, y = J + ^L, 1 < t < 4 *» 



5 = | 4 2x y J(dx/dt)* + {dy/dtydt = 27r(It 3 + |r 2 ) ^/ (2/%/i) 2 + (t 2 - f~ 3 ) 2 dt 

= 2^ (|f + it" 2 ) v/(t 2 + ^ )2dt = (| t 5 + | + M ^ = 27r[ X t G + | t _ I t -4]4 = 4^ 



For all c except -1, the curve is asymptotic to the line x = 1. For 
c < -1, the curve bulges to the right near y = 0. As c increases, the 
bulge becomes smaller, until at c = -1 the curve is the straight line x = l, 
As c continues to increase, the curve bulges to the left, until at c = 0 there 
is a cusp at the origin. For c> 0, there is a loop to the left of the origin, 
whose size and roundness increase as c increases. Note that the x-interccpt 
of the curve is always -c. 



-3 





17 

Sa 

H 
p 
ii 

ii I 


rr • 

\-3 

\ L5 \ 




v\T 

ti * • 

H t i 

1 
Sll 

M 


0.5 J 

f 



-3 
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45. — + — = 1 is an ellipse with center (0, 0). 
9 8 



a = 3, b = 2 V2, c = 1 
foci (±1,0), vertices (±3,0). 





y, 


2s/2 








< 


0 


y 






-2-J2 



CHAPTER 10 REVIEW □ 41 



47. 6t/ 2 + x - 36y + 55 = 0 & 
6(y 2 -6y + 9) = -(x + l) o 
(2/ - 3) 2 = -\{x + 1), a parabola with vertex (-1,3), 
opening to the left, p = => focus (-§§ , 3) and 

directrix x = — |f . 




49. The ellipse with foci (±4, 0) and vertices (±5, 0) has center (0, 0) and a horizontal major axis, with a = 5 and c = 4, 

2 2 

so 6 2 = o 2 - c 2 = 5 2 - 4 2 = 9. An equation is f- + £ = 1. 



51. The center of a hyperbola with foci (0, ±4) is (0, 0), so c = 4 and an equation is ~ - |j- = 1 . 



The asymptote y = 3x has slope 3, so 7 = - 

0 1 



a = 36 and a 2 + b 2 = c 2 



(36) 2 +6 2 =4 2 



2 2 r 2 c 9 

106 2 = 16 6 2 = f and so a 2 = 16 -f = f. Thus, an equation is ^ - ^ = 1, or ^ - ^ = 



72 8 



x 2 = — (y — 100) has its vertex at (0, 100), so one of the vertices of the ellipse is (0, 100). Another form of the equation of a 
parabola is x 2 = 4p{y - 100) so 4p(y - 100) = -(y - 100) => 4p = -1 p =- ^ . Therefore the shared focus is 
found at (0, 222) so 2c = - 0 =► c = ^§2 and the center of the ellipse is (0, 322). So a = 100 - 322 = 401 and 

401 2 - 399 2 x 2 (?/ - — ) 2 

= 25. So the eouation of the ellipse is ^ + KJ „ 8 ' = 



6 2 = a 2 -c 2 = 



8 2 



x 2 (8y- 399) 2 
° r 25 + 160,801 



55. Directrix x = 4 => d = 4, so e = A => r = 



l+ecos0 3 + cosf?' 



3i" 

57. (a) If (a, b) lies on the curve, then there is some parameter value fcj such that 1 = a and - — ^ = b. If ii = 0, 

the point is (0, 0), which lies on the line y = x. If ti ^ 0, then the point corresponding to t = j- is given by 

<<i 

* = rfw = fji = 6l y = r^w = *+i = a 80 (b ' a) also lies on the curve - [Another way 10 see 



this is to do part (e) first; the result is immediate.] The curve intersects the line y = x when 
t = t 2 =*> t = 0orl, so the points are (0, 0) and (§,§). 



3t 3t 2 



1 + t» 1+ 1» 
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□ CHAPTER 10 PARAMETRIC EQUATIONS AND POLAR COORDINATES 



(b) g = (1 + ^ jf^ 3) f 2(3t2) = = 0 when 6t - 3t« = 3t(2 - * 3 ) = 0 =* t = 0 or ( = » so there are 

horizontal tangents at (0, 0) and (0,&£). Using the symmetry from part (a), we see that there are vertical tangents at 
(0,0) and {yi,ty2). 

(c) Notice that as t — * — 1 + , we have x — > — oo and y — > oo. As t — > — 1~, we have x — * oo and y — * — oo. Also 

, ,s 3i+'3t a + (l + t 3 ) (t + 1) 3 (t+1) 2 
? ;-(-a:-l) = 2/ + a: + l = J = l_2. = f l_^ i _ 0 ast^-l. So y = -x-Hsa 



" d£ _ (r + t 3 )(3) -3t(3t 2 ) _ 3-6t 3 
W (it ~ (1 + t 3 ) 2 ~ (1 + t 3 ) 2 



d ( dy 



... ... . dy 6t - 3t 4 „ dy dy/dt t{2 - t 3 ) 

and from part (b) we have f = ^-j^. So - = m -1__Z. 



„ d 2 y dt\dx J 2(1 + f 3 ) 4 „ 1 

So the curve is concave upward there and has a minimum point at (0, 0) 
and a maximum point at ( y/2, \fi) . Using this together with the 
information from parts (a), (b), and (c), we sketch the curve. 



y 








(-►CO 






i 


-t=\ 






-co 1 

r-»-r 

v =- 



3 ^ = 3 (iT^)(TT^) 



27r 



r, so x 3 + y 3 = 3xy. 



(1 + t 3 ) 2 ' 

(f ) We start with the equation from part (e) and substitute x = r cos 8, y = r sin 0. Then x 3 + y 3 = 3xy => 

r 3 cos 3 (9 + r 3 sin 3 6 = 3r 2 cos 8 sin 0. For r/0, this gives r = sm ^ , Dividing numerator and denominator 

cos 3 8 + sm' 1 8 



by cos 3 8, we obtain 



3 / 1 \ sin 8 
\cos6 J cos 0 

1 + ^ 



3 sec 0 tan 8 
l + tan 3 0 ' 



cos 3 6 

(g) The loop corresponds to 8 £ (0, f ), so its area is 



A r r* Q \ T'* (ZsecOUmOY 9 /^ 2 sec 2 8 tan 2 0 „ 9 f°° z* 2 du r , . 

(h) By symmetry, the area between the folium and the line (/ = —x — 1 is equal to the enclosed area in the third quadrant, 
plus twice tine enclosed area in the fourth quadrant. The area in the third quadrant is 5, and since y = — x — 1 



r sin 0 = -r cos 8 - 1 => r = 



r = — — -, the area in the fourth quadrant is 

Sin 0 + cos v 



d8 c = §. Therefore, the total area is | + 2(±) = f . 

2, 



1 17 1 \ 2 _ / 3sec(9 tanfl N 

2 /- w /a [\ sine + cos 8) V 1 + tan 3 61 J 
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□ PROBLEMS PLUS 



f cosu f sinu , , , dx cost , dy smt .... .. , 

1. x - / — — rfu, ij = / du, so by FTC1, we liave — = — — and -ff = — — . Vertical tangent lines occur when 

jj u It u ax, t at t 

— = 0 cos t = 0. The parameter value corresponding to (x, y) — (0, 0) is t = 1, so the nearest vertical tangent 

af. 

occurs when t = § . Therefore, the arc length between these points is 



r T /2 lf dx \\f d v\ 2 n T /2 /cos 2 i sin 2 dt .,,/a . _ 

3. In terms of x and y, we have x = rcos0 = (1 + csin0)cos0 = cos0 + c sin 5 cos 0 = cos0 + 5Csin20 and 

y = rsin0 = (1 + csin0) sin0 = sin0 + csin 2 0. Now -1 < sin0 < 1 =* -1 < sin0 + csin 2 0 < 1 + c < 2, so 
-1 < V < 2. Furthermore, {/ = 2 when c = 1 and 0 = f , while y = -lforc = Oand0 = ^. Therefore, we need a viewing 
rectangle with — 1 < y < 2. 

To find the x-values, look at the equation x = cos 0 + |csin 20 and use the fact that sin 26 > 0 for 0 < 6 < 5 and 
sin 20 < 0 for - \ <0<0. [Because r = 1 + c sin 0 is symmetric about the y-axis, we only need to consider 
- f < 0 < f .] So for -f < 0 < 0, x has a maximum value when c = 0 and then x = cos 0 has a maximum value 
of 1 at 0 = 0. Thus, the maximum value of x must occur on [0, f ] with c = 1. Then x = cos 6 + 5 sin 20 => 
4§ = -sin0 + cos20 = -sin0 + l - 2sin 2 0 => = -(2sin0 - l)(sin0 + 1) = 0 when sin 0 = -1 or ± 



[but sin 0 ^ -1 forO < 0 < §]. Ifsin0 = ±,then0 = f and 
x = cos f + I sin f = f \/3- Thus, the maximum value of x is § v^, and, 
by symmetry, the minimum value is -f y/l. Therefore, the smallest 
viewing rectangle that contains every member of the family of polar curves 
r = l+csin0,whereO<c< 1, is [-fv^f^] x [-1,2]. 



2.1 



c= 1 



-1.6 



/ ✓ - 

/ * — 

w 


s \ 

\ \ 

*v \-V — 
- - \ \ 1 
'* \ * I 


k\* - - - 

V 


~T- -c'-O 



-1.1 



2 2 
X It 

5. Without loss of generality, assume the hyperbola has equation '-^ _ ^ = 1- Use implicit differentiation to get 



2x _ 2yy' 
a* b 2 



b 2 x 



b 2 c, 



= 0, so y' = The tangent line at the point (c, d) on the hyperbola has equation y - d = -^(x - c) 



ay 



b b b^c 

The tangent line intersects the asymptote y = -x when -x - ef = -5-; (x - c) => oMi - a 2 d 2 = t> 2 cx - fe 2 c 2 => 
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□ CHAPTER 10 PROBLEMS PLUS 

=* , = ^'/^ = ^±ii£ and the ,-value is b - f*±* = °*±*. 

Similarly, the tangent line intersects y = ~x at ^ bc ~ ad t ad ~ 6c j . The midpoint of these intersection points is 

flf ad + bc bc-ad \ lfad + bc , ad-bc\\ /126c 1 2ad\ , „ , 

U (,~T" + ~~ F~ J ' 2 {—a~ + ) ) = {2 X' 2 T ) = {C ' d) ' th£ P0mt ° f ,angenCy ' 

/Vote: If y = 0, then at (±0, 0), the tangent line is it = ±a, and the points of intersection are clearly equidistant from the point 
of tangency. 
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11 □ INFINITE SEQUENCES AND SERIES 

11.1 Sequences 



1. (a) A sequence is an ordered list of numbers. It can also be denned as a function whose domain is the set of positive integers. 

(b) The terms a„ approach 8 as n becomes large. In fact, we can make a„ as close to 8 as we like by taking n sufficiently 
large. 

(c) The terms a n become large as n becomes large. In fact, we can make a n as large as we like by taking n sufficiently large. 

2n a / 2 4 6 8 10 1/ 4 3 8 5 | 

3 - a " = ;^' sothesequencc 'Um 

• JJ_ zl J_ zl J_ \-/I_jL_L J L_ 1 

5- an ~ 5^ ■ so the sequence is I 51 , g2 , 53 , g4 , 55 >—j > - | 5 > 25 > 12fj . 625 - 31 2 5 '--J- 

1 . f 1 1111 \ fill 1 J "I .. 

7 - °* = WTTy. ' S ° SeqUe " Ce " i 2f 3!' 4!' 5!' 6!' ' ' j = \ 2' 6' 24' 120' 720' ' j' 

9. ai = 1, a,,+i = 5a„ - 3. Each term is defined in terms of the preceding term, ai = 5ai — 3 = 5(1) — 3 = 2. 
a 3 = 5a 2 - 3 = 5(2) -3 = 7. a 4 = 5a 3 - 3 = 5(7) - 3 = 32. a 5 = 5a 4 - 3 = 5(32) - 3 = 157. 
The sequence is {1, 2, 7, 32, 157, . . .}. 

a n ai 2 _ 2 a 2 2/3 _ 2 a 3 2/5 _ 2 

11 - ai = 2 ' a " +l -TW ° 2 " 1+^7 " 17^ ~ 3" as " IToI ~ 1+273 - 5- 04 ~ TTas" ~ TT275 ~ 7' 

■ 

as = r?a7 = 1 +I/7 = §• The sc i uence is i 2 ' t 1> !• I" • •}• 

13. {l, §, |, i , 5, . . .}. The denominator ofthe nth term is the nth positive odd integer, so a„ = |— — ^ 

I 

15. {-3, 2, — |, f , - if , . . .}. The first term is -3 and each term is — f times the preceding one, so a„ = -3 (-§)"" l . 



17 - { §1 ~i> i< _ ¥> T> • ■ }• Tne numerator of the mh term is n 2 and its denominator is n + 1. Including the alternating signs, 
wegeta„ = (-ir^^. 
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46 □ CHAPTER 11 INFINITE SEQUENCES AND SERIES 



19. 





3n 
1 +6n 


1 


0.4286 


2 


0.4615 


3 


0.4737 


, 4 


0.4800 


5 


0.4839 


6 


0.4865 


7 


0.4884 


8 


0.4898 


9 


0.4909 


10 


0.4918 



a* 

0.5 
0.4 



10 n 



It appears that lira a„ = 0.5. 

n — »oo 

3n (3n)/n 



lim = j 

i + 6n n-oo (l + 6n)/n n-ool/n + 6 6 2 



= lim 



= lim 



21. 



Tl 


a„ = 1 + (- 




1 


0.5000 




2 


1.2500 




3 


0.8750 




4 


1.0625 




5 


0.9688 




6 


1.0156 




7 


0.9922 




8 


1.0039 




9 


0.9980 




10 


1.0010 





H 1 1 1 1 h- 



5 10 « 

It appears that lim a n = 1. 

n—*oo 

^ (! + H) n ) = lim 1 + lim (-*)" = 1 + 0 = 1 

Um (-I)" =0by(9). 



since 



23. On = 1 - {0.2)'\ so lim a„ = 1 - 0 = 1 by (9) . Converges 

n — » oo 

3 + 5n 2 (3 + 5n 2 )/n 2 5 + 3/n 2 5 + 0 _ _ 

25 - a " = TTfF = (n + n»)/n> = TT1> ' *" T+0 = 5 as n ~> °°- Converges 

27. Because the natural exponential function is continuous at 0, Theorem 7 enables us to write 
lim a„ = Um e 1/n = e lim "-~( 1 /" ) = e° = 1. Converges 



— 2n7r , ,. (2n7r)/n 

29. If On = - — — , then lim o„ — lim . „" , = lira 



2tt 



l+8n' 



n-.oo (1 + 8n)/n n--ool/n + 8 
2nn\ 



— = j. Since tan is continuous at f, 



Theorem 7, lim tan I ^ n7r | = tan I lim ^ n,r ) 

' n-cc \ 1 + 8n) \n-oo 1 + 8n J 



= tan - = 1. Converges 
4 



n 2 n 2 /\/n* %/n .. ^ , 

31. a„ = . „ : = : — r= = . =, soa„ -i ooasn-»oo since lim Jn = oo and 

Vn 3 +4n Vn 3 + 4nM? ^/l + 4/n 2 

lira y/l + 4/n 2 = 1. Diverges 



33. lim \a n \= lim 



(-IT 



2^ 



= 5 ^ ^ = \ (0) = °" so & a " = 0 by (6) - Conver e es 



© 2012 Cengage Learning. All Rights Reserved. May not be scanned, cupied, er duplicated, orpostcd 10 n puhlicly accessible website, in whole or in pan. 



l be scanned. Ltipial. er duplicated, nr jwisteti to n pub 

www.elsQlucionano.nei 



SECTION 11.1 SEQUENCES □ 47 



35. a„ = cos( n/2). This sequence diverges since the terms don't approach any particular real number as n -> oo. 
The terms take on values between -1 and I . 

_ (2n- 1)! _ (2n- 1)! _ 1 

37> Qn _ (2n + 1)! " (2n + l)(2n)(2n - 1)! ~ (2n + l)(2n) ~* 0 35 " ~* °°- Lonver S es 

39. a* = e " 2 + 6 • ^ = ^ C _ n -» 0 as n -» oo because 1 + e~ 2n -» 1 and e" - e~ n -» oo. Converges 



1 e~" e n — e -71 

2 2 2 2 

41. a n = n 2 e~ n = — . Since lim — = lim — = fact — = 0, it follows from Theorem 3 that lim a n = 0. Converses 

e n x-too e x— »oo e x— +oo e n— ♦<» 

43. 0 < < i [since 0 < cos 2 n < 1], so since ^lim^ = 0, j | converges to 0 by the Squeeze Theorem. 

45. a n = nsin(l/n) = sm ^/ n \ since lim ^(V 8 ? = lim ^ [where t = 1/x] = 1, it follows from Theorem 3 

1/71 x— »oo 1/x t— .0+ t 

that {a„} converges to 1. 
47. y = ( a + f ) =* Iny = xln^l + ^j.so 

„ . „ ln(l + 2/x) H .. \l + 2 /xJ\x? ) 2 

lim mi/ = hm = lim '—f-% = lim = 2 => 

x->oo x-.oo 1/x X-.00 —l/X* x-.ool+2/x 

lim + = lim e'" s = e 2 , so by Theorem 3, lim + - ] = e 2 . Converges 

x— .oo y X J x—ao n-»oo I n J 

49. a n = ln(2n 2 + 1) - ln(n 2 + 1) = In (^Tf) = In ( fj^ ) - In 2 as n - oo. Converges 

51. a„ = arctan(lnn). Let /(x) = arctan(lnx). Then lim f(x) = I since In x -> oo as x -» oo and arctan is continuous. 
Thus, lim a n = lim /(n) = f . Converges 

n— .oo n-.oo 

53. {0, 1, 0, 0, 1, 0, 0, 0, 1, . . .} diverges since the sequence takes on only two values, 0 and 1 , and never stays arbitrarily close to 
either one (or any other value) for n sufficiently large. 



55 „ _ rA _ 1 2 3 
" 2- 2 ' 2 ' 2 



fn — 1) n „, t n „ n . 

— 2" 2-2*2 [for n > 1] = - oo as n — oo, so {a„} diverges. 



57. 2 . . From the graph, it appears that the sequence converges to 1. 

{(-2/6)"} converges to 0 by (7), and hence {1 + (-2/e) n } 
converges to 1 + 0 = 1. 
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48 □ CHAPTER 11 INFINITE SEQUENCES AND SERIES 
59. 1 




From the graph, it appears that the sequence converges to ^. 

As n -> oo, 



61. « 



• 


• 

• 


> 

* 


I'll 

• 

• 

• 

V 


■ " 1 ' 


■ 

• 

• 




/ 3 + 2n J _ / 3/n 2 + 2 / 0T2 /T_l 

V8n*+n )] 8 + 1/n ** VS + OVl^* 

so lim a„ = §. 



From the graph, it appears that the sequence {o„} = j^^rj is 

divergent, since it oscillates between 1 and —1 (approximately). To 

n 2 

prove this, suppose that {a n \ converges to L. If b n = then 

1 + n J 

{&„} converges to 1, and lim f 2 - = % = L. But ^ = cosn, so 

n—00 bn 1 b n 

lim 2l does not exist. This contradiction shows that {a„} diverges. 

~ On 



2n-l 



From the graph, it appears that the sequence approaches 0. 

1-3-5 (2n - 1) 1 _3_ _5_ 

< a " (2n) n 2n ' 2n ' 2n 

<^-(l)-(l) (I) = l-^0as7woo 



So by the Squeeze Theorem, 



2n 

f 1 ■ 3 ■ 5 fj 



n-l) j 



L (2n) 

65. (a) On = 1000(1.06)" =* Oi = 1060, a 2 = 1123.60, 03 = 1191.02, a 4 = 1262.48, and a 5 = 1338.23. 
(b) lim On = 1000 lim (1.06)", so the sequence diverges by (9) with r = 1.06 > 1. 



converges to 0. 



67. (a) We are given that the initial population is 5000, so P 0 = 5000. The number of catfish increases by 8% per month and is 
decreased by 300 per month, so P l = P 0 + 8%P 0 - 300 = I.O8P0 - 300, P 2 = LO8P1 - 300, and so on. Thus, 
P„ = 1.08P„_i - 300. 

(b) Using the recursive formula with P 0 = 5000, we get Pi = 5100, P 2 = 5208, P 3 = 5325 (rounding any portion of a 
catfish), Pi = 5451, P 5 = 5587, and P e = 5734, which is the number of catfish in the pond after six months. 

69. If|r| > 1, then {r n } diverges by (9), so {nr n } diverges also, since \nr n \ =n\r n \ > |r"|. If|r| < 1 then 

lim xr x = lim — = lim . . \ = lim — = 0, so lim nr" = 0, and hence {nr n } converges 

x—00 x->oor~ x 1— 00 (—In r)r~ x 1-00-lnr n—00 

whenever |r| < 1. 
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SECTION 11.1 SEQUENCES □ 49 

71. Since {a,.} is a decreasing sequence, a„ > o„+i foralln> 1. Because all of its terms lie between 5 and 8, {a„}isa 

bounded sequence. By the Monotonic Sequence Theorem, {a n } is convergent; that is, {a n } has a limit L. L must be less than 
8 since {o„} is decreasing, so 5 < L < 8. 

71 = 2^T3 iS decreasin S since a »+ 1 = 2 (n+ 1 l) + 3 = 2^T5 K 2^T3 = °«' f ° r each n " L The SequetlCe is 
bounded since 0 < a„ < $ for all n > 1. Note that a a = |. 

75. The terms of n„ = n(-l) n alternate in sign, so the sequence is not monotonic. The first five terms are -1, 2, -3, 4, and -5. 
Since lim \a„\ — lim n = oo, the sequence is not bounded. 

n— • oo ii— >oo 

" <• #/ \ x a, \ (as 2 + 1)(1) - x(2i) 1 - x 2 ^ „ 
77. On = -rf^i defines a decreasin 8 sequence since for f{x) = pq-j. / ( x ) = S ( x 2 + I) 2 = (x 2 + l) 2 - 

for x > 1. The sequence is bounded since 0 < a, t < | for all n > 1. 

79. For | v/2, V^t ^V^l • ■ ■}, «i = 2 1/2 , a 2 = 2 3 /\ a 3 = 2 7 /«, ..,»*.= 2< 2 "- 1 '/ 2 " = 2 1 -< 1 / 2 ">. 

lim a,.= lim 2 1 -' 1 / 2 "' = 2 1 = 2. 
n-.oo n->oo 

Alternate solution: Let L = lim a„. (We could show the limit exists by showing that {a,,} is bounded and increasing.) 



Then L must satisfy L = \/2 • L L 2 = 2L =*■ L(L - 2) = 0. L ^ 0 since the sequence increases, so L = 2. 

81. ai = 1, o„+i = 3 . We show by induction that {«„} is increasing and bounded above by 3. Let P„ be the proposition 

that a„+i > a n and 0 < a n < 3. Clearly Pi is true. Assume that P„ is true. Then a„+i > On => — ^— < — =^ 

> — — . Now a„ + 2 = 3 — > 3 — — — a, l+ i P„+i- This proves that {a„} is increasing and bounded 



a u +i f„. a u +i a 

above by 3, so 1 = Oj < a„ < 3, that is, {a„} is bounded, and hence convergent by the Monotonic Sequence Theorem. 

If L = lim a„, then lim a n +i = L also, so L must satisfy L = 3 — 1/L L 2 - 3L + 1 = 0 => L = 

n— »oo n— oo « 

But L > 1, so L = ?a^. 

83. (a) Let <j„ be the number of rabbit pairs in the nth month. Clearly 0.1 = 1 = ai. In the «th month, each pair that is 

2 or more months old (that is, a„_2 pairs) will produce a new pair to add to the a»_j pairs already present. Thus, 
a„ = a„_i + a„_ 2 , so that {a„} = {/„}, the Fibonacci sequence. 

/u> + 1 _^ , /" /n- l + fn-2 , . /n-2 - , 1 , 1 . - r .. 

(b) a n = -7 — => On— 1 = 1 = 1 = 1 + 7 = 1 + 7 77 ■= 1 + . If L = lim a„, 

/,. /n-l /n-l /n-l /n-1 //n-2 a„_2 n-00 

thenL= lim a n -i and £ = lim a„_ 2 , so i must satisfy L=l + \ =4> £ 2 - Z - 1 = 0 =4> Z = 

n— rail n— >oo i, « 

[since L must be positive]. 
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50 □ CHAPTER 11 INFINITE SEQUENCES AND SERIES 
85. (a) 50 




From the graph, it appears that the sequence 



converges to 0, that is, lim ^7 = 0. 

n—00 n\ 



(b) 



7.5 



• 




•> 




y = 0.1 






! 


J 



12.5 




0 0 

From the first graph, it seems that the smallest possible value of N corresponding to e = 0.1 is 9, since n 8 /n! < 0.1 
whenever n > 10, but 9 6 /9! > 0.1. From the second graph, it seems that for e = 0.001, the smallest possible value for N 
is 11 since n B /n! < 0.001 whenever n > 12. 

87. Theorem 6: If lim laJ = 0 then lim - \a n \ = 0, and since - laj < a n < |a„|, we have that lim a n — 0 by the 

n—00 n— oo n — 00 

Squeeze Theorem. 

. 

89. To Prove: If lim a n — 0 and {b n } is bounded, then lim (a n b„.) = 0. 
u—00 n—00 

Proof: Since {&„} is bounded, there is a positive number M such that |6„| < M and hence, \a n \ \b„\ < \a n \ M for 

all n > 1. Let e > 0 be given. Since lim_ o„ = 0, there is an integer N such that \a n - 0| < if n > N. Then 



\a„b n - 0| = |o„6„| = \a n \ \b„\ < \a n \ M = |a„ - 0| M < — ■ M = e for all n > N. Since e was arbitrary, 

hm (a n b n ) = 0. 
n—00 

91. (a) First we show that a > ai > bi > fa. 

Oj - bi = - VaB= |(a-2Vab + fa) = 5 (\/o - ^/b^ > 0 [since a > b] => 01 > 6 a . Also 

0 - 01 = a - |(ct + fa) = |(o - fa) > 0 and b - h = fa - Vab = Vb(Vb - v^) < 0, so a > ai > h > b. In the same 

way we can show that 01 > o 2 > b 2 > fai and so the given assertion is true for n = 1. Suppose it is true for n = k, that is, 
a k > a k +i > bk+i > bk. Then 
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SECTION 11.2 SERIES □ 51 

afc+2 -b k +2 = %(a k+ i +b k+ i) - yfah+lfa+l — -2V«k+i^Hi + b* : +i) = §(,70*+. - \/6m-i) > 0, 

a k+ i - a k+2 = Ofc+l - §(«fc+l + bfc+i) = 5(n*.+i - bfc+i) > 0, and 

fct+i - = b k+l - v / ^+i^+i = VWi - v /a ' c + 1 ) < 0 ^ a *+ 1 > Ofc+2 > b k+2 > b k+ i, 

so the assertion is true for n = k + 1. Thus, it is true for all n by mathematical induction. 

(b) From part (a) we have a > a n > o„+i > b n+i > b n > b, which shows that both sequences, {o„} and {*>„}, are 
monotonic and bounded. So they are both convergent by the Monotonic Sequence Theorem. 

On + bn a + 0 

(c) Let lim o„ = a and lim b„ = 0. Then lim a„+i - lim — '- => a = — - — => 

ii lop n »oo n ■ oo n— »oo Z Z 



2a = a + /3=>a = /3. 

93. (a) Suppose {p,,} converges to p. Then p n +i = ^ =* lim p n+ i = => p = — 

w KK 1 ' a + p„ «^°° o+ lim p„ a + p 

n — »oo 

p 2 + ap = op =» p(p + a - 6) = 0 =i- p = 0 or p = 6 - a. 
a 

(c) By part(b),pi < (£)po,Pa < (£)pi < ^ po,p 3 < (^jp2 < (^j Po.etc. In general, p« < ^ 

so lim p„ < lim ( - ] ■ p 0 = 0 since 6 < a. [% (7), lim r" = 0 if - 1 < r < 1. Here r = - e (0, 1) .] 
ti—oo n-oo \a / [ °° a 'J 



Po, 



(d) Let a < 6. We first show, by induction, that if p 0 < 6 - a, then p„ < 6 - a and p„ + i > p*. 

For n = 0, we have pi - p 0 = Po = — - — — > 0 since p 0 < 6 - a. So pi > po. 

a + po a + po 

Now we suppose the assertion is true for n = k, that is, p k < b — a and p*.. + i > p*. Then 

6 - a - Pt+1 = b _ a __^_ = °(*-°) + ^.-^-^ = - « - Efej > o because p , < t _ a . so 

bp k 4-i p k +i\b — cl — pfc-fi) 

p k+1 < b - a. And p k +2 - Pk+i = — ; p k +i = ; > 0 since p k+ i < b - a. Therefore, 

a+p k+ i a + pk+i 

P/t+2 > Pfc+i- Thus, the assertion is true for n = k + 1. It is therefore true for all n by mathematical induction. 

A similar proof by induction shows that ifpo > b — a, then p„ > b — a and {p„} is decreasing. 

In cither case the sequence {p n } is bounded and monotonic, so it is convergent by the Monotonic Sequence Theorem. 

It then follows from part (a) that lim p„ = b — a. 



11.2 Series 

1. (a) A sequence is an ordered list of numbers whereas a series is the sum of a list of numbers. 

(b) A series is convergent if the sequence of partial sums is a convergent sequence. A series is divergent if it is not convergent. 
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52 □ CHAPTER 11 INFINITE SEQUENCES AND SERIES 
3. £ a n = lim s„ = lim [2 - 3(0.8)"] = lim 2 - 3 lim (0.8)' 1 = 2- 3(0) = 2 



n=l 



92 1 J 1 1 

5 ' F ° r n ?i ^' a " = ' Sl = ai = = ^ s 2 = s i + «2 = 1+ 23 = 1.125, s 3 = s 2 + a 3 w 1.1620, 

.9.1 = sa + CM « 1.1777, s 5 = 84 + a 5 « 1.1857, s 6 = s 5 + a C « 1.1903, s 7 = s 0 + a T w 1.1932, and 
S8 = s 7 + o 8 s; 1.1952. It appears that the series is convergent. 



7. For £ 



, On = 



8j = Oi = 



= 0.5, s 2 = si + a.2 = 0.5 + 



w 1.3284, 



i+v«- i + yr i + 

aa = S2 + a 3 « 2.4265, s 4 = s 3 + a 4 M 3.7598, s 0 = s., + a 5 W 5.3049, s 6 = s 5 + ae « 7.0443, 

s 7 = s 8 + a 7 w 8.9644, s 8 = s 7 + a 8 w 11.0540. It appears that the series is divergent. 

i 

1 



n 


Sn 


1 


-2.40000 


2 


-1.92000 


3 


-2.01600 


4 


-1.99680 


5 


-2.00064 


6 


-1.99987 


7 


-2.00003 


8 


-1.99999 


9 


-2.00000 


10 


-2.00000 











■ 

{».] 




• 




) 



-3 



From the graph and the table, it seems that the series converges to -2. In fact, it is a geometric 



12 

series with a = -2.4 and r = -1, so its sum is £ ._ r 



-2.4 



i-H) 

Note that the dot corresponding to n = 1 is part of both {a„} and {.s,,}. 



-2.4 
1.2 



= -2. 



TI-86 Note: To graph {o n } and {s n }, set your calculator to Param mode and DrawDot mode. (DrawDot is under 
GRAPH, MORE, FORMT (F3).) Now under E (t) = make the assignments: xtl=t, ytl=12/ (-5) "t, xt2=t, 
yt2=sum seq (ytl, t, 1, t, 1) . (sum and seq are under LIST, OPS (F5), MORE.) Under WIND use 
1, 10, 1,0, 10, 1,-3, 1,1 to obtain a graph similar to the one above. Then use TRACE (F4) to seethe values. 



11. 



n 


Sn 


1 


0.44721 


2 


1.15432 


3 


1.98637 


4 


2.88080 


5 


3.80927 


6 


4.75796 


7 


5.71948 


8 


6.68962 


9 


7.66581 


10 


8.64639 




The series J] 



diverges, since its terms do not approach 0. 



© 2012 Cengagc Learnin|i. All Rights Reserved, May not be scanned, copied, or dupjicalod, or posled lo n publicly accessible website. In whole or in part. 

www.elsolucionario.net 



SECTION 11.2 SERIES □ 



13. 



n 


Sn 


1 


0.29289 


2 


0.42265 


3 


0.50000 


4 


0.55279 


5 


0.59175 


6 


0.62204 


7 


0.64645 


8 


0.66667 


9 


0.68377 


10 


0.69849 



- — : — : — : — j — « — . ._ 



From the graph and the table, it seems that the series converges. 

St(^~W+l) = (tt"72) + (71"^) + ' + 

In 1 

15. (a) lim a n = lim ^—7- r = r, so the sequence {a n } is convergent by (1 1.1.1). 

00 

(b) Since lim o„ = § / 0, the jgrier £ a„ is divergent by the Test for Divergence. 

n— .00 n=l 

17. 3 - 4 + y ~ ^ H is 3 geometric series with ratio r = -f . Since \r\ = § > 1, the series diverges. 

19. 10 - 2 + 0.4 - 0.08 H is a geometric series with ratio = -\. Since |r| = \ < 1, the series converges to 

a 10 10 _ 50 _ 25 

1-r ~ 1 - (-1/5) ~ 6/5 ~ 6 ~ 3 ' 

00 

21. 6(0.9)"" is a geometric series with first term a = 6 and ratio r = 0.9. Since |r| = 0.9 < 1, the series converges to 

71 = 1 

6 =^=60. 



l-r 1-0.9 0.1 

00 (-3) n_1 1 00 ( i\ n ~ x 

23. = 7 £ ( ~2 ) ■ The latter series is g e ° metric with a = 1 and ratio r = -$. Since |r| = f < 1, it 

n=l 4 4 „=! \ 4y 

converges to - _ = J ■ T,lus > the g' vcn scrics converges to(±)(f) = i. 

00 7T n 1 00 / 7T \ n 7T . 

25 ' 52 - t . = - T] ( — I is a geometric series with ratio r = —. Since r| > 1, the series diverges. 
n=o 3 n+1 3 n =o^3/ 3 

1111 1 00 1 1 00 1 

27. - + r + r + T7r + T?"l = X! ^~=o X _ - Tnis ' s a constant multiple of the divergent harmonic series, so 

3 6 9 12 15 n= i in J n= i n 

it diverges. 

n ^ n 11 

29. V diverges by the Test for Divergence since lim a n = lim = - / 0. 

z — ' — > «— ti—cx> Sn — 1 3 



rSi 3n - 1 
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54 □ CHAPTER 11 INFINITE SEQUENCES AND S 
31. Converges. 

oo 1 _l_ 0" oo / 1 O n \ oo T/l\ n /0\"1 

[sum of two convergent geometric series] 



1/8 2/8 .1 S 
1-1/3^1-2/3 2 T 2 

33. £ v / 2 = 2+ v / 2+v / 2+v / 2 + -- - diverges by the Test for Divergence since 
Urn an = lim = lim 2 1 /" = 2° = 1 # 0. 

n— too n— >oo n— >oo 



: since 



00 / n + 1 \ 
35. ln l 2 Ti 2 + 1 ) diverges by 1116 Test for Diver g ence ! 

lim On = lim lnf " + 1 = lnf lim — + 1 ^ = In \ 0. 
n-»oo n^oo \2n 2 + lJ \n^oo2n 2 + ly 

oo . 

37 - E (f) is 3 geometric series with ratio r = § « 1.047. It diverges because |r| > 1. 

fc=a 

oo 

39. YJ arctan n diverges by the Test for Divergence since lim o„ = lim arctan n = § 56 0, 

n=1 n-.oo n-.oo 

00 1 00 /l\ n 1 1 1 

41. E — = E I " ' s a geometric series with first term a = - and ratio r = -. Since |r| = - < 1, the series converges 

n=l 6 ti=1 \ ^ / ^ 6 e 

t0 = T^TTe ■ I = T^i- By Example 7 ' n | ^TT) " L Thus ' by Theorem 8(ii) ' 

^Ve" ^n(n 4-1) e" ^ ^ n(n + 1) e - 1 T e-1 e-1 e-1 - 
_ " 2 - ( 1 1 \ 

This sum is a telescoping series and s„ = 1 + \ — - -. 

/ n — 1 n 

Thus, £ = lim Sn = lim [ 1 + \ - -^—r - ^\ = |. 

n = 2 n z - 1 »-»oo "-00 y 2 n-1 2 

00 3 "3 n / 1 1 \ 

45. For the series Y — ; --, s„ = Y\ -rr. — -r = E I ~ — - — „ I [using partial fractions]. The latter sum is 

ntWn + 3) itli(t + 3) &\i i + 3j 

= 1 + i + 5- 7r+-T-^T2-^3 [telescoping series] 
+ ^ + + l + Converges 
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47. For the series £ (e 1/n - e 1 ^ 1 '), 

»» = £ {e 1 ' 1 ~ el/<i+1) ) = ( e ' - eV2 ) + ( eV2 - eV3 ) + ■ ' ' + ( eVn - e 1/(n+1) ) = ■ - e 1/(n+1) 

[telescoping series] 

Thus, f\ ( e 1/n - e 1/(n+1)S ) = lim s„ = lim fe - e 1/(n+1) ) = e - e° = e - 1. Converges 

n=1 \ / n—oo n—>ac \ I 

49. (a) Many people would guess that x < 1, but note that x consists of an infinite number of 9s. 

(b) x = 0.99999 . . . = A + ~ + j^g + y^qq + • • • - JC which is a geometric series with a, = 0.9 and 

r = 0.1. Its sum is | j = ^ = 1, that is, X = 1. 

(c) The number 1 has two decimal representations, 1.00000 ... and 0.99999 .... 

(d) Except for 0, all rational numbers that have a terminating decimal representation can be written in more than one way. Fc 
example, 0.5 can be written as 0.49999 ... as well as 0.50000 .... 

88 8 1 ft 8 / 1 0 8 

51. 0.8 = — + — r- -\ is a geometric series with a = — and r = — . It converges to = - — —-r— = -. 

10 10 1U 1U 1 — r 1 — 1/10 9 

53. 2.3T6 = 2 + + ^§ + ■■ • . Now ^ + ^| + • • • is a geometric series with a = and r = . It converges to 

a 516/10 3 ^ 516/10 3 ^ 516 ^ = 516 = 2514 _ 838 

1-r 1 - 1/10 3 999/10 3 999" US ' ' 999 999 333' 

42 42 42 42 42 1 

55. 1.5342 = 1.53 + + + ■ ■ ■ . Now — + + ■ • • is a geometric series with a = — and r = 

a 42/10 4 42/10 4 42 

It converges to — 



1-r 1 - 1/10 2 99/10 2 9900' 

Th,K 1 rLtiPf 1MI 42 158 I * - I 43 "M* nr 595? 

inus, i.DJ4^ - i.oj+ 9goo - 10Q + 9goo - 99Q0 + 990Q - 99Q0 or 33QQ . 

oo oo 

57. £ (—5)'\x n =£ (-5x) n is a geometric series with r = -5x, so the scries converges |r| < 1 <=> 

n=l n=l 



| — 5as| < 1 <=> |x| < J, that is, ~| < x < ±. In that case, the sum of the series is — ^— = x = ~. 

1 f* 1 ( OX) 1 T OX 

59 - 52 ^ 3 „ 2 ^ = 2 (~~3~) is a 8 eon,etric series with r = X 3 2 ' so tne series converges <=> |r| < 1 



x-2 



x - 2 

<1 <=> -1 < — — < 1 4* -3<x-2<3 <3> -1 < x < 5. In that case, the sum of the series is 

O 



1 



1-r | x-2 3 - (x - 2) 5-x' 
3 3 



oo 2™ 00 /'2 V 2 
61. — = X) ( _ ) is a geometric series with r = -, so the series converges |r| < 1 

n=0 a;n n=0 \ x / x 

a 1 x 



< 1 



2 < |x| 4* x > 2 or x < —2. In that case, the sum of the series is 



1-r 1-2/x x-2' 
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56 □ CHAPTER 11 INFINITE SEQUENCES AND SERIES 

oo oo 

63. Y, e n * = E ( e *T >s a geometric series with r = e 1 , so the series converges <* |r| < 1 \e x \ < 1 & 

n=0 n=0 

-1< e 1 < 1 <=> 0 < e* < 1 *» x < 0. In that case, the sum of the series is — — = — 5—. 

1-7- 1 - e* 

65. After defining /, We use convert (f , parf rac) ; in Maple, Apart in Mathematica, or Expand Rational and 

Simplify in Derive to find that the general term is 3 " j" 3n 3 1 — 7 — ^tt?- So the nth partial sum is 

(n 2 + n) J n 3 (rc+1) 3 

Sn = £(^~(fcw) = ( 1_ i) + (^~^) + '' + ^^ 

The series converges to lirn s„ = L This can be confirmed by directly computing the sum using 

n—*oo 

sum (f , n=l . . infinity) ; (in Maple), Sum [f , {n, 1, Infinity}] (in Mathematica), or Calculus Sum 
(from 1 to oo) and Simplify (in Derive). 

67. For n = 1, ai = 0 since si = 0. For n > 1, 



On 



n- 1 (n-l)- l (n-l)w-(n + l)(rt-2) 

— S n — S n -1 — 7-T — 7 , — / ' T"\ — 



n + 1 (n - 1) + 1 (n + l)n n(n + 1) 



Also, E a « = MO" s n = lim ] ^ n = 1. 

n= , n—oo n—oo 1 + I/ft 

69. (a) The quantity of the drug in the body after the first tablet is 150 mg. After the second tablet, there is 150 mg plus 5% 
of the first 150- mg tablet, that is, [150 + 150(0.05)] mg. After the third tablet, the quantity is 
[150 + 150(0.05) + 150(0. 05) 2 ] = 157.875 mg. After n tablets, the quantity (in mg) is 

150 + 150(0.05) + ■ • + 150(0.05) n l . We can use Formula 3 to write this as 150(1 = - 0.05"). 

.(b) The number of milligrams remaining in the body in the long run is lim [^(1 - 0.05")] = 2fl22(l - 0) « 157.895, 
only 0.02 mg more than the amount after 3 tablets. 

71. (a) The first step in the chain occurs when the local government spends D dollars. The people who receive it spend a 
fraction c of those D dollars, that is, Dc dollars. Those who receive the Dc dollars spend a fraction c of it, that is, 
Dc 2 dollars. Continuing in this way, we see that the total spending after n transactions is 

S n m D + Dc + Dc 2 + ■ ■ ■ + Dc n - X = °^2 P fa y ( 3 >- 
(b) lim S n = lim D (} - C ") = lim (1 - c") - [since 0 < c < 1 => lim c n = o] 

n — oo n—oo 1 — C 1 — C n—oo 1 — C L n—oo J 

= — [since c + s = 1] = kD [since k = l/s] 

3 

If c = 0.8, then s = 1 - c = 0.2 and the multiplier is k = l/s = 5. 

oo 

73. E (1 + c )~" is a geometric series with a = (1 +- c)~ 2 and r = (1 + c) _1 , so the series converges when 

71 = 2 

|(l + c) _1 |<l |l + c|>l » H-c>lorl+c<-l «• c> 0 or c < -2. We calculate the sum of the 
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and set it equal to 2:^-^-^=2 « = 2-2^) # 1 = 2(1 + c) 2 - 2(1 + c) 

2c 2 + 2c - 1 = 0 o- c = ~ 2d ^ v/ " = H:Y ^~ * • However, the negative root is inadmissible because -2 < 1 < 0. 

Soc=^-i. 

75. e s " = e 1+ 5 + 3+-+^ = eV/V' 3 • • • e 1 /" > (1 + 1) (l + §) (l + §) ■ ■ ■ (l + 1) [6» > 1 + ar] 
234 n+1 

= i23" — = n+1 

Thus, e* n > n + 1 and lim e Sn = 00. Since {s n } is increasing, lim s„ = oo, implying that the harmonic series is 

Ti — ico n — too 

divergent. 

77. Let d„ be the diameter of C„. We draw lines from the centers of the C t to 
the center of D (or C), and using the Pythagorean Theorem, we can write 

l 2 + (l-id 1 ) 2 = (l + |d 1 ) 2 * 

1 = (1 + irfi) 2 - (1 - ^di) 2 = 2di [difference of squares] => di = 5. 
Similarly, 

1 = (1 + ±d 2 ) 2 - (1 - di - ^d 2 ) 2 = 2d 2 + 2di - d\ - di<h 
= (2-di)(di + di) «- 




[1 - (di + d 2 )] : 
2 - (d, + da) 



, and in general, 



d, l+1 = — y . If we actually calculate d 2 and d 3 from the formulas above, we find that they are - = — and 
i = respectively, so we suspect that in general, d n = ^ . To prove this, we use induction: Assume that for all 



k<n, d k = 



1 



1 L "■ 1 

-.Then Ed, =1- 



*(* + !) k fc + 1" itl 



n + 1 n+1 



[telescoping sum]. Substituting this into our 



formula for d n+ i, we get d n+ i = 



[ n+lj _ (n + l) 2 1 



\n + lj n+1 



J, , 9 = 7 — : TT7 — r-^r, and the induction is complete. 
n + 1 (n+l)(n + 2) r 



Now, we observe that the partial sums Y^l=\ d > of the diameters of the circles approach 1 as n — » 00; that is, 



= 1, which is what we wanted to prove. 



79. The scries 1 — 1 + 1 — 1 + 1 — 1H diverges (geometric scries with r = -1) so we cannot say that 

0 = 1-1 + 1-1 + 1-1 + --. 



81- TZLi<*« = n ^ » "jaeS^^ =c n lim ESLiOj = c£~ , a,,, which exists by hypothesis^ 
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83. Suppose on the contrary that ^(a n + b„) converges. Then £(a„ + b n ) and £ a n are convergent series. So by 

Theorem 8(iii), £ |(a„ + 6„) - a n ] would also be convergent. But £ [(a„ +& n )- a „] = £ 6„, a contradiction, since 
&n is given to be divergent. 

85. The partial sums {s n } form an increasing sequence, since s„ - s n -i = a„ > 0 for all n. Also, the sequence {s„} is bounded 
since s„ < 1000 for all n. So by the Monotonic Sequence Theorem, the sequence of partial sums converges, that is, the series 
in is convergent. 

87. (a) At the first step, only the interval (§, §) (length |) is removed. At the second step, we remove the intervals (£, |) and 
(f i |). which have a total length of 2 • (±) 2 . At the third step, we remove 2 2 intervals, each of length (A) 3 . In general, 
at the nth step we remove 2"" 1 intervals, each of length (A)", for a length of 2"" 1 • (A)" = ± (§)~~"\ Thus, the total 

length of all removed intervals is |(f = i -%/ 3 = 1 [geometric series with a = | and 7- = §] . Notice that at 

n=l 

the nth step, the leftmost interval that is removed is {(\) n , (§)"), so we never remove 0, and 0 is in the Cantor set. Also, 

the rightmost interval removed is (l -(§)", 1 - (5)"), so 1 is never removed. Some other numbers in the Cantor set 

arp I 1 I i I and S 
dre 3' 3' 9' 9' 9' tmu 9 1 

(b) The area removed at the first step is 5 ; at the second step, 8 • (5) 2 ; at the third step, (8) 2 • (§) 3 . In general, the area 
removed at the nth step is (8) n_1 (|) n = \ (f f ~\ so the total area of all removed squares is 

kl9\9j 1-8/9 

0O ^ r ^ " 1 1 1 , 2 5 5 , 3 23 

M - (a) F ° r £ JF+WV 81 = = 2' 52 = 2 + TTF3 = 6' 53 = 6 + rm = 24' 



23 , 
*4 = + 



Jg. The denominators are (n + 1)!, so a guess would be s n = ^'T 1 . 
lzU + IJ! 



24 1-2-3 -4- 5 

(b) For n = 1, Si bs I = ^jjp. so the formula holds for n = 1. Assume s k = ^+1)~! ~ > Then 

(fc + 1)1-1 , fc + 1 (fc + !)!-! fc+1 (fc + 2)!-(fc + 2)+fc+l 

Sk+1 ~ (fc+1)! + (fc + 2)!~ (fc + 1)! + (fc + l)!(fc + 2) ~ (fc + 2)! 

= (fc + 2)1 - 1 
(fc + 2)! 

. 

Thus, the formula is true for n = k + 1. So by induction, the guess is correct. 



.... .. (n + l)l- 1 .. 

(c) hm s n = hm — = lim 

n— »oo ti— *oo f 71 -f- lj\ n— *do 



(n+l)l 



= 1 and so £ = 1. 

r£l (n + 1)! 
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11 .3 The Integral Test and Estimates of Sums 




i r 2 i 

1 The picture shows that a 2 = ^rr < / — j~3 dx ' 

» Ji x ' 



integral converges by (7.8.2) withp = 1.3 > 1, so the series converges. 

~~ 0| 2 3 4 

3. The function f(x) = 1/VaS = x~ 1/5 is continuous, positive, and decreasing on [1, oo), so the Integral Test applies. 
/* x" 1 / 5 dx = Um f* x- 1 ' 5 dx = Um [f x 4/8 ]' = Bm (|t 4/B - f) = 00, so £ diverges. 
1 

5. The function f(x) = ^ + ^ is continuous, positive, and decreasing on [1, oo), so the Integral Test applies. 

7. The function f(x) = ^ - 1 is continuous, positive, and decreasing on [1, oo), so the Integral Test applies. 

r , X ; dx = lim f „ X . da; = lim i ln(x 2 + 1) = ^ lim [ln(t 2 + 1) - In 2] = oo. Since this improper 
integral is divergent, the series £ " is also divergent by the Integral Test. 

71=1,"' + 1 

OO I 

9. £ — p is a p-series with p = V2 > 1, so it converges by (1). 
n=i nV 2 



1111 00 1 

11. 1 + - + t=+^t + t^H = E Th's is a P-series with p = 3 > 1, so it converges by (I). 

8 27 64 125 n =i n J 



1111 *■ 1 1 

13 - 1 + 3 + 5 + 7 + 9 + - - Th^nction/(x) = — is 

continuous, positive, and decreasing on [1, oo), so the Integral Test applies. 

[°° „ 1 , dx = lim / — — - dx = lim [i ln|2x - = 4 lim (ln(2t - 1) - 0) = oo, sothe series f) — — - 
/, 2x-l t-oo7j 2x-l *^oo L2 1 IJ 1 2 t^oo v ' ^ x 2n-l 

diverges. 

15 - £ 4^ = S (f + sr) = £ aw + £ i • S * 18 a convergenl p " series with p = 

oo 4 00 1 

—j = 4 J] -jisa constant multiple of a convergent p-series with p = 2 > 1, so it converges. The sum of two 

„=i n* n=1 n 

convergent series is convergent, so the original series is convergent. 
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17. The function f(x) = „ 1 is continuous, positive, and decreasing on [1, oo), so we can apply the Integral Test, 
x + 4 

/— - — rdx = lim / -~ — - dx = lim ^tan -1 ^ = \ lira tan -1 1 ^ | — tan -1 ( \ | 
a; 2 +4 *^«=A x 2 +4 t-oo [2 2jj 2 t-oo [ V 2 7 V 2 / 

Therefore, the series Y] —z converges. 

n fiTl 2 +4 ^ 

19. — S s ' nce "T~ = 0- Th e function /(a;) = is continuous and positive on [2, oo). 

n=l n n=2 1 x 

m= = * ~ = l=**» < o # l-31n.<0 * lnx>I * 

^X y XX 

s > e^ 3 « 1.4, so / is decreasing on [2, oo), and the Integral Test applies. 



f dx — lim / dx = lim 

Jo X 3 *-°°./ 2 X 3 *-°° 



\nx 1 
"2^ ~ 4^ 



= lim 



M 1 m1 i,.„ r i«f 11171 
= -, so the series ) — z- 

4 n=2 



converges. 



(*): U = lnx, dt> = x 3 dx => du = (l/x)dx, u = 2 , so 

j dx = -\x~ 2 lnx - J -±x~ 2 (l/x) dx = -|x~ 2 lnx + \ J x~ 3 dx = -\x~ 2 \nx - \x~ 2 + C. 
(**): lim \————^—— \ = — lim = —4 lim -4- = 0. 

V * jgg, \ 4t 2 J t^oo 8i 4 t-oo t 2 

1 1 + lnx 

21. f (x) = — : — is continuous and positive on [2, oo), and also decreasing since f'(x) = 57: rr < 0 for x > 2, so we ( 

xlnx x -! (inx) z 



use the Integral Test 



y 2 xli 



dx = lim [mfm x)li — Jim fln(lnt) - ln(ln2)l = 00, so the series V — - — diverges. 



23. The function /(x)'= e 1/x /x 2 is continuous, positive, and decreasing on [1, 00), so the Integral Test applies. 
[g(x) = e 1/x is decreasing and dividing by x 2 doesn't change that fact.] 

/ /far) dx = lim / ^- dx = lim -e x/ * = - lim (e 1/4 - e) = -(1 - e) = e - 1, so the series £ 
converges. 

1111 

25. The function f(x) = ^ 2 + ^ 3 =^-- + ^-j-y [by partial fractions] is continuous, positive and decreasing on [1, 00) 



so the Integral Test applies. 

f°° , Pfl 1 J \ [ 1 V 

/ /(x) dx = lim / I —r 1 dx — lim lnx + ln(x + 1*) 

Ji t ^°°Ji \x 2 x x + lj t->oo[ x Ji 

= lim Li+lniii + l-In2l = 0 + 0 + l-ln2 

t— too [ t I 

The integral converges, so the series |] ^ 2 converges. 
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27. The function f(x) = cos ^, x 1S neither positive nor decreasing on [1, oo), so the hypotheses of the Integral Test are not 

sjx 

■ „ . - • ^ cos7rn 

satisfied for the series 2^ — ■=-*. 

n=l V" 

oo i 

29. We have already shown (in Exercise 21) that when p = 1 the series 52 — = r- diverges, so assume that 1. 

„=2 n(lnn)P 

f(x) = x ( hlx y is continuous and positive on [2, oo), and f'(x) = - x 2^ nx y,+i < 0 if x > e _p , so that / is eventually 



decreasing and we can use the Integral Test. 



/•oo ^ 

/ —R — ~rr tfa = lim 
J 2 x(h\x) p t-.oo 



- _ l-p l-p 



(-OC 



l-p 

This limit exists whenever 1 — p < 0 <=> p > 1, so the series converges for p > 1. 
31. Clearly the series cannot converge if p > —J, because then ^lirn^l + n 2 ) p ^ 0. Soassumep< -A. Then 
/(x) = x(l + x 2 ) p is continuous, positive, and eventually decreasing on [1, oo), and we can use the Integral Test. 

f * + - & [l ■ ! " WHS & 1(1 + t>r ' " 2 "'l' ' 

This limit exists and is finite p+l<0 p < -1, so the series converges whenever p < -1. 

33. Since this is a p-series with p = x, (,(x) is defined when x > 1. Unless specified otherwise, the domain of a function / is the 
set of real numbers x such that the expression for f(x) makes sense and defines a real number. So, in the case of a series, it's 
the set of real numbers x such that the series is convergent. 

1 2 
37. (a) /(x) = ^2 is positive and continuous and f'(x) = --^ is negative for x > 0, and so the Integral Test applies. 

Rio < f dar = lim [— 1 = lim \-\ + -^rj = Jr, so the error is at most 0.1. 
7io ^ t-,00 L :c Jio '-°°V * 10 / 10 

(b) sio + / -=• dx < s < sio + / -o o!x => sio + fV < s < sio + ^ => 

1.549768 + 0.090909 = 1.640677 < s < 1.549768 + 0.1 = 1.649768, so we get s « 1.64522 (the average of 1.640677 
and 1.649768) with error < 0.005 (the maximum of 1.649768 - 1.64522 and 1.64522 - 1.640677, rounded up). 
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62 □ CHAPTER 11 INFINITE SEQUENCES AND SERIES 

(c) The estimate in part (b) is s Pa 1.64522 with error < 0.005. The exact value given in Exercise 34 is 7r 2 /6 « 1.644934. 
The difference is less than 0.0003. 

(d) R„< J~±dx = ±.SoR n <0.001if±<j j ^ & n> 1000. 

39. f(x) = l/(2x + l) fi is continuous, positive, and decreasing on [1, oo), so the Integral Test applies. Using (3), 

To be correct to five decimal places, we want 



Rn < / (2x+l)- u dx= lim 

t—*oo 



10(2x + l) 8 J n 10(2n+l) 5 " 



10(2n+l) 5 ~ W ( 2n + 1 ) 5 ^ 20 ' 000 *> n ^ i{0SMf - 1) w 3.12, so use n = 4. 

54 = £ (^TTF = F + 7 + ¥ + P m 0 001 446 " 0 00145 - 



41. Y, n 1001 = £ i nm is a convergent p-series with p = 1.001 > 1. Using (2), we get 

n=l n=l 1 

,-0.001 I I 



1000 



nO.ooi ■ 



We want R n < 0.000 000 005 <=> 



1000 



< 5 x 10~ 9 n o uul > 



0.001 



1000 
5 x 10- 9 



n > (2 x 10 11 ) 1000 = 2 1000 x 10 11 ' 000 w 1.07 x 10 301 x 10 11 ' 000 = 1.07 x 10 11 - 301 
43. (a) From the figure, a 2 + a 3 + ■ ■ ■ + a„ < /" f(x) dx, so with 




Thus, a „ = 1 + 1 + 1 + 1 + . . . + 1 < 1 + in n . 
2 ,5 4 n 

(b) By part (a), s 10 e < 1 + In 10 8 « 14.82 < 15 and 

s 109 < 1 + In 10 9 « 21.72 < 22. 

45. 6 ln " = (e ln 6 ) " = (e ln *) b = n ln b = -J^y . This is a p-series, which converges for all 6 such that - In 6 > 1 <=> 
In6<-1 y<e _1 <s> 6 < 1/e [with > 0]. 



1 1 .4 The Comparison Tests 



1. (a) We cannot say anything about a„. If a„ > 6 n for all n and £ 6n is convergent, then £ «» could be convergent or 
divergent. (See the note after Example 2.) 

(b) If a„ < b n for all n, then £ a n is convergent. [This is part (i) of the Comparison Test.] 



nnll °° n °°1 

3. — < — — - —5- < — for all n > 1, so J] 7 converges by comparison with ]T — ? , which converges 

In 3 + 1 In 3 In* n* n= x 2n J + 1 „_! n- 4 

because it is a p-series with p = 2 > 1. 
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> -JL= = — for all n > 1, so £ — ^= diverges by comparison with £ — which diverges because it is a 
nvn nvn vn n=invn n =i Vn 



7 3 + 
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„ _1_ 1 -n 1 « n + 1 . 

5. 

p-series with p = \ <l. 

rw K w = [mj for 311 n - L JS ( " r is a convergent geometric serics ( |r i = * < so n £ 3^ 

converges by the Comparison Test 

tit fs 1 00 In ifc °°1 

9. — > _ for all k > 3 [since In k> 1 for k > 3], so J] — diverges by comparison with £ 7- whicn diverges because it 

k k k=3 k k=3 k 

is a p-series with p = 1 < 1 (the harmonic series). Thus, £ — diverges since a finite number of terms doesn't affect the 

I *:=1 fc 

convergence or divergence of a series. 

11 tp+to < 7§ = = for a " k * so £ Tram convei * es by comparison with S 

which converges because it is a p-series with p = | > 1. 

arctann 7r/2 _ £5, arctan n , . ,, it * 1 ... 

13. T5— < -fo for all n > 1, SO £ r-s— converges by comparison with - 5] which converges because it is a 

constant times a/>-series with p = 1.2 > 1. 

4"+ 1 4-4" /4\ n 00 /4\ n 00 /4\" 

15. > = 4 1 1 J for a " n - L „?, 4 [ 3 J = 4 £ (,3 J ' S 3 diver S ent geometric series (|r| = | > l) , so 

J] — — - diverges by the Comparison Test. 

17. Use the Limit Comparison Test with a„ = . * and 6„ = -: 

Vn 2 + 1 n 



.. o„ .. n 
hm - — = hm j 

n—oo 6„ n—oo ^ n 2 _|_ 1 

1 



1 1 00 1 

= lim . = = 1 > 0. Since the harmonic series Y\ — diverges, so does 

—<» y/l + (1/n 2 ) „=i n 



1 + 4 n 4" 
19. Use the Limit Comparison Test with a„ = and 6„ = — : 



1 + 3" 3" ' 

1+4" 



Um «- = to sp. ito j±£.£. i im i±i:.^ = lim fj_ +1 v_i_ = 1>0 

B^Ss b„ n^o 42 n ^ocl+3 n 4" »-.oo 4" 1+3" n-oo\4" J T , 

3" 3» 

00 1 4" 

Since the geometric series ^2 — Y,(i) H diverges, so does £ . Alternatively, use the Comparison Test with 

n=l 1 + 3 

1+4" 1 + 4 n 4" 1 /4\" 

1+1^ > 3^ > m = 2 u j or use 0,6 Test for Divergence - 
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21. Use the Limit Comparison Test with a„ = \/n + 2 ^ _ _1 _ 

2n 2 + n + 1 n 3 ' 2 

lim a m ^ = u (n 3/2 VwT2)/(n 3/2 Vn) v/r+2 fr_ = yg = 1 

-«>|,„ «-oe 2n 2 + n + 1 (2n 2 +n + l)/n 2 ^2 + 1/n+l/n 2 2 2 



00 1 oo \Ai~4-~2 
Since E -372 is 3 convergent p-series [p = § > l] , the series yj —5- — also converges. 

23. Use the Limit Comparison Test with a„ = ,f ^" and 6„ = 

(1 + n 2 ) 2 n 3 

.. a n n 3 (5 + 2n) .. 5n 3 + 2r> 4 l/n* ,. £+2 A 1 . 

lim — = hm — — — = hm 7— — ^ ■ ' = hm — p -5 = 2 > 0. Since £ is a convergent 

n-oo &„ n—oo (1 + n 2 ) 2 n-oo (1 + ft 2 ) 2 l/(n 2 ) 2 n^oo (J^. + ^ n=l ™ 3 

00 5 + In 

p-series [p = 3 > 1], the series J2 ( 1 + n 2)2 also converges. 

4- 1 Vn* n 2 1 °° X i 

25. — — — - > — — — - = — — — = — — - for all n > 1, so yj — =- — - diverges by comparison with 
n 3 +n 2 n-{n+l) n 2 (n+l) n+1 n =i n 3 + n 2 

oo J 00 1 

. y; r = T! -. which diverges because it is a p-series with p = 1 < 1. 

»Tin+l n =2 to 

27. Use the Limit Comparison Test with a n = ( 1 + e~" and b n = eT n : Wa = ML ( 1 + i I = 1 > 0. Since 

\ n y n->oo o n ti—oo y n J 

oo oo 1^ oo / ^ \ 2 

yj e _n = yj — is a convergent geometric series [\r\ = \ < l] , the series J2 1 + ~ ) e_ "' also converges. 

n=l n=l e n=l \ 

1 1 00 1 

29. Clearly n\ = n(n - l)(n - 2) • • • (3)(2) > 2 • 2 ■ 2 2 • 2 = 2"~\ so — < ——r. yj r is a convergent geometric 

to\ 2 n * n= i 

oo ^ 

series [\r \ = \ < l], so yj — converges by the Comparison Test. 

31. Use the Limit Comparison Test with a n - sin and b n = i. Then yj a„ and yj t>„ are series with positive terms and 

a n ,. sin(l/ra) ,. sin0 ,"-«*. ^ , . , 
lim — = hm — r-r — 1 = hm — — = 1 > 0. Since V o n is the divergent harmonic series, 

7i—oo b„ n-too i/n e-fO u n=1 

oo 

yj sin (1/n) also diverges. [Note that we could also use 1' Hospital's Rule to evaluate the limit: 

n=l 

.. sin(l/x) H „ cos(l/x) ■ i-l/x 2 ) 1 A . , 

hm y ' = hm ' \ — = hm cos - = cosO = 1.] 

1/X i— oo — 1/X 2 *->oo x 



10 1 1 1 1 1 111 

33. y . = -= + —= + -= + 1- , ss 1.24856. Now , < ~4a = A;, so the error is 

sSv'nHl VLf V82 ^/l07J0T V^TT vV ™ 2 



•Rio < Tio < [ X \dx= Um f-i ] = lim f-| + J-^ = 4 = 0.1. 
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10 „ , cos 2 1 cos 2 2 , cos 2 3 , . cos 2 10 M cos 2 n . 1 

35. £ 5 cos 2 n = — — + -g^— + -p- + • • ■ + W 0.07393. Now -gjj- < — , so the error is 

n=l 

* * * r ^ * = & jC 5_ * dx = & 1 = (-S + s) = ^5 < e - 4 * io-s - 

37. Since ^ < T^T for each n ' 3,1(1 since ^ isa convergent geometric series (jp] = ^ < l), 0.did 2 d 3 • • • = £ ^ 

10 1 1U ri=l n=l 10 

will always converge by the Comparison Test. 
39. Since V] a n converges, lira a n = 0, so there exists N such that \a n - 0| < 1 for all n > N => 0 < a„ < 1 for 

— ' n — »oo 

all n > AT => 0 < a 2 < Or,. Since £ a n converges, so docs J2 a 2 by the Comparison Test. 
41. (a) Since lira ^ = 00, there is an integer N such that |2 > l whenever n> N. (Take M = 1 in Definition 1 1.1.5.) 

n— »oo On 0" 

Then a„ > 6„ whenever n > N and since £ 6« is divergent, £ a„ is also divergent by the Comparison Test. 

(b) (i) If a„ = and 6„ = - for n > 2, then lira ^ = lira t-^- = lim = lim = lim x = oo, 
w Inn n »— » 6 n u-oolnn i-<»1m *— oo 1/x x—oo 

oo 1 

so by part (a), £ : is divergent. 

(ii) If a„ = — and b n = - , then Y] f>„ is the divergent harmonic series and lim ^ = lim In n = lim In x = oo, 

Tl Tl n-\ n-.oo (>„ n-foo x — oo 

oo 

so J2 a " diverges by part (a). 

43. lim na„ = lim , so we apply the Limit Comparison Test with 6„ = — . Since lim na n > 0 we know that either both 

n— .oo n-.oo 1/n Tl n— oo 

oo J 

scries converge or both series diverge, and we also know that £ - diverges [p-series with p = 1]. Therefore, Yl a n must be 

n=l 1 

divergent. 

45. Yes. Since a„ is a convergent series with positive terms, jtirn^ On = 0 by Theorem 1 1 .2.6, and J2°n = Y1 sin(a n ) is a 
: with positive terms (for large enough n). We have lim — = lim Sln ( a ") = 1 > 0 by Theorem 2.4.2 



n— >oo a n n— too a n 

[ET Theorem 3.3.2]. Thus, b„ is also convergent by the Limit Comparison Test. 



11.5 Alternating Series 



1. (a) An alternating series is a series whose terms are alternately positive and negative. 

oo oo 

(b) An alternating series £ a n = J2 (-l) n_1 &>>, where b„ = |o„|, converges if 0 < b„.+i < b n for all n and lim 6„ = 0. 

n=l n=l 



(This is the Alternating Series Test.) 
(c) The error involved in using the partial sum s„ as an approximation to the total sum s is the remainder R H = s - s n and the 
size of the error is smaller than b n+i ; that is, |i?. n | < b n +i- (This is the Alternating Series Estimation Theorem.) 
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■> 2 4 6,8 10 , S. 2n „ „ ,. 2n ,. 2 2 . „ „. 

3. -- + -- - + -- - + --=j: (-1 " — — . Now lino 6 n = bm — — = lun = - ^ 0. Since 

5 6 7 8 9 ^ n + 4 n-oo + 4 n-.cwl+4/n 1 

Jim^ an / 0 (in fact the limit does not exist), the series diverges by the Test for Divergence. 
5. E o„ = E (-I)""' K~Z~T = £ 6 - Now = 5"Vt > °- <M is decreasing, and lim b n = 0, so the 

n=l n=l 271 + 1 n=1 in + 1 n—oo 

series converges by the Alternating Series Test. 

oo oo _ 1 oo o _ 1 /— A 

7- E"" = E (-i) n £xt = £ Now lim 6 « = Um txtt = § * °- Since lhn °» * 0 

n=l n=l 2n+l n=1 n-oo n-oo2 + l/n 2 «-»OB 

(in fact the limit does not exist), the series diverges by the Test for Divergence. 

oo oo oo 2 

9. E °n = E (-l)"e~ n = E (— l) n 6„. Now b n = — > 0, {b n } is decreasing, and lim 6„ = 0, so the series converges 

n=l n=l n=l e n n—oo 

by the Alternating Series Test. 



11. bn = 



n 3 +4 



> 0 for n > 1. {&„} is decreasing for n > 2 since 



/_^_V _ (x 3 +4)(2x)-x 2 (3s 2 ) _ x(2x* + 8 - 3x 3 ) _ x(8 - x 3 ) 

Vx3+4; _ (x3+4)2 " (x=»+4)2 - (l 3 + 4)2 <Ut0rx> ^ A1S0 ' 

1/" _, 



lim b n = lim ; / = 0. Thus, the series £ (-l) n+1 -£-r 

n-oo n-.ool+4/n 3 n 3 +4 



converges by the Alternating Series Test. 



13. lim b» = lim e 2 '" = e° = 1, so lim (-l)"-^" does not exist. Thus, the series E (-l) n_1 e 2/n diverges by the 

rt — » oo ii — 'oo u—>oo n=l 

Test for Divergence. 



_ sm(n+i)7r _ (-1) 



■ 1 

Now b„ = — — > 0 for n > 0, {<>„} is decreasing, and lim 6 n = 0, so the series 



E Sln ( n+ ML converges by the Alternating Series Test. 
i=0 1 + v n 



17. E ( _1 )" sin (~)- b,1=sin GD > Oforn - 2andsin (^) ^ 8in (^i)' and n 1 i m <J sin (i) = sin0 = 0> s ° the 
series converges by the Alternating Series Test. 

n n nn n n" (—1)" n n °° n n 

19. — = - — >n => lim — = oo => lim — does not exist. So the series E (— 1)"— r diverges 

n! 1-2 n n—oo n\ n—oo n! „=i n! 

by the Test for Divergence. 



-1 





{".} 











The graph gives us an estimate for the sum of the series 
E«of-0. 5 5. 

n = l 71! 



= (a8r 



8! 



« 0.000004, so 
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S^-i^ '••* • 

w -0.8 + 0.32 - 0.0853 + 0.01706 - 0.002 731 + 0.000364 - 0.000042 N -0.5507 
Adding b 8 to s 7 does not change the fourth decimal place of s 7 , so the sum of the series, correct to four decimal places, 
is -0.5507. 

<*> f-l) n+1 111 
23. The series V) - — -. — satisfies (i) of the Alternating Series Test because -, — — ^ < —= and (ii) lim -r- = 0, so the 

£i n B (n + 1) 6 n 6 n-<x> n 6 

series is convergent. Now 65 — i - 0.000064 > 0.00005 and b 6 = « 0.00002 < 0.00005, so by the Alternating Series 

Estimation Theorem, n = 5. (That is, since the 6th term is less than the desired error, we need to add the first 5 terms to get the 
sum to the desired accuracy.) 

25. The series j* sat i s fies (i) of the Alternating Series Test because 10n+1 * n + 1) , < and (ii) Jim — L__ = 0, 

so the series is convergent. Now 63 = m 0.000 167 > 0.000 005 and i> 4 = = 0.000 004 < 0.000 005, so by 

the Alternating Series Estimation Theorem, n = 4 (since the series starts with n = 0, not n = 1). (That is, since the 5th term 
is less than the desired error, we need to add the first 4 terms to get the sum to the desired accuracy.) 

27 ^ = i = 4<^ 0000025 ' so 

£yr-- = £yr = -2 + 24 - 72o-- 0 - 459722 

Adding b 4 to s 3 does not change the fourth decimal place of s 3 , so by the Alternating Series Estimation Theorem, the sum of 
the series, correct to four decimal places, is -0.4597. 

7 2 

29. b r = =0.000 004 9, so 

(— 1)" 1 n 2 ^ <L, (-1)" 1 Tl 2 _ j |_ 9 ie_ 25 36 _ n nfi7fil^ 

„_! 10™ 10 n _ 10 100 1000 10,000 ^ 100,000 1,000,000 — »<WW< D1It 

Adding b 7 to s c does not change the fourth decimal place of sa, so by the Alternating Series Estimation Theorem, the sum of 
the series, correct to four decimal places, is 0.0676. 

« (_l) n_1 111 1111 

31. YJ i - = 1 — tt + tt — tH r- -ttt — ^ + ^7 — ~ H The 50th partial sum of this series is an 

n=1 n 2 3 4 49 50 51 52 

s tap _ + ( > _ i) + ( 1 _ h ) + ..., MKm - m ^ m ^ 

The result can be seen geometrically in Figure 1 . 
33. Clearly b n = — is decreasing and eventually positive and lim b n = 0 for any p. So the series converges (by the 

71 -+- p n—*oo 

Alternating Series Test) for any p for which every b n is defined, that is, n + p 4 0 for n > 1, or p is not a negative integer. 

© 2012 Ccngagc Learning. All Rights Reserved. May not be scanned, copied, or duplicated, or posted to a publicly accessible website, in whole or in part. 



•ved. May not be scanned, copied, or duplicated, or po: 

www.elsolucionario.nef 



68 □ CHAPTER 11 INFINITE SEQUENCES AND SERIES 

35. £k» = £l/(2n) 2 clearly converges (by comparison with the p-series forp = 2). So suppose that £ (-1)" 1 6„ 

converges. Then by Theorem 1 1.2.8(ii), so does £ [(-l)" -1 ^ + b n ] = 2(1 + \ + § +•••)= 2 £ — ^-j;- But this 

diverges by comparison with the harmonic series, a contradiction. Therefore, 52 (— l) h_ b n must diverge. The Alternating 
Series Test does not apply since {t> n } is not decreasing. 

11 .6 Absolute Convergence and the Ratio and Root Tests 



1. (a) Since lim 

n— »oa 



(b) Since lim 



On 

a„+i 



On 



= 8 > 1, part (b) of the Ratio Test tells us that the series 52 On is divergent. 

= 0.8 < 1, part (a) of the Ratio Test tells us that the series 52 a « is absolutely convergent (and 



therefore convergent). 



(c) Since lim 



= 1, the Ratio Test fails and the series 52 an might converge or it might diverge. 



3. lim 

n— >oo 



Qn+1 



= lim 

n— .00 



n + 1 5 n 



5 n+1 n 



= lim 

n—*oo 



1 n + 1 



5 n 



I „ 1 + 1/n 1 1 , t , =5, n. 

= = lim -J— = -(1 = - < 1, so the series £ —is 

5 n—oo 15 5 5" 



absolutely convergent by the Ratio Test. 



1 oo ( — 1)" 

5. b„ = - t > 0 for n > 0, {6,,.} is decreasing for n > 0, and lim 6„ = 0, so >J ^ — • converges by the Alternating 

on + 1 n->oo n=0 5n + 1 



Series Test. To determine absolute convergence, choose q n = - to get 



n 



On 1/n 5n -|- 1 00 1 
lim "t~ = lim , ' = lim' = 5 > 0, so 52 r diverges by the Limit Comparison Test with the 

rwoo b„ n-oo l/(5n + 1) n^oo n „=1 5»l + 1 

oo (_1)" 

harmonic series. Thus, the series 52 £ — —r is conditionally convergent. 

n=o on + 1 



7. lim 

fc—oo 



a* 



- lim 
fc-oo 



(I) 



2\M-1 



so the series 



52 fc(§) is absolutely convergent by the Ratio Test. Since the terms of this series are positive, absolute convergence is the 



I)' 

same as convergence. 



9. lim 

n-tao 



,. [(l.l) n+1 n 4 ,. (l.l)n 4 „ „ 1 1 

lim -j • = hm - — - — j = (1.1) lim -r- = (1.1) lim j- 

^»L(n + l) 4 (1-1)"] n-°°(n + l) 4 v y n-.oo fa + i) 4 v ; (1 + 1/n) 4 



= (1.1)(1) = 1.1 > 1, 



so the series 52(-l) n ^4^ 



the Ratio Test. 



e i/ n e / 1 \ 00 1 00 e 1 '" 

11. SinceO < — -r- < -= = e -r and 52 -j is a convergent p-series [p = 3 > 1], 52 — s- 
n 3 n 3 \ n / n=i « 3 n=i « 3 



converges, and so 



oo t — l) n e 1 / n - 

52 i —i is absolutely convergent. 
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W n™| o, | »-«■ |> + 2)4 2 »+ 3 10" J n-.oc\4* n + 2 ; 8 n f i (n + 1)4 2 " +1 

is absolutely convergent by the Ratio Test. Since the terms of this series are positive, absolute convergence is the same as 
convergence. 

~ (-l) ra arctann 



(-l) n arctann tt/2 °° tt/2 tt °° 1 ,„ r „„ c o i t \ t u„ „= I* (-l)"arc 

i — £ — 5 < -£=-, so since £ ~Y = o X, converges (p = 2 > 1), the given series £ 

n- 5 n-* n=1 n' / n= i n n= i n 

converges absolutely by the Comparison Test. 

°° (— 11™ 1 f 1 1 

17. £ — — converges by the Alternating Series Test since Jtfan^ — — = 0 and j — - J is decreasing. Now In n < n, so 

-i- > i, and since V - is the divergent (partial) harmonic series, £ ^- diverges by the Comparison Test. Thus, 
Inn n n=2/ 1 „ =2 Inn 

oo (-i) n 

£ i- — '— is conditionally convergent. 
n=2 In »l 

19. |c0s(n ' r/3)l < i and £ i converges (use the Ratio Test), so the series £ cos (W 3 ) converges absolutely by the 

n! n! n=1 n! u= i n! 



n=i n! „=i 

Comparison Test. 



21. Dm VM = ^[ = »■ = I < 1. so the series £ (g±l) is absolutely convergent by the 



Root Test. 



23. Him VT^I = ^0 + = J!™, (* + = e > 1 E q uation 7 - 4 -9 (or 7.4* .9) [ ET 3.6.6] ], 

so the series £ ( 1 + i^ diverges by the Root Test. 
n=l \ "/ 

I (n + 1)"Q10Q^ _ n! MO. (n+I V" = ^ J00_ / 1 V 

=So| (n + 1)! n 10 °100» »-»n + ll, n y »-,» n + 1 V n) 



= 01 = 0< 1 
~ n loo 100 



00 n 1UU 

so the series £ : is absolutely convergent by the Ratio Test. 

Ml n! 



27. Use the Ratio Test with the series 
1 _ 1_3 I • 3 • 5 1 • 3 ■ 5 • 7 



3! 5! 



'■5-7 ir -i l-3-5 (2w-l) - ir .-i l-3-5 (2n - 1) 



lim 

n— .no 



a.a+1 



= lim 



n-+oo 



(-!)"■ 1-3- 5 (2n-l)[2(n +!)-!] (2n - 1)! 

[2(n + 1) - 1]! ' (-1)"" 1 • 1 • 3 • 5 (2n - 1) 

| (-l)(2n+ l)(2n- 1)! | _ ,. _j_ _ 
i-SSo (2n 4- l)(2n)(2n -IY.\~ n^2o 2n. ~ U < ' 



«-oo| (2n+ l)(2n)(2n- 1)! | 2n. 
so the given series is absolutely convergent and therefore convergent. 
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70 □ CHAPTER 11 INFINITE SEQUENCES AND SERIES 



29 g m±_« . g p-D-p-ai-o-s) (2-,) . g « _ g wWch Test 

n=l W n=l IW „,=! 1*1 n=l 



Divergence since lim 2 n = en. 

7I. — 00 



31. By the recursive definition, lim 





= lim 


5n + 1 




n— *oo 


4n + 3 



> 1, so the series diverges by the Ratio Test. 



33. The series £ b » cosn7r _ g (_l) n ^, wh ere 6 n > 0 for n > 1 and lim b n = i. 

rc.= l B n=l " n-.oo 2 



lim 




= lim 


n— >oo 




71— »00 



n+lin+1 



(-l) n+1 6 



n+1 (-1)"6S 
absolutely convergent by the Ratio Test. 



= lim b n -^- = 1(1) = | < 1, so the series £ is 



35. (a) lim 

n->oo 



(b) lim 

n— • «> 



(c) lim 

n-»oo 



(d) lim 

n— »cx> 



l/(n+l) a 



1/n 3 
(n+1) 2^ 



— lim 



lim 



-3=1. Inconclusive 



2"+! n 



ft-** (n + l) 3 (1 + l/n) a 

= lim n J" ■ = lim | ;r + tr- ] Conclusive (convergent) 

n-00 2n n-.oo^2 2n / 2 



(-3)" >/n 



\/n+~7 (-3)-i 



= 3 lim ■/ n — 3 lim ,/- — ^— - = 3. Conclusive (divergent) 

n^oo\l (!+l n^«>Y 1 + 1/n 



VnTl 1 + n 2 
! + (* + 1) 2 ' V« 



= lim 



,/i7l 

V n 1/n 2 + (1 + 1/n) 



= L Inconclusive 



37. (a) lim P±i 

™—°° On 



= lim 

n— »oo 



n! 



(n + 1)! a;" 



n + 1 



= lim = |s| ■ 0 = 0 < 1, so by the Ratio Test the 

'n-oon+1 



00 x '< 

series V) — converges for all x. 

n=0 ™ 

(b) Since the series of part (a) always converges, we must have lim — = 0 by Theorem 1 1 .2.6. 

n— »oo n! 



(a) ss - £ 7 = i 4 + 5 + 6^ + m - m - °- 68854 - Now ** ratios 

n 



r« = 



n2 7 ' 



'•„ + i - r„ = 



a n (n + 1)2"+! 2(n + 1) 

n+1 n _ (n + 1) 2 -n(n + 2) 



form an increasing sequence, since 

1 



2(n + 2) 2(n+l) 2(n+l)(n + 2) 2(n+l)(n + 2) 



> 0. So by Exercise 34(b), the error 



a e 1/(6 ■ 2 6 ) 1 

in using s s is i? 5 < ; = , v - ' = — — « 0 

1- tor,, 1 - 1/2 192 



00521. 



(b) The error in using s„ as an approximation to the sum is R n = a " + i = -. " , , . We want R n < 0.00005 & 

1-^ (n+l)2 n+i 



(n+ 1)2 



-< 0.00005 <=>■ (n + 1)2" > 20,000. To find such an n we can use trial and error or a graph. We calculate 



ik 1 



(11 + l)2 n = 24,576, so an = £ -gr ~ 0.693109 is within 0.00005 of the actual sum. 

n=l *M 
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i 

41 . (i) Following the hint, we get that |a»| < r n for n > AT, and so since the geometric series £~ =1 r n converges [0 < r < 1], 
the series J2™ =N |o„| converges as well by the Comparison Test, and hence so does £~ =1 |a n |, so £~ =1 a ™ is absolutely 
convergent. 

(ii) If lim ft/join = L > 1, then there is an integer AT such that tf\a^\ > 1 for all n > /V, so |a„| > 1 for n > N. Thus, 

n— *oo 

lim a n ^ 0, so X^L^ a » diverges by the Test for Divergence.- 

n — ►oo 



(iii) Consider V - [diverges] and J2 -r [converges]. For each sum, lim ^/\aZ\ = 1, so the Root Test is inconclusive. 
, != i n n= i n n-^oo 



43. (a) Since ^a, is absolutely convergent, and since |o+| < |a„| and \a n \ < \a n \ (because a+ and a n each equal 
either a n or 0), we conclude by the Comparison Test that both £ a+ and £ a~ must be absolutely convergent. 
Or; Use Theorem 11.2.8. 

(b) We will show by contradiction that both £ a+ and £ a~ must diverge. For suppose that £ o.+ converged. Then so 
would £(o+ - fa,,) by Theorem 1 1.2.8. But £(a+ - §a»5 == Efl K + Kl) ~ |W| = \a n \, which 
diverges because o„ is only conditionally convergent. Hence, Y, o-t can't converge. Similarly, neither can 53 a rT ■ 
45. Suppose that 53 a n is conditionally convergent. 

(a) Y\n 2 a„ is divergent: Suppose £ n 2 a„. converges. Then lim n 2 a„ = 0 by Theorem 6 in Section 1 1.2, so there is an 

n— »oo 

integer N > 0 such that n> N n 2 |a„| < 1. For n > AT, we have |a n | < r-g, so 53 t%] converges by 



r»JV 



comparison with the convergent p-scries 53 A - m omer woras » Z) a « converges absolutely, contradicting the 

n>N W 

assumption that £ a„ is conditionally convergent. This contradiction shows that 53 n 2 a„ diverges. 
Remark: The same argument shows that 53 n p a n diverges for any p > 1. 

(b) 53 , is conditionally convergent. It converges by the Alternating Series Test, but does not converge absolutely 
n=2 nlnn 

[by the Integral Test, since the function f{x) = — p — is continuous, positive, and decreasing on [2, oo) and 
f°° dx F* dx r 1*1 (—1)" 

/ — ■ = lim / — ■ = lim ln(kaa-) = oo . Setting a n = , for n > 2, we find that 

J j .Tina: t-°°J 2 xmx t->°° L J 2 J nlnn 

no«i = 53 , — converges by the Alternating Series Test. 

n=2 n=2 m n 



00 (—I)* 

It is easy to find conditionally convergent series 53 a„ such that X! "an diverges. Two examples are 53 - ' and 



n=l 
00 

V 7= — , both of which converge by the Alternating Series Test and fail to converge absolutely because V] \a„\ is a 

p-series with p < 1. In both cases, 53 na n diverges by the Test for Divergence. 
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11 .7 Strategy for Testing Series 



l l /i\ n °° /iV °° l 

1 ' n+lF K ¥ = [s ) foralln ^ L 'S a convergent geometric series [| r | = ± < l] , so £ — 

converges by the Comparison Test. 



+ 3" 



3. lim |aJ = lim = 1,80 lim On = lim (-1)" does not exist. Thus, the series V (-1)" -diverges by 

n—oo n—oo n + 2 n—oo n->ao 71 + 2 ^ 71 + 2 

the Test for Divergence. 

(n + lf2 n (-5)" .. 2 (n + l) 2 2' /, lV 2,,. 2^, 

- = hm - 2 = - hm 1 + - = -r(l) = - < 1, so the; 
n-»oo 5n 2 5-i-oo\ nj 5 5 



5. lim 


a n+ i 


= lim 


n—oo 


a„ 


n—oo 



(-5) n+1 n^"" 1 



: series 



2 0 "-l 



2 



n=l 



(-5)" 



converges by the Ratio Test. 



7. Let f(x) = — Then / is positive, continuous, and decreasing on [2, oo), so we can apply the Integral Test. 

x vlnx 

Since / —}—dx f , u = \ nx A = [ W - 1/2 d« = 2u 1/2 +C = 2v / ln^ + C,wennd 

f d %_ = lim f d * = lim [2v / ini] t = lim (2 Ail - 2 vln^) = 00. Since the integral diverges, the 
J2 xvlnx *-><*> J2 xVTnx t^oo l J2 t— 00 V / 

°° 1 

given series — 7= diverges. 
ti=2 n vln n 



9. £ k 2 e~ k = £-r. Using the Ratio Test, wc get 



(fc + 1) 2 e k \ Um 
fc'"oo I a.k I fc-»oo I e fc+1 fc 2 1 k— 00 



lim I afc+1 1 — lim 



-i».i-i< 

e e 



00/1 1 \ ' 00 1 00 /l\ n 
11. £ + - = -? + Z 0 ■ Thc nrst scries converges since it is a p-series with p = 3 > 1 and the second 
n _l \n 3" / „=i n J n=1 ^3y 

series converges since it is geometric with |r| = J < 1. The sum of two convergent series is convergent. 



13. lim 


On+1 


= lim 


'•-•oo 


a„. 


• n—oo 



3 n+1 (n + l) 2 n! 



(n+1)! 3"n 2 



„ 3(n + l) 2 „ .. n+1 _ 
= hm v / = 3 hm — r- = 0 < 1, 

n—oo (n + l)n 2 n—oo 



a. • ^ 3 " n2 
so the scries 2^ — r - 

n=l W 



converges by the Ratio Test. 

2*- 1 3*+ 1 2 fc 2- 1 3 fc 3 1 3/2-3\" _ ( . 
15. a,k = p = ^ = - I — — I . By the Root Test, hm 



hm — = 0 < 1, so the series 
fc— 00 k 



00 /6\ fc °° 2 fc_1 3* +1 00 3/'6\ k 
V 7 converges. It follows from Theorem 8(i) in Section 1 1.2 that the given series, tt = X! o 7 ) ' 

M \ k / fel fe fc=l • V*/ 



fc=l 

also converges. 
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17. lim 



j a„+i 


= lim 


1 a„ 


n— »oo 




= lim ■ 




n — • oo 



1-3-5 (2n- l)(2n + l) 2-5-8 (3n - 1) 



2-5-8 (3n-l)(3n + 2) 1-3-5 (2n - 1) 



In + 1 
3n + 2 



oo i . 3 . 5 (2n — 1) 

so the series £ ^ rf converges by the Ratio Test. 

n=i 2 • 5 ■ 8 (3n - 1) 

19. Let /(as) = Then /'(i) = ^"j" 1 < 0 when In x > 2 or x > e 2 , so ^ is decreasing for n > e 2 . 

By 1'HospitaPs Rule, lim ^2 = lim — 1/n = lim = 0, so the series £ (-1)" ^ converges by the 

" JO ° 1/(2^) "^Vrj n=i V5i 

Alternating Series Test. 

21. Jta^ |a n | = taft |(-l) n cos(l/n 2 )| = lim |cos(l/n 2 )| = cosO = 1, so the series £ (-1)" cos(l/n 2 ) diverges by the 



00 

E 

n=l 

Test for Divergence. 



23. Using the Limit Comparison Test with a„ = tan ^^ 

and bn — ~ ^ we have 

a n ,. tan(l/n) .. tan(l/x) h .. sec 2 (l/x) ■ {-1/x 2 ) .. .„ , , , 9 , H wi 

hm — = km — ff-^- = lim — = hm ' \ — '- = lim sec 2 (1/x) = l 2 = 1 > 0. Since 

n->oo O n ri-too 1/7?, X—HX l/X X-.00 — 1/X i->oo 



b n is the divergent harmonic series, £ a„. is also divergent. 

n=l . ri = l 



25. Use the Ratio Test, lim 

u— too 



«n+l 



lim (ft-f 1)» 6* 
n—oo e f n+1 )" n! 



.. (n + l)n!-e n2 n+1 „ , S n! 

n^oo e" + 2n + 1 n! rt-.oo e 2 " +I e n 



converges. 



/°°° lnx r lnx ll' ii °° Inn 

27. / —^dx- lim [using integration by parts] = 1. So —5- converges by the Integral Test, and 

h x L x x ii «=i n ~ 



since 



(Jk+1) 3 fc 3 fc 2> 6 t ti (fc + 1) 3 

OO OO 1 OO 1 

29- Ei-=E (-1)" — r — = E (-1)" &»• Now &„ = — — > 0, {6,,} is decreasing, and lim 6,. = 0, so the series 

„— 1 ,, = 1 COSlin n = 1 COSI171 n— .oo 

converges by the Alternating Series Test. 

1 2 2 00 1 00 1 

Or: Write ; — = — — < — and 57 — is "a convergent geometric series, so V ; — is convergent by the 

cosh 71 e"+e-" e n „=i e" jjfci coshn 

00 1 

Comparison Test. So >J (~ 1 )" cos h n is absolutelv convergent and therefore convergent. 

31. lim a fc = lim = [divide by 4 k ] lim ( *{* } ' = 00 since lim f f Y = 0 and lim (f Y = 

fc _oo fc _ 0 o3 i +4'' fc-.oo (3/4)*- + 1 .oo\4y a— oo^4y 

Thus, 53 ^ + 4<; diverges by the Test for Divergence. 
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n 2 /n 



= lim 



33. lim y\a n \ = lim . 

VI n~oo\n+lj n-oo [(jl + 1) /n] lim (1 + l/Tl) 6 



jf = - < 1, so the series £) 

n=l 



35. 0„ 



converges by the Root Test 
1 1 



rr-, so let b n = - and use the Limit Comparison Test, lim -r^ = 



On ,. 1 , 

lim -TTTT = 1 > 0 



oo ^ 

[see Exercise 4.4.61], so the series Jfj w i-M/n diverges by comparison with the divergent harmonic series. 
37. lim c/joJ = lim (2 1/n - 1) = 1 - 1 = 0 < 1, so the series f] ( >/2 - l) n converges by the Root Test. 

n— oo v n-.oo n=1 x » 



11.8 Power Series 



1. A power series is a series of the form Yl^Lo c "- xn = co + en + c 2 z 2 + c%x 3 + ■■■, where a; is a variable and the c„'s are 
constants called the coefficients of the series. 

More generally, a series of the form Xl^=o c »( x ~ a )" = en + ci (z - a) + c 2 {x — a) 2 H is called a power series in 

(z - a) or a power series centered at a or a power series about a, where a is a constant. 



3. If a n = (-l) n nz n , then 

(-l)"+ 1 (n+l)g" +1 



lim 




= lim 


a^oo 


a n 


n— ►oo 



(-l)»na» 



- ijm 



(-1) z 

v 4 n 



= lim j^l + i^|z|J = |z|. By the Ratio Test, the 



series £ (-l)"ra" converges when |z| < 1, so the radius of convergence R=l. 

n = l 



, that is, 



x = ±1. Both series £ (-l) n »(±l)"' - £ (Tl)"™ diverge by the Test for Divergence since lim |(Tl)"«.| = oo. Thus, 
n=l n=i n -°° 



5. If On = s r, then lim 

Zn — 1 71— .DO 



i/ = ( 


-1,1). 






= lim 

n— »oo 


z n+1 2n - 1 


On 


2n + 1 z n 



- lim ( ^ Ml = lim ( h^r Nil - 14 By 

n-.oo^2n + l 7 n-o°\2 + l/n / 



the Ratio Test, the series Y\ — - converges when |z| < 1, so R = 1. When z = 1, the series |j diverges by 

n=i 2n — 1 „=i 2n — 1 



00 1 1 1 1 °° 1 

comparison with £ — since > — and - YJ - diverges since it is a constant multiple of the harmonic series. 

n= i in in — 1 in i „_ \ n 



oo (_!)»» 



When x = -1, the series ^ ^ — ^ converges by the Alternating Series Test. Thus, the interval of convergence is [-1, 1). 
n=i 2n — 1 



7. Ifa„ = — -,then lim 



nl n— *oo 



n=l 
dn+1 



lim 

n— >oo 



i n! 



(n + 1)! x n 



= lim 

n— >oo 



n+ 1 



= III lim = |z| • 0 = 0 < 1 for all real x. 

«-oo n + 1 



So, by the Ratio Test, R = oo and / = (-oo, co). 



9. If a* = (-l) n ^, then 



lim 



Qn + l 



On 



(" + 1) 2 



i— oo 2 n+1 n 2 z" 
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n 2 x" 



Ratio Test, the series £ (-1)" converges when ± |x| < 1 O- |x| < 2, so the radius of convergence is R = 2. 



2" 

r n 2 (±2)" _ 



When x - ±2, both series £ (-1)" " = £ (Tl) n n 2 diverge by the Test for Divergence since 



lim |(Tl) n n 2 | = oo. Thus, the interval of convergence is J = (-2,2). 



11. Ifa^L^l.then 



lim 


On+1 


= lim 


n-»oo 




Tl— >00 



(-3)" +I x 



(n+ 1)3/2 (_3)n x n 

= 3|x|(l) = 3|x| 

(-3)" -n 



= lim -3x = 3|x| lim f , / . ] 



By the Ratio Test, the series J] — ^ x n converges when 3 |x| < 1 <=i> |x| < §, so R = |, When x = ^, the series 
„=i ny/n 

oo ( — l) n °° 1 

• 53 3/2 converges by the Alternating Series Test. When x = - g, the series £ —3J2 is a convergent p-series 

71=1 1 ' 71 = 1 W 



(p = § > l). Thus, the interval of convergence is [— 

x n+1 4 n lnn 



13. Ifa n = {-l) n —. — ,then lim 
v ' 4 n lnn n^o< 



fill - 1 


= lim 


On 


Tl— »O0 



\x\ Inn Ixl 

= Tn^I m >Ti)=T- 1 



4"+' ln(n + 1) x" 

[by I' Hospital's Rule] = M. By the Ratio Test, the series converges when ^ < 1 <s> |x| < 4, so i? = 4. When 

00 [(-i)(-4)] n _ a 1 



divergent harmonic series (without the n = 1 term), £ 1 — is divergent by the Comparison Test. When x = 4, 

n=2 In 1 



£(-l) n ^rj^ = E (-1)" jr— . which converges by the Alternating Series Test. Thus, / = (-4, 4]. 

(x - 2) n+1 n 2 + l 



15. lfa„ = (X , , 2) " ,then lim 

71 + 1 n— oc 



Ori + 1 


= lim 




re— »oo 



= |x-2| lim 



n 2 + l 



"-oo (n + l) 2 + 1 



= \x - 2|. By the 



(x-2) 



(n+ 1)2 + 1 (x-2)« 

Ratio Test, the series J2 V "" 2 Z\ converges when |x - 2| < 1 [R = 1] -l<x-2<l «• 1 < x < 3. When 

00 J 00 I 

x = 1, the series J2 ( _1 ) n 1 7 converges by the Alternating Series Test; when x = 3, the series ]P -5 converges by 

n=0 n + 1 n=0 TV* + 1 



comparison with the p-series £ — [p = 2 > 1]. Thus, the interval of convergence is J = [1, 3]. 

n=l 71 



17. [fa* = 3 "( I + 4 )'\ , hen i im 



I Qn+1 


= lim 


| Are 


re— .oo 



3 n+1 (x + 4)" +1 



y/n 



= 3|x + 4| lim 

»-<» Vn+1 



= 3|x + 4|. 



By the Ratio Test, the series £ 3 ( x + 4) converges when 3 |x + 4| < 1 «s> |x + 4| < | [R = §1 <s» 
ti=i vn 
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-i<z + 4<i *» -^<x< When x = Hie series £ (-1)" -= converges by the Alternating Series 

n=l Vn 

oo 2 

Test; when a; = the series V — f= diverges [p = i < ll . Thus, the interval of convergence is I = [-#,-¥)• 

71=1 Vn 

(x — 2) n \x — 21 

19. If n„ = — , then lim 'V\a^\ = lim - !■ = 0, so the series converges for all x (by the Root Test). 

71" n-too n— .oo n 



R = oo and I = (-co, oo). 
21. On = p$J - a)", where k > 0. 



lim 

71— »00 



O71+I 



On 



= lim 

71— tOO 



(n + l)|g-al" +1 



= lim 



\x — a a; — o 



By the Ratio Test, the series converges when - < 1 <=> |* — a| < & [so R = b] <s> -&■«■«■— a «.& <s> 

a-6<a:<a + 6. When 1.x - a| = 6, lim |aJ = lim rc = oo, so the scries diverges. Thus, I = (a - b,a + b). 

n— *«a ll— «oo 

(n+l)!(2:e-l)" +1 



23. If o„ = »! (2x - 1)", then lim 





= lim 




71. — 'OO 



nl(2a?- 1)" 

for all x ^ |. Since the series diverges for all a; \,R = Q and / = } 



= , lim (n + 1) 1 2a; - 1 1 — 1> oo as n -> oo 



25. If a n = 



(5a; - 4) r 



, then 



lim 




= lim 


71— 'OO 


On 


T7. — tOO 



(5a' - 4) n+1 n 



(n + l) 3 (5x - 4)' 1 
= |5x - 4| • 1 = |5a; - 4| 
(5a: - 4) 



= lim \5x-4\(-?—) = lim \5x - i\ ( 1 ) 



By the Ratio Test, £ * converges when |5i - 4| < 1 # |x-||<f <S> ~| < ®- § < | « 

°° 1 

| < x < 1, so R. = jr. Wlien x = 1, the series — is a convergent p-series (p = 3 > 1). When X = §, the series 

71 = 1 t 



(-ir 



27. If On = 



coi 



by the Alternating Series Test. Thus, the interval of convergence is ! — [f 

L 

, then 



lim 

77—00 



1-3.5 (2n - 1) 

x" +1 

n^o 1-3-5 (2n-l)(2n+l) 

00 x " 

the Ratio Test, the series 1 — n — 1 — - — t£ tt converges for all real x and we have R = 00 and 7 = (—00, 00). 

n =i 1-3-5 (2ra — 1) 



1-3-5 (2n - 1) 

x" 



= lim ' ' = 0 < 1. Thus, by 
u—00 2n + 1 



29. (a) We are given that the power series Y^T=o c "- x " is convergent for x = 4. So by Theorem 3, it must converge for at least 
— 4 < x < 4. In particular, it converges when x — —2; that is, J]^L 0 c„ (— 2) n is convergent. 
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(b) It does not follow that £~ =0 Cn(-4) n is necessarily convergent. [See the comments after Theorem 3 about convergence at 
the endpoint of an interval. An example is c n = (-l) n /(n4").] 



31 ifa «=§5 :EVhen 



lim 



= to [("+!)'!* (fa)' W = to 



;„ + 1 1 (/cn + k)(*n + A; - 1) • • • (kn + 2)(kn + 1) 



f (n + l) (n+1) (n+1) 1 , , 
~ n 1 ^ [(kn + 1) (kn + 2) " ' (fen + A) J 11 

= to lim f»ftll...fc| r»±i 

7.-00 [kn + lj n— oo [kn + 2 J n-co|_A:n + A: 



< 1 « |x| < fe fc for convergence, and the radius of convergence is R — k k . 

33. No. If a power series is centered at a, its interval of convergence is symmetric about a. If a power series has an infinite radius 
of convergence, then its interval of convergence must be (-oo, oo), not [0, oo). 

1" „2n+l 



35. (a) If an = _,L ,; inl ^P then 



n\(n + l)\2 2 ^' 



lim 



a n 



= lim 



3.2U+3 



(n+l)!(n + 2)!2 2 "+ 3 x 2 "+! 



n!(n+l)!2 2n+1 | /x\2 

lim 



-(f)- 



(n + l)(n + 2) 



= 0 for all x. 



So Ji (x) converges for all a; and its domain is (-oo, oo). 



(b), (c) The initial terms of Ji(x) up to n = 5 are a 0 = -, 

x 3 x 5 x 7 x 9 

ai = ~ 16' ° 2 ~ 384' ° 3 ~ "1^432' °" ~ 1^560' 



.11 



and as = -- 



The partial sums seem to 



176,947,200 

approximate Ji(x) well near the origin, but as |x| increases, 
we need to take a large number of terms to get a good 
approximation. 



( ! '< \ 

1 1 1 
% I 




1 

' 1 i 

/ / ; 




/ / 


\ * \ 
\ i 1 

\ \ J 



37. 52n -i = 1 + 2x + x 2 + 2x 3 + x 4 + 2x 5 + • • ■ + x 2 "- 2 + 2a.- 2 "" 1 

= 1(1 + 2x) + x 2 (l + 2x) + x 4 (l + 2x) + • ■ • + x 2n " 2 (l + 2x) = (1 + 2x)(l + x 2 + x 4 + ■ ■ ■ + x 2n ~ 2 ) 

= (l + 2x)^J [by (11.2.3) with r = x 2 ] - |±J| as n -» oo by (1 1.2.4), when |x| < 1. 

Also s 2n = S2n-i + x 2 " -> since a: 2 " -* 0 for |x| < L Therefore, s„ -> ^ ^ since s 2n and s 2n -i both 

1 •+■ 2x 1 + 2x 

approach - _ ^ as n -» oo. Thus, the interval of convergence is (— 1,1) and f(x) = - _ -g . 
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39. We use the Root Test on the series £ c,.x n . We need Jirn^ '</\c n x"\ = \x\ lim ^/jcjj = c \x\ < 1 for convergence, or 
|i| < 1/c so = 1/c. 

41. For 2 < x < 3, £)cnx" diverges and £ d,<x n converges. By Exercise 1 1.2.69, X^ 0 " + z n diverges. Since both series 
converge for |x| < 2, the radius of convergence of ^2(cn + d„) x n is 2. 

11 .9 Representations of Functions as Power Series 

oo oo 

1. If /(x) = £2 ft**" nas radius of convergence 10, then f'(x) = nc n x n ~ 1 also has radius of convergence 10 by 

n=0 n=l 

Theorem 2. 

3. Our goal is to write the function in the form 1 , and then use Equation (1) to represent the function as a sum of a power 

1 — T 

series. f(x) = — ?— = - — ] — r = f\ (-x) n = £ (-l) n x n with |-x| < 1 <=► |i| < 1, so R = 1 and / = (-1, 1). 

1+X 1 - (-X) n=0 n=0 

1 f{x) = = I (l^rl) = S n ?o (f ) n ° r ' equivalently ' 2 B ? 0 3^7 The series conver 8 es when HI < *• 
that is, when |x| < 3, so R = 3 and / = (-3, 3). 

The geometric series f; |- (|) 2 j converges when |-(|) 2 | < 1 ^ < 1 ** |*|"<9 M < 3, so 

i? = 3and/ = (-3,3). 

9. f(x) = \±Z = (i + x)(-±-) = (i + x) f> n = f> n + f>" +1 = i + X> n + ^" = 1 + 2^"- 

I— « V i — X / "=0 »=0 "=0 «=1 "=1 n=l 

The series converges when |x| < 1, so R = 1 and J = (-1, 1). 

A second approach: f(x) = i±£ - -(!-») + 2 = -1 + 2^— !— ^) = -1 + 2 £ x n = 1 + 2 £ x". 

1-X 1 — X \l—Xj n= o n=l 

y4 third approach: 

/(X)= fH = (1 + x) (l^) = (l+*)(l + z + * 2 +z 3 + --) 

= (1 + x + x 2 + x 3 + ■ ■ • ) + (x + x 2 + x 3 + x 4 + • • • ) = 1 + 2x + 2x 2 + 2x 3 + • ■ • = 1 + 2 g x n . 

n=l 
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* f{x) = x^x~2 = (x - 2) 3 (x + 1) = x~^2 + xTl * 3 = A(x + l) + B(x-2).Le t x = 2t 0g e tj 4 = land 
i = -1 to get B = -1. Thus 

3 _ i i i / i \ i _ i s m»_ - , r 

x 2 -x-2 1-2 i + l -2Vl-(x/2)j l-(-x) 2^2^ ^ IJ 

= £[4G)"- i H I "=l.[ ( - ir '-^] 1 " 

We represented / as the sum of two geometric series; the first converges for x 6 (-2, 2) and the second converges for (-1, 1). 
Thus, the sum converges for Of € (— 1,1) = I. 

* (a) f{x) = (TT^ =i (j&i) * "I [lo ( - 1)r ' **] tfrom Exercise 3] 

= E (-l) n+ W 1 " 1 [from Theorem 2(i)] = £ (-l) n (n + l)x" with R=l. 

»i = l n=0 

In the last step, note that we decreased the initial value of the summation variable n by 1, and then increased each 
occurrence of n in the term by 1 [also note that (— 1)" +2 = (—1)"]. 

(b) f{x) = (TTx7 = ~\i [ci+V] = -II [S,(-«+H »- p-(a)i 

OO OO 

= ~\ E (-!)"(" + l)nas B-1 = \ E (~l) B (n + 2)(n + l)x n with 8=1. 



n=0 



(C) = (ifW = ^ ' (T+V = " 2 ' i nlo^^"^' + 2K "' + 1)X " [fr ° m ^ (b>] 



1 00 

= ^E(-i)> + 2)(« + iK' +2 

• n=0 

To write the power series with as" rather than x n+2 , we will decrease each occurrence of n in the term by 2 and increase 

1 OO 

the initial value of the summation variable by 2. This gives us - £ (-l) n (n)(n - l)x" with R = l. 

2 n=2 

Putting x = 0, we get C = In 5. The series converges for |x/5| < 1 jxj < 5, so R = 5. 

17. We know that j-i— = 1 _ ^_ = E (-4x)". Differentiating, we get 

= E MJW = E(-4r-(n + l)x",so 

for|-4x|<l |x| < |,so# = |, 
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19. By Example 5, ^ = E (n + l)x". Thus, 

U - x)- n=0 

1 H~ X T °° oo 



n+l 



= £(«+ l)a: n + E [make the starting values equal] 

n=0 n=l 

= 1+ £[(n+l)+n]a: n = l + E (2n + 1)1" = E(2n+l)i" with R = 1. 



n=l 



n = l 



n=0 



The series converges when |-x 2 /16| < 1 O x 2 < 16 <=> |x| < 4, so R = 4. The partial sums are s\ = ^, 

x 3 x* x 7 

S2 = si - jp, S3 = S2 + , S4 = S3 - j^, S5 = «4 + Jgg, — Note that si corresponds to the first term of the infinite 

sum, regardless of the value of the summation variable and the value of the exponent. 




As n increases, s„(x) approximates / better on the interval of convergence, which is (-4, 4). 

a/( , ) = h (|±2), wl+ .,- ta( i-.)./^ + / 3 # ; =/ I ^ + / T Sj 

= /[E(-l) n * n + E*"|dx = f[(l-x + x 2 -x 3 +x' i ---) + (l + x + x 2 +x 3 +x 4 + ---)}dx 

J L"=0 n=0 J J 

= /"(2 + 2x 2 + 2x 4 + --)dx= f E 2x 2n dx = C + £ 

7 J n=0 n=0 J 

OO 0„27l+l OO 1 

But /(O) = In | = 0, so C = 0 and we have f(x) = E f^y with ft art If x = ±1, then /(b) = ±2 E 
which both diverge by the Limit Comparison Test with 6„ = — . 
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2x 2x 3 , 2s 5 

The partial sums arc a\ = — , S2 = .si + -g-, S3 = .S2 + -jr-, . . • 



As n increases, s n (x) approximates / better on the interval of 
convergence, which is (—1,1). 









■ 



-3 



25. — t- = t • — l — = i E (t 8 )" = E * : 

1 - t 8 l-t 8 n=<) ' n=0 



8n+l 



r? #=c+; £,8^' The serics for converges 



when If 8 ! < 1 4* |<| < 1. so R = 1 for that series and also the scries for t/(l - t 8 ). By Theorem 2, the scries for 



J -^-^ di also has /I = 1. 



n=l 



27. From Example 6, ln(l + x) = £ for |x| < I, so x 2 ln(l + x) = £ (-l)" -1 — and 

n n= i n 



/°° x" +3 
x 2 ln(l + x) dx = C + E (- 1 )" -7 — T^T- R = 1 for lhe series for + x), so i? = 1 for the series representing 
„ =1 n(n + 6) 

x 2 ln(l + x) as well. By Theorem 2, the series for J x 2 ln(l + x) dx also has R = 1. 



; — - — - dx = / E (-i)"* 5 " rfx - c + E (-i)"f-r t 

l+X 5 ./ n=0 5'rt+l 



Thus, 



= 0.2 - + ^1 . The series is alternating, so if we 



use 



the first two terms, the error is at most (0.2) n /H « 1.9 X 10" 9 . So / « 0.2 - (0.2) G /6 « 0.199 989 to six decimal places. 



31. We substitute 3x for x in Example 7, and find that 

\2n+l 



/r 00 /n \:in+l r 00 .>2n+l 2.1+2 oo n2n+l _2n.+3 

x arctant;,,) * = fx £ (- 1)« ^ * = /^(-^ 2=^* = C + £(-!)" 



So 



^ xarctan(3x)rfx = ^-p 



3x s aV a 8 * 7 3V 

3 3-557 7 ■ 9 + ' 

9 243 2187 

• + ; 



0.1 
0 



10 3 5 x 10 5 35 x 10 7 63 x 10 9 



The series is alternating, so if we use three terms, lhe error is at most 



2187 
63 x 10 s 



a 3.5 x 10 -8 . So 



J x arctan(3x) dx « j| 



9 243 

+ t^— — ^ 0 000 983 t0 six decimal places. 



10 :i 5 x 10 5 35 x 10 7 
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X CC X 

33. By Example 7, arctan x = x- — + '— — + ••■, so arctan 0 

3 5 7 



3 5 7 



The series is alternating, so if we use three terms, the error is at most 

(0-2) 3 , (0-2) 5 
3 5 



(0-2) 7 



« 0.000002. 



Thus, to five decimal places, arctan 0.2 « 0.2 - v "„"'' + 15^L R 



« «t i r ^ I 2 - (-lrx 2 * 1 .,. . °° (-l) n 2na: 2 "- 1 . T „, . 22, (-1)" 2n(2n - l)x 2 "- 2 
35. (a) M x) = E J 0 (x) = E 2 ; 2n(n , )2 ■ -d Jf W = £ ^ , so 

2 ,„, S (-l)"2n(2n-l)x 2 " , ~ (-l)"2nx 2 " . M (-l)"x 2 '"+ 2 

(x) + xJ 0 (x) + x 2 J 0 (x) = E 22 n (n!)2 + E 2 L {nl y + E 22 i (n!)2 

~ (-1J" 2n(2rc - l)x 2 " °° (-l) n 2nx 2 " ~ (-l)""^ 2 " 
^5 2 2 «(n!) 2 + ,E 2 2 "(n!) 2 + 2 ^ [(n - l)!] 2 

= « (-l) n 2n(2n-l)x 2Ti - (-l)"27ix 2 " ~ (-^"(-^-^Vx 2 " 
-*4 2 2 "(n!) 2 + E 1 2 2 "(n!) 2 + f £i 2 2 »(n!) 2 

2n(2n-l)+2n-2 2 n 2 ] 2n 



n-l 
oo 

E 

71=1 

OO 



£(-!}" 



2 2 "(n!) 2 



f _x^_ a.- 7 I 1 , J, J_ _j_ 

f 3 4 + 5-64 7- 2304 + J 0 12 + 320 16,128 + 



5-64 7 ■ 

Since ^g^g W 0.000062, it follows from The Alternating Series Estimation Theorem that, correct to three decimal places, 

ft J 0 (x) dx « 1 - £ + 3^ « 0.920. 

37. (a) /(x) = E ^7 * /'W=E ! V=E7f 1 r I =E7=/W 
u=o nl „. =1 n! n=1 (rt-l)l n=0 n! 

(b) By Theorem 9.4.2, the only solution to the differential equation df(x)/dx = /(x) is f{x) = Ke x , but /(0) = 1, so 
= 1 and /(x) =e*. 

Gr: We could solve the equation df(x)/dx = f(x) as a separable differential equation. 



39. If o„ = -=•, then by the Ratio Test, lim 

»-»« 

convergence, so R = 1. When x = ±1, E 



= lim 

n—oo 



x n+1 n 2 



(n + 1) 2 x" 



= |x| lim (-^V) = Nl < 1 f or 

1 'r.^oo\n+l/ 



oo 1 

E which is a convergent p-series (p = 2 > 1), so the interval of 



convergence for / is [-1, 1]. By Theorem 2, the radii of convergence of /' and /" are both 1, so we need only check the 

°° x n °° nx" -1 00 x" 

endpoints. /(x) = E S => , f'( x ) = E 5— = E r> and this series diverges for x = 1 (harmonic series) 

n=i »v „ =1 n* n=0 n + 1 
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and converges for x = - 1 (Alternating Series Test), so the interval of convergence is [-1, 1). f"(x) = ]T diverges 

n=i n + 1 

at both 1 and -1 (Test for Divergence) since lim — ^— = 1 ^ 0, so its interval of convergence is (-1, 1). 

n — oo n + 1 

oo x 2n+1 1 

41. By Example 7, tan 1 x = £ (— l)' 1 - — — for |x| < 1. In particular, for x = —=, we 

n =o in-v \. y/3 

oo (-l) n 

„?o(2n+l)3»- 



6 ~ (-1)" _ 2 /of (-1)" 
t - "£ E 75^T tap " 2 V 3 E (2n + 1)3 „ • 



n =o(2n + 1)3' 

11.10 Taylor and Maclaurin Series 



1. Using Theorem 5 with £ 6„(a; - 5)", 6„ = - p^, so 6 8 = 1 J 

n =o ™ ! 8! 

3. Since / (n) (0) = (n + 1)!, Equation 7 gives the Maclaurin series 

E ^^rP 1 " = E V , = E (« + !)*"• Applying the Ratio Test with a n = (n + l)x" gives 

n=o n> n=0 n! , 1= 0 



LIS 



lim 



gn+1 



lim 

n— »oo 



(n + 2)x 



(n + i)x" 



n + 2 



radius of convergence R=l. 



n 


/<»>(!) 


/(n)( 0 ) 


0 


(l-x)~ 2 


1 


1 


2(1 -x)" 3 


2 


2 


6(1 -as)-* 


6 


3 


24(1 -x)~ 5 


24 


4 


120(1 -x)- 6 


120 



= l x l J™, jJ+T. f N * 1 = N- For convergence, we must have |x| < 1, so the 



(i - 4- = /(o) + r (0) x + qix> ; + fjjfi^. + . 

= l + 2x+§x 2 + fx 3 + ^x 4 + -.. 

= l + 2x + 3x 2 +4x 3 +5x 4 + -- = f)(n + l)x" 

n=0 



lim 

n->oo 



In 



- lim 



(n + 2)x" 



(n + l)x» 



M 1 >aSJf-w«-M<i 



for convergence, so A = 1. 



n 




/ ( ">(0) 


0 


sin7rx 


0 


1 


7T COS 7TX 


7T 


2 


— 7T 2 Sin 7TX 


0 


3 


— 7T 3 COS 7TX 


-7T 3 


4 


7r 4 sin 7TX 


0 


5 


7T 5 COS 7TX 




• 







sin™ = /(0) + /'(0)x + f^p-x 2 + ^-x 3 

3 5 

= 0 + 7TX + 0 - —x 3 + 0 + t?x 5 + • ■ • 
o! 5! 

T 3 3 . *" 5 ^ 7 , 

= af* + 5! x "tT* • 



= E (-1)" 



(2n+l)l 



r 2n+l 



lim 



|a,. + i| _ ^ | tt 2 " +3 x 2 " +3 (2n + l)! 



n-oo| a„ | n— »| (2n + 3)! jr 11 ^ 1 j a »+i 



= lim 



7T 2 X 2 



(2n + 3)(2n + 2) 



= 0 < 1 for all x, so i? = oo. 
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_ g / (n) (0) .. _ a (In 2)" 



15. 



n 


/<»>(*) 


/ ( '°(0) 


0 


2* 


1 


1 


2 x (ln2) 


ln2 


• > 


z (in z j 


/In 9"l 2 
(Ill I) 


3 


2 I (ln2) 3 


(ln2) 3 


4 


2*(ln2) 4 


(ln2) 4 



n 


/<">(*) 


/<">(0) 


0 


sinhx 


0 


1 


coshx 


1 


2 


si nli x 


0 


3 


coshx 


1 


4 


sinhx 


0 



n 


/<«>(*) 


/ (n) (l) 


0 


x A - 3x 2 + 1 


-1 


1 


4x 3 - 6x 


-2 


'2 


12x 2 - 6 


6 


3 


24x 


24 


4 


24 


24 


5 


0 


0 


6 


0 


0 



n 


/<»>(*) 


/ ( '°(2) 


0 


In a; 


ln2 


1 


1/x 


1/2 


2 


-1/x 2 


-1/2 2 


3 


2/x 3 


2/2 3 


4 


-6/x 4 


-C/2 4 


5 


24/x 5 


24/2 5 



2"= E 



u=0 



lim 



= lim 



I (In 2) 



(n + 1)! (In2)"x"| 



- ii m fegLEl = o < 1 for all x, so R = 

n—oo 71+1 



/ (n) (0) 



J 0 ifni 
\ 1 if n i 



ifniseven » a; 2 "^ 1 

so sinhx = E 77; — , . . , • 
fnisodd „t'o(2n + l)! 



Use the Ratio Test to find R. If a„ = 



-3W+1 



lim 



= lim 

On n-.oo 



(2n + l)! 
2,1+3 (2n + 1)! 



(2n + 3)! x 2 "+ J 
= 0 < 1 for all x, so R = 00. 



, then 

= x 2 ■ lim 



n-00 (2n + 3)(2n + 2) 



1 about a = 1. 



/< n) (x) = 0 for n > 5, so / has a finite series 

/(x) = x 4 -3x 2 + l=E ;L -! (a '" ir 
n=0 nI 

= -1 - 2(x - 1) + 3(x - l) 2 + 4(x - l) 3 + (x - I) 4 
A finite series converges for all x, so R = 00. 



/(x)=lnx = f:^M( X -2r 

7»=0 "'■ 

= ln2+E(-ir +li! ^ 2 #(--2)" 

It— 1 7l - * 

00 I 
= ln2+E(-l) n+1 ^:^-2r 
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lim 

n— -oo 



«2±l = lim 
an 



(-l)" +2 (s-2) 



h+1 



n,2 n 



= lim 



17. 



(n+l)2»+ 1 (-l)"+ 1 (x-2)» 
Is - 21 

= 1 — - — - < 1 for convergence, so |x — 2| < 2 and R = 2. 

/ ( "'(3) 



(-l)(x-2)n 



(n+l)2 



n— >oo 



(n+l) 



£-2| 

2 



n 


/ (n) (z) 


/«»)(3) 


0 


e 2 * 


e 6 


1 


2e a * 


2e e 


2 


2 2 e 2x 


4e° 


3 


2 3 e 2x 


8e e 


4 


2 4 e 2 * 


16e 6 



n=0 l»l 



e 6 * 2e 6 , 4e 6 



**** 



•1=0 n! 



lim 


a„+i 


- lim 


n— too 


a n 


n— *oo 



2" + V(x-3) 



n+l 



(n + 1)! 



= lim 2 ^ 3 * = 0 < 1 forall x, so = oo. 

n—oo n+l 



19. 



n 




/<">(*) 


0 


cos I 


-1 


1 


— sin a; 


0 


2 


— cosx 


1 


3 


sin a; 


0 


4 


cos a; 


-1 



" 2"e 6 (x-3)" 

/W=O0 B X=E J ^ 2i (*-T)* 

fc=o W 

_ (x-x) 2 (x-tt)' (x-ir) fi 
2! 4! + 6! 



lim 



' (2n)! 

= lim f knlgl . ( 2 "> ! 1 

(2ti + 2)! |x-7r| 2 "J 



11=0 

"n+l 



_ Um |x-tt| 
n-oo (2n + 2)(2n + 1) 



: 0 < 1 for all % so R = oo. 



21. If /(x) = sinTrx, then / l " +1) (x) = ±7r n+1 si n7 r.r or ±7r" +1 costtx. In each case, |/ (n+1) (x)| < 7r n+1 , so by Formula 9 

with o = 0 and M = 7r n+1 , |fl n (x)| < t^tt |s|" +1 = H*^. . Thus, |fl n (x)| -» 0 as n oo by Equation 10. 
So Aim^ /?„(x) = 0 and, by Theorem 8, the series in Exercise 7 represents sin 7rx for all x. 

23. If f(x) = sinhx, then forall n, / (n+l) (x) = cosh x or sinh x. Since |sinhx| < |coshx| = coshx forall x, we have 
|/ (n+1) (s)| < coshxforalln. If d is any positive number and |x| < d,then |/ (n+1 >(x)| < coshx < cosh d, so by 

Formula9witha = 0andA/ = coshd,wehave|il 71 (x)| < t^-^t |x|" +1 . It follows that |Jfc»(»)| ->0asn — oo for 

(n + lj! 

|x| < d (by Equation 10). But d was an arbitrary positive number. So by Theorem 8, the series represents sinh x for all x. 
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25. 



tfT^= [1 + {-x))^ = g M (-*)" = 1 + |(-ar) + iyi(-*) s + " ( |^ *W + .» 



1 » (-l)"- 1 !-!)"'^-? (4n-5)] . 

= 1 * _g 3.7.....(4n-5) xn 
4 *3 4" • n! 

and|-x|<l o |x| < 1, so R = 1. 
1 1 If. x\-3 



27. ^ = , = -(l + -) = -W M-V- The binomial coefficient is 

(2 + xf [2(l+s/2)] 3 8V ^ 8 n j ^ 



/ _ 3 \ _ (-3)(-4)(-5) (-3 - n + 1) _ (-3)(-4)(-5) \-(n + 2)] 

I n J n! n! 



= (-!)"■ 2-3-4-5 (n + l)(n + 2) (-l) n (n + l)(n+ 2) 

2 • n! 2 

00 ™2n+l 00 /_„.\2?i.+ l 00 _2n+l 

„=o n! „ =0 n\ n=0 n! n=0 n! „ =0 n! „ =0 HI 



R = 00. 

n_2\ 2 " 



35. We must write the binomial in the form (1+ expression), so we'll factor out a 4. 

„2\ -1/2 



VTTx 5 ^4(1 + a: a /4) 2 > /l + a; a /4 2^ 4 J 2*&\n)\4j 



2 T 2 ^ ; 2" • 4" • n! 



~ (-ir(2x) 

£1 (2n)! 



— 2_/ — 



n=i (2n)l 



R= 00 
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39. cosx^' g(-lf 



SECTION 11.10 TAYLOR AND MACLAURIN SERIES □ 87 

1.5 



(2n)! 



v , 2 , ^> (-1)" (x 2 ) 2 " ~ (-l)"x 4 " 
/(*) = «*(*) = E (2n) , -S-^OT- 



n=0 



-1.5 



— I |I t 720 * T 



The series for cos x converges for all x, so the same is true of the series for 
/(x), that is, R = oo. Notice that, as n increases, T„(x) becomes a better 
approximation to /(x). 











t- 

1 

/ 


1 

\ 



r 0 = r 1 = 7' 2 = r J 



-1.5 



1.5 

T, = T, = r,„ = T n 

7 - 4 = r 5 =r li =r 7 



„=o 1*1 n=0 n - >.=0 



41. e- ^E^r.«>«-=E 

Tl = C 

tx 

= 1 

n= 

„2 I 1 _3 IJ i lJ 



/(x) = xe- I = E(-l)"3*" +1 

= x - x 2 + §x 3 - ±x 4 + £x B - -^x° 



-3 



«r (n-1)! 
The series for e 1 converges for all x, so the same is true of the series 
for f(x); that is, R = oo. From the graphs of / and the first few Taylor 

polynomials, we see that T„(x) provides a closer fit to f(x) near 0 as n increases. 



f 









«■ 50 = 50 (w) = £ radians and 60656 - J^lii - 1 " i + i ~ w + - •• 



so 



does not affect the fifth decimal place, so cos 5° w 0.99619 by the Alternating Series Estimation Theorem. 
45. (a) = [14 (-x 2 )]- 1/2 = 1 + H)(-x 2 ) + ( " " } i" f) (-x 2 ) 2 + izMHH-II + . . . 



= 1+E 



1-3-5 (2n-l) a „ 

2" • n! 



~ 1-3-5 (2n-l) ^„ +1 s . nce Q = s . n _ 1 Q _ c _ 



- X + „5 1 (2n+l)2"-n! 



3\2n oo 



COS (x 3 )= E(-ir^ = E(-ir 

u=o (tn)\ n=0 



xcos(x 3 ) = E(-D 



E 6 " +1 

(2n)l 
x 2 " 



(2n)l 

r 6n+2 



49.co S x^E o (-ir^T - -i=E(-ir (2n)! 



/oo _6n+2 
x cos ( x 3 ) d x = a + E(-ir (6n+2)(2n)! . with * = 00 



cos^ i= g ( _ ir , 

J ' n— 1 



2n-l 
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51. arctanx = £ for |x| < 1, so i 3 arctanx = £ (-1)"^— rr 1*1 < 1 and 

n=0 «" + i n=0 2n+l 



/oo X 
.^arctanxcix ■O^HT ^^ Since J < 1, we have 

fVarctanxdx = g (-1)" t^"* 5 = fiflf - Ml + flfiC _ + . . . Now 

7o ~<> ; (2n + l)(2n + 5) 1-5 37 + 5-9 7 11 + ° 

~ + ^T7T » 0 0059 and subtracting K 6.3 x 10" 6 does not affect the fourth decimal place, 

1 • 0 o ■ I 0-9 7-11 

so J 0 1/2 x 3 arctan x dx « 0.0059 by the Alternating Series Estimation Theorem. 
53. 71+"? = (1 +.X 4 ) 1 ' 2 = £ ( 1/2 ) (x 4 )", so / ^JT+x~idx = C+ £ ( 1/2 and hence, since 0.4 <1, 

n=0 \ n / / - "=0 \ 71 / ! 

we have 

flY M 1 S (°- 4 ) 5 1 iH) (°- 4 ) 9 , *(-*)(-!) (Q- 4 ) 13 , *(-*)(-!)(-*) (°- 4 ) 17 , 

~ 1 ; 0! + 1! 5 2! 9 3! 13 4! 17 

_ (0.4) 5 (0.4) 9 (0.4) 13 5(0.4)" 
^ 10 72 208 2176 

Now i24L ~ 3.6 x 10 _0 < 5 x 10 -6 , so by the Alternating Series Estimation Theorem, I « 0.4+ ^rr- « 0.40102 

(correct to five decimal places). 

55. lim ^ln(l + x) = lim X-(x^x 2 + ix3-Ix 4 + ^-...)^ im Ix 2 -lx 3 + y-lx- + ... 

""0 X 2 x-0 X 2 x-0 X 2 



= lim(i-ix + |x 2 -Ix 3 + ---) = | 



x-*0 

since power series arc continuous functions. 



57 . lim sinx-x + ix 3 =Um (x-.Lx 3 + ^-i f ^ + ... ) - T + l x .3 

= 225 1 = ]'i. n 0 (5!-7! + 9! • J = 5! = l20 

since power series are continuous functions. 

_ 2 x 2 x 4 x° x 2 x 4 
59. From Equation 1 1, we have e 1 = 1 — — + ~ "^j" ^ and we know tnat cos x = 1 ~~ "^T + "4]" f rom 

Equation 16. Therefore, e - ** cosx = (l - x 2 + ±x 4 ) (l - |x 2 + ^x 4 ). Writing only the terms with 

degree < 4, we get e~ x * coax = 1 - fx 2 + ^x 4 - x 2 + |x 4 + \x* + ■ ■ ■ = 1 - fx 2 + gg x 4 + • • • . 
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61 X ( => X 

' sin a: x - |x 3 + y^x 5 - 



x ~ o x3 + Tao^ 5 



1 + 


!* 2 + 


360 * ' 


. 

x - 




120 X 






T5o a;5 + --- 
+ - 






3CO* 5 + --- 



From the long division above, = 1 + \x 2 + t^x 4 H 

i sin x 

I 

* 1^ 1 ^ 1 ^ = I 1 ( - 1 ^ 1 ^ = 111 (* + !) [fromTabie,] = in f 



69 - 3+ 2! + 3! + ¥ + -- = T! + 2! + 3! + 4! + --- = n ? 1 ^!= T £ 0 ^- 1 = e '-WO. 



71. lfp is an nth-degree polynomial, then p (i) (x) = 0 fori > n, so its Taylor series at a is p(x) = V p } a) ( x -a)'. 

■=o 

Put x - a = 1, so that x = a + 1. Then p(a + 1) = p ^p^- 



This is true for any a, so replace a by x: p(x — -^- L 

73. Assume that |/"'(x)| < M, so /'"(x) < M for a < x < a + d. Now £ /'"(t) tit < /* M dt => 

fix) - /"(a) < M(x -a) =» /"(*) < /"(a) + M{x - a). Thus, /' fit) <ft < /" [/"(a) + M(i - a)] dt 
f , {x)-f'{a)<f"{a){x-a) + \M{x-af => f'(x) < f'(a) + f"(a)(x - a) + ±M(x - a) 2 => 
£ /'(if) df. < /; [/'(a) + f"(a)(t - a) + §M(< - a) 2 ] dt => 
f{x) - /(a) < /'(a)(x - a) + ±/"(a)(x - a) 2 + \M{x - a) 3 . So 
/(x) - /(a) - /'(a)(x - a) - |/"(a)(x - a) 2 < |M(« - a) 3 . But 

i? 2 (x) = f{x) - T 2 (x) = /(x) - /(a) - /'(a)(x - a) - A/"(a)(x - a) 2 , so fl 2 (x) < ±M(x - a) 3 . 
A similar argument using /'"(x) > —M shows that i? 2 (x) > -|M(x - a) 3 . So |i? 2 (x 2 )| < $Af |x - a| 3 . 
Although we have assumed that x > a, a similar calculation shows that this inequality is also true if x < a. 
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75. (a) fl (. 



=1 G-* 4 -" 



(i + x )fl '(x) =a+-)£ (*) = £ (;) + g (j) - 

= g , ) fe(fe-l)(fe-2)-- (fe-n+l)(fc-n) - I" fc(fc -!)(*- 2) -(fc-n + 1) 1 
„tb l ' (n+1)! ntb[ W n! J 



Replace n with n + 1 
in the first series 



= g (n ± m -1)0-2) ■ ■ ■ a - n ± 1) [(fc _ n) + n] 



A(A:-l)(fc-2)--(A:-n+l) 



ill 



x" = A £ 



Thus, </(x) 



fcg(x) 



1 +x 

o»)ft(*)=(i+*r*sN =* 

h'(x) m -k(l + x)-* : - 1 5 (x) + (1 + x)~ k g'(x) 

= _ k{1+x) -^ g{x) + [1 + x) -K^l 



[Product Rule] 
[from part (a)] 



= -k(l + xy'-'gix) + k{l + xy^gix) = 0 
(c) From part (b) we see that h(x) must be constant for x € (-1, 1), so h(x) = h(0) = 1 for x t= (-1, 1). 
Thus, h{x) = 1 = (1 + x)~ k g(x) <s> g(x) = (1 + x) k forx € (-1, 1). 



11 .11 Applications of Taylor Polynomials 



1. (a) 



n 




/<»>((,) 


T n (x) 


0 


cosx 


1 


1 






1 


— sinx 


0 


1 






2 


— cosx 


-1 


1- 






3 


sinx 


0 


1 - 


w 




4 


cosx 


1 


1 - 


±x 2 

2 X 




5 


— sinx 


0 


1 - 






6 


— cosx 


-1 


1- 


ix 2 

2 a 


T 24 720 



-2ir 











/ / 





-2 r ; =T, 



© 2012 Ccngagc Learning. All Rights Reserved. May not be scanned, copied, qr duplicated, or posted to a publicly accessible website, in whole or in port. 

www.elsolucionario.net 



SECTION 11.11 APPLICATIONS OF TAYLOR POLYNOMIALS □ 91 



(b) 



X 


f 


To =Ti 


T 2 =T 3 


T 4 = T 5 


T 6 ■ 


7T 

4 


0.7071 


1 


0.6916 


0.7074 


0.7071 


7T 

2 


0 


1 


-0.2337 


0.0200 


-0.0009 


7T 


-1 


1 


-3.9348 


0.1239 


-1.2114 



(c) As n increases, T„(x) is a good approximation to f(x) on a larger and larger interval. 



3. 



n 


/ <n) w 


/<">(2) 


0 
1 

2 
3 


1/x 
-1/x 2 
2/x 3 
• -6/x 4 


l 

2 

1 
1 

1 
'1 

3 
8 



= |-^ (:r - 2) + l! (:i - 2)2 -I (a: - 2 ) 3 
= i-I(x-2) + |(x-2) 2 -i(x-2) 3 



n 


/«(«) 


/ (n) (T/2) 


0 


cosx 


0 


l 


— sinx 


-1 


2 


— cosx 


0 


3 


sinx 


1 



n 


/ (n) (z) 


/ (b) (1) 


0 


lnx 


0 


1 


1/x 


1 


2 


-1/x 2 


-1 


3 


2/x 3 


2 



r 3 (x)= E^l(x-ir 



= 0+i(x-l) + ^(x-l) 2 + |(x-l) 3 
= (x-l)-i(x-l) 2 + i(x-l) 3 





-1.1 



r 




:/ 


{ 1 
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n 


/ <n) (z) 


/ (n) (0) 


u 


xe 


U 


1 


(1 - 2x)e~ 2x 


1 


2 


4{x - l)e~ 2x 


-4 


3 


4(3 - 2x)e~ 2x 


12 



- 1 



T,f 



11. You may be able to simply find the Taylor polynomials for 

f{x) = cot x using your CAS. We will list the values of f {n) {ir/4) 
for n = 0 to n = 5. 



n 


0 


1 


2 


3 


4 


5 


/ ( '°(t/4) 


1 








an 


-512 



»=0 




= l-2(,-f) + 2(,-f) 2 -§( a: -f) 3 + f(,-f) 4 -f|(x-f) n 
Forn = 2 to n = 5, T n (x) is the polynomial consisting of all the terms up to and including the (x — }) n term. 



13. 



n 


/(»>(*) 




0 


y/x 


2 


1 


2 X 


l 

4 


2 


_i_-3/a 


1 




f* 


32 


3 


8 K 





( C ) 0.00002 

I — 



(a) /(*) = ^ « T 2 f>) = 2 + ±(x - 4) - ^(x - A) 2 



= 2+J.(x-4)-Jj(x-4) 2 



(b) |fl 2 (x)| < ^ |x - 4| 3 , where |/'"(x)| < M. Now 4 < x < 4.2 : 

|x -4| < 0.2 |a: - 4| 3 < 0.008. Since f"'(x) is decreasing 

on [4,4.2], we can take M = |/"'(4)| = l4~ 5/2 = ^.so 

|Ha(ar)| < (0.008) = ^nSr = 0.000015625. 

o 512 




From the graph of |i? 2 (.x)| = | y/x - T 2 (x)|, it seems that the 
error is less than 1.52 x 10 -5 on [4,4.2]. 
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15. 



n 




/ 'W 


0 


2/3 

ar' 


1 


1 


2„-l/3 
3 X 


2 
3 


2 




2 
9 


3 


J- T - 7 /3 
27 X 


R 

27 


4 


_ 56 -10/3 
81 X 





(c) 



0.00006 




17. 



n 




/<">(0) 


0 


sec i 


1 


1 


sec a: tana; 


0 


2 


sec a; (2 sec 2 x — 1) 


1 


3 


sec x tan x (6sec 2 x — 1) 
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(a) /(x) = J* » T 3 (x) = 1 + f (x - 1) - y±(x - I) 2 + 8|Z (:c - 1)3 

= l + |(*-l)-i(*-l) a + ^(*-l) a 

(b) |/J 3 (x)| < ^ |x - 1| 4 , where | / (4) (x)| < M. Now 0.8 < x < 1.2 => 
|x-l|<0.2 |x -1 4 < 0.0016. Since |/ (4) (x)| is decreasing 
on 10.8,1.2], we can take M = | / (4) (0.8)| = §f (0.8)- lo/3 , so 

— fO 8) ~ 10/13 
\Rs(x)\ < Biy ' 2 ' 4 (0.0016) « 0.00009697. 

From the graph of |i? 3 (x)| = |x 2/3 - T 3 (x)|, it seems that the 
error is less than 0.000 053 3 on [0.8, 1.2]. 

(a) f{x) = sees w T 2 (x) = 1 + ±x 2 



(b)|fl 2 (x)|<^|x| 3 ,where|/ (3) (x)|<M.Now-0.2<x<0.2 * |x| < 0.2 =► |x| 3 < (0.2) 3 
/ (3) (x) is an odd function and it is increasing on [0, 0.2] since secx and tanx are increasing on [0, 0.2], 



so|/ (3) (x)| </ (3) (0.2) w 1.085158892. Thus, |fl 2 (x)| < (0.2) 3 0.001447. 



(c) 



0.0004 



-0.2 




19. 



n- 


/<»>(*) 


/ (n) (0) 


0 


e*° 


1 


1 


e* 2 (2x) 


0 


2 


e l2 (2 + 4x 2 ) 


2 


3 


e l2 (12x + 8x 3 ) 


0 


4 


e l2 (12 + 48x 2 + 16x 4 ) 





From the graph of |i? 2 (x)| = |secx - T 2 (x)|, it seems that the 
error is less than 0.000 339 on [-0.2, 0.2]. 



(a) f{x) = e* » T^x) = 1 + |x 2 = 1 + x 2 

(b) \R»(x)\ < — \x\\ where |/ (4) (x)| < M. Now 0 < x < 0.1 * 
x 4 < (0.1) 4 , and letting x = 0.1 gives 

UWM < e ° 01 (12 + 0 24 48 + 00016) (o.i) 4 . 0.00006. 
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(c) 0.00008 




21. 



n 


/<">(*) 


/ (n) (0) 


0 


xsinx 


0 


1 


sin x + x cos x 


0 


2 


2 cos x — x sin x 


2 


3 


—3 sin i — x cos x 


0 


4 


-4cosx + xsinx 


-4 


5 


5sinx + xcosx 





From the graph of \R 3 (x)\ = \e* 2 - r 3 (x)|, it appears that the 
error is less than 0.000 051 on [0, 0.1]. 

(a) /(x) = xsinx » T 4 (x) - |(x - 0) 2 + =^(x - 0) 4 = x 2 - ±x 4 

(b) |JS4(«)| < ^ |x| 5 , where I /<°>(x)| < M. Now -1 < x < 1 =► 

5! I I 

|x| < 1, and a graph of / (5) (x) shows that | / (5) (x)| < 5 for -1 < x < 1. 



Thus, we can take M = 5 and get \FU{x)\ < ^ • l 5 == ^- = 0.0416. 



(c) 



0.009 




From the graph of\Ri(x)\ = \xsinx - T 4 (x)|, it seems that the 
error is less than 0.0082 on [-1, 1]. 



23. From Exercise 5, cosx = - (x - f ) + |(x - f) 3 + R 3 (x), where \R 3 {x)\ < -?r \x - f | 4 with 
|/ (4) (x)| = |cosx| < M = 1. Now x = 80° = (90° - 10°) = (f - fj,) = ^ radians, so the error is 
\tia | < ^ (fg) 4 « 0.000039, which means our estimate would «or be accurate to five decimal places. However, 
T 3 = T 4 , so we can use | R* \ < ^ (■§)" « 0.000 001. Therefore, to five decimal places, 
cos 80° « - (-^) + H-fsf ~ 0.17365. 



25. All derivatives of e x are e*, so |.Rn(x)| < 



(n + l)\ 



x| n+1 , where 0 < x < 0.1. Letting x = 0.1, 



^,(0.1) < 



r (0.1)" +1 < 0.00001, and by trial and error we find that n = 3 satisfies this inequality since 



(n + 1)! ' 

i?3(0.1) < 0.0000046. Thus, by adding the four terms of the Maclaurin series for e x corresponding to n = 0, 1, 2, and 3, 
we can estimate e° 1 to within 0.00001. (In fact, this sum is 1.10516 and e 01 ^ 1.10517.) 
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27. sinx = x - ^x 3 + ^x 5 - 



By the Alternating Series 
Estimation Theorem, the error in tlie approximation 

< 0.01 <=> 
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0.9 



sinx = x - ^x 3 is less 



ix 5 
5! 



y = sin* + 0.01 



1.2 



|x 5 1 < 120(0.01) \x\ < (1.2) 1/5 « 1.037. The curves 
y = x - gx 3 and y = sinx - 0.01 intersect at x « 1.043, so 
tlie graph confirms our estimate. Since both the sine function 
and the given approximation are odd functions, we need to check the estimate only for x > 0. Thus, the desired range of 
values for x is -1.037 < x < 1.037. 




x 3 x 5 x 7 
29. arctan x = x — :r + ~c 7" + 



. By the Alternating Series 

Estimation Theorem, the error is less than |-|x 7 | < 0.05 « 
|x 7 | < 0.35 |s| < (0.35) 1/7 M 0.8607. The curves 
y = x - ix 3 + 5X 5 and y = arctan x + 0.05 intersect at 
x »3 0.9245, so the graph confirms our estimate. Since both the 
arctangent function and the given approximation are odd functions, 
we need to check the estimate only for x > 0. Thus, the desired 
range of values for x is -0.86 < x < 0.86. 



-L2 



f 

y = arctan x + 0.05 •« 






*~fm arctan x - 0.05 
- 



1.2 



31. Let s(t) be the position function of the car, and for convenience set s(0) = 0. The velocity of tlie car is v{t) = s'(t) and the 
acceleration is a(t) = s"(t), so the second degree Taylor polynomial is T 2 (i) = s(0) + v(0)t + ^Ipi* = 20f + 1 2 . We 
estimate the distance traveled during the next second to be s(l) « Ta(l) = 20 + 1 = 21 m. The function Tb(f.) would not be 
accurate over a full minute, since the car could not possibly maintain an acceleration of 2 m/s 2 for that long (if it did, its final 
speed would be 140 m/s KJ 313 mi/h!). 



33 F= J__ <? = A g 

D 2 (D + d) 2 D 2 D 2 (l+d/D) 2 

We use the Binomial Series to expand (1 + d/D)~ 



^¥(l) a -^(l)*-)]=*[<l)-KI)" + <B)'r 



when D is much larger than d; that is, when P is far away from the dipole. 
35. (a) If the water is deep, then 2-xd/L is large, and we know that tanh x — ► 1 as x — ► 00. So we can approximate 



tanh(27rd/L) 1, and so v 2 « gL/(2n) & v W ^gL/(2ir). 
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(b) From the table, the first term in the Maclaurin series of 
tanh x is x, so if the water is shallow, we can approximate 

gL 2nd 



, 2tt(1 2ixd . 
tanh -— w — — , and so v « ■ 

L L 2n 



#• v m Vgd- 



n 


/ <n) (*) 


f [n) (0) 


0 


tanh a; 


0 


1 


sech 2 x 


1 


2 


— 2sech 2 x tanhx 


0 


3 


2 sech 2 a: (3 tanh 2 x- 1) 


-2 



(c) Since tanh a: is an odd function, its Maclaurin series is alternating, so the error in the approximation 

. 27Td 27Td. . . . . , . . .... |/"'(0)| /27rd\ 3 l/27rd\ 3 

tanh -j- « — — is less than the first neglected term, which is J — I — — j = -I — — j . 

1 /27rd\ 3 1 / j \ 3 ^3 
If L > Wd, then - I — — ) < - ( 27T ■ — I = — — , so the error in the approximation v 2 = gd is less 
3 \ Mi J i\ WJ 375 



37. (a) L is the length of the arc subtended by the angle 6, so L = Rd => 
6 = L/R. Now sec 6~{R + C)/R => Rsecd — R+C =» 
C = Rsec9- R - Rsec(L/R) - R. 

(b) First we'll find a Taylor polynomial T 4 f» for /(a?) = sec x at x = 0. 




n 




/ <n >(0) 


0 


secx 


1 


1 


sec as tan a; 


0 


2 


secx(2tan 2 x + 1) 


1 


3 


sec x tan x(6 tan 2 a; + 5) 


0 


4 


secx(24tan 4 x + 28 tan 2 x + 5) 


5 



Thus, f(x) = secx m T 4 (x) = 1 + £(x - 0) 2 + |(x - 0)" = 1 + \x 2 + £x 4 . By part (a), 



5L 4 
24# 3 ' 



ig L = 100 km and R = 6370 km, the formula in part (a) says that 
C = Rsee{L/R) ~R = 6370 sec(100/6370) - 6370 a 0.78500996544 km. 

The formula in part (b) says that C « ^ + = + J ' ll£. » 0.785 009 957 36 km. 



■6370 24 

The difference between these two results is only 0.000 000 008 08 km, or 0.000 008 08 m! 

39. Using /(as) = T"„(x) 4- i?„(x) with n = 1 and x = r, we have /(r) = Ti(t-) + where Ti is the first-degree Taylor 

polynomial of / at a. Because a = x n , /(r) = f{x n ) + f'(x n )(r - x„) + Ri(r). But r is a root of /, so /(f) = 0 
and we have 0 = /(x„) + /'(x„)(r - x„) + Ri(r). Taking the first two terms to the left side gives us 
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/'(x„)(x n -r) - /(x„) = Ri(f). Dividing by /'(x„), we get ft, -r- = By the formula for Newton's 



method, the left side of the preceding equation is x n+ i - r, so |x„ + i - r\ = 



. Taylor's Inequality gives us 



/'(*») 

< J£M | r _ Xn | 2 . Combining this inequality with the facts |/"(x)| < M and |/'(x)| > K gives us 



|x„+i -r| <2j^\ x n-rf 



11 Review 

CONCEPT CHECK 



1. (a) See Definition 11.1.1. 

(b) See Definition 11.2.2. 

(c) The terms of the sequence {a„} approach 3 as n becomes large. 

(d) By adding sufficiently many terms of the series, we can make the partial sums as close to 3 as we like. 

2. (a) Sec the definition on page 721 [ET page 697]. 

(b) A sequence is monotonic if it is either increasing or decreasing. 

(c) By Theorem 11.1.12, every bounded, monotonic sequence is convergent. 

3. (a) See (4) in Section 1 1 .2. 

oo I 

(b) The p-series £ — is convergent if p > 1. 

n = l 

4. If V. a n = 3, then lim a„ = 0 and lim .s„ = 3. 

n— »oc n— >oo 

5. (a) Test for Divergence: If lim a„ does not exist or if lim a n ^ 0, then the series £^° =1 a„ is divergent. 



(b) Integral Test: Suppose / is a continuous, positive, decreasing function on [1, oo) and let a„ = f(n). Then the series 
mrii a " is convergent if and only if the improper integral f(x) dx is convergent. In other words: 

(i) If Jf° /(x) dx is convergent, then Y.n=i a » is convergent. 

(ii) If J, 00 f(x) dx is divergent, then Yln=i is divergent. 

(c) Comparison Test: Suppose that ]T a„ and £ b„ are series with positive terms. 

(i) If £ b n is convergent and a„ < b n for all n, then £ a » 's also convergent. 

(ii) If b n is divergent and a„ > £>„ for all n, then £ a„ is also divergent. 

(d) Limit Comparison Test: Suppose that £ a„ and £ 6„ are series with positive terms. If lim (a„/b„) = c, where c is a 

n — • oo 

finite number and c> 0, then either both series converge or both diverge. 

(e) Alternating Series Test: If the alternating series ESL^-l)" -1 ^ = 6i - 5 2 + 63 - b 4 + &s - 6c + • • ■ [bn > 0] 
satisfies (i) b n +i < b„ for all n and (ii) lim b„ = 0, then the series is convergent. 
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(f) Ratio Test: 

= L < 1, then the series E a„ is absolutely convergent (and therefore convergent). 



(i) If lim 

n— oo 

(ii) If lim 



(iii) If lim 

n— .oo 



Cln+l 



= L > 1 or lim 



= oo, then the series E a„ is divergent. 

n=l 



= 1, the Ratio Test is inconclusive; that is, no conclusion can be drawn about the convergence or 



a„ 

divergence of 
(g) Root Test: 

(i) If lim y/\aZ\ = L < 1, then the series E^Li a„ is absolutely convergent (and therefore convergent). 

71 — ► OO 

(ii) If lim ^/\aZ\ = L > 1 or lim ^/[a^j = oo, then the series E"=i a « is divergent. 

n — ► oo n — >oo 

(iii) If lim ?/|aJ = L the Root Test is inconclusive. 

n— »oo 

6. (a) A series E On is called absolutely convergent if the series of absolute values E \a. n \ is convergent. 

(b) If a series E a n is absolutely convergent, then it is convergent. 

(c) A series £ a n is called conditionally convergent if it is convergent but not absolutely convergent. 

7. (a) Use (3) in Section 11.3. 

(b) See Example 5 in Section 1 1 .4. 

(c) By adding terms until you reach the desired accuracy given by the Alternating Series Estimation Theorem. 

oo 

8. (a) E cn(x -a)" 

71=0 

oo 

(b) Given the power series £ Cn(x - a) n , the radius of convergence is: 

(i) 0 if the series converges only when x = a 

(ii) oo if the series converges for all x, or 

(iii) a positive number R such that the series converges if \x - a\ < R and diverges if |a? — d| > R. 

(c) The interval of convergence of a power series is the interval that consists of all values of x for which the series converges. 
Corresponding to the cases in part (b), the interval of convergence is: (i) the single point {o}, (ii) all real numbers, that is, 
the real number line (— oo, oo), or (iii) an interval with endpoints a - R and a + R which can contain neither, either, or 
both of the endpoints. In this case, we must test the series for convergence at each endpoint to determine the interval of 
convergence. 

9. (a), (b) See Theorem 1 1 .9.2. 

10. (a) T^z^E^-P (*-(!)' 

(b) E^4p(*-ar 
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(c) £ f^P-x" [a = 0 in part (b)] 

(d) See Theorem 11.10.8. 

(e) See Taylor's Inequality (1 1.10.9). 

11. (a)-(f) See Table 1 on page 786 [ET 762]. 

12. See the binomial series (1 1.10.17) for the expansion. The radius of convergence for the binomial series is 1. 

TRUE-FALSE QUIZ 

1. False. See Note 2 after Theorem 1 1 .2.6. 



3. True. If lim a n = L, then as n > -r* oo, 2n + 1 — ► oo, so <X2n+i — * L. 

n— >oo 

5. False. For example, take e„ = (-l) n /(n6 n ). 



1 n 3 .. n 3 1/n 3 

7. False, since lim = km - — — — ■ — = km 



(n + l) 3 'l („+i)3 ' l/n s (1 + 1/n) 3 



1 



9. False. See the note after Example 2 in Section 1 1.4. 
11. True. See (9) in Section ll. I. 

f"'(0) 1 

13. True. By Theorem 1 1.10.5 the coefficient of a- 3 is J ) ; = - =>■ /'"(0) = 2. 
Or: Use Theorem 1 1 .9.2 to differentiate / three times. 

15. False. For example, let On = b n = (-l) n . Then {a„} and {b n } are divergent, but a n b„ = 1, so {a n b n } is convergent. 
17. True by Theorem 1 1 .6.3. [£ (-1)" a n is absolutely convergent and hence convergent.] 

19. True. 0.99999 ...=0.9+ O.QtO.l) 1 + 0.9(0.1) 2 + 0.9(0.1) 3 + • • • = £ (O.OXO.l)"- 1 = = 1 by the formula 

n=l 1 — 0.1 

for the sum of a geometric series [S = oi/(l - r)] with ratio r satisfying |r| < 1. 
21. True. A finite number of terms doesn't affect convergence or divergence of a series. 

EXERCISES 

( f 2 + n 3 1 ,. 2 + n 3 ,. 2/n 3 + 1 1 

1. 1 . , 0 o > converges since hm = lim / = -. 

ll + 2n 3 J n-oo 1 + 2n 3 n-oo l/n 3 + 2 2 

to 3 Ti 
3. hm a„ = lim r = lim = oo, so the sequence diverges. 

n—oc n— .oo 1 + ■nr n— >oo + 1 
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5. M = 



n sin n 



n 2 + l 



< n2 n + 1 < -, so \a n \ -» 0 as n -+ oo. Thus, lim^ a n = 0. The sequence .{a„} is convergent. 



in 



. Then 



lim 



12 



= 12, so 



lim In, = lim 4,b(l + 3/s) = lim I lim 1 + V ^ 2 f } - 

i— oo " i— oo x—oo l/(4:r) .t—oo -l/(4x 2 ) 1 + 3/i 

lim y= lim (l + -Y" = e 12 . 

x— .oo n— >oo \ n / 

9. We use induction, hypothesizing that a„_i < a„ < 2. Note first that 1 < a 2 = |(1 + 4) = f < 2, so the hypothesis holds 
for n = 2. Now assume that a fc _i < o t < 2. Then a k = 5(a fc _i + 4) < |(a fc + 4) < §(2 + 4) = 2. So a fc < a k +i < 2, 
and the induction is complete. To find the limit of the sequence, we note that L = lim a n = lim a n +i => 

U-.00 n— oo 

L=§(L + 4) * L = 2. 

71 71, 1 00 7? 00 1 

11 ' n 3 + ! < ^3 = ^2> so S n s + 1 converges by the Comparison Test with the convergent p-series ^2 [P = 2 > !]• 



13. lim 

71 -.CO 



lim f (n C n + i )3 Si = Um f 1 + - V ■ \ = \ < 1. 50 E FT converges by the Ratio Test. - 
n^oo |_ 5 n+1 n 3 J n^oo \ n J b 5 n =i 5" 



15. Let /(k) = i Then / is continuous, positive, and decreasing on [2, 00), so the Integral Test applies. 

/ f(x)dx = lim / 7 =dx L = lm.du = - <ix — lim / u" 1/2 du= lim 2 n/w 

Ji 4 — 00 J 2 x Vln x L 1 J *— °° yin 2 00 L J in 2 

= Urn ^2v1nl-2v / ln2) =00, 



00 1 

so the series £ — == diverges. 

n=2 n v In n 



17. loJ = 



cos3n 



1 + (1.2)» 



1 1 /5\" 00 

< 2 )n < (1 2) n = 1^6/ ' S ° ■ I converges by comparison with the convergent geometric 



series £ (§)" [•*= f < i]. It follows that J] a n converges (by Theorem 3 in Section 11.6). 

n=l n=l 



19. lim 

If — • dc 



= lim 

■a—* 00 



1-3-5 (2n-l)(2n + l) 5"n! ,. 2n + 1 2 , 

-A 4i i ■ : = lim — — — rr = - < 1, so the scries 



5 n+i ( n + !)! 



1-3-5 (2n - 1) n^oo 5(n + 1) 5 



converges by the Ratio Test. 



21. b„ = ^ > 0, {b n } is decreasing, and lim b n = 0, so the series £ (-1)" 1 converges by the Alternating 

71+ 1 n.-.oo n = 1 71+1 



Series Test. 
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oo 

23. Consider the series of absolute values: £ n" 1 ' 3 is a p-series with p = | < 1 and is therefore divergent. But if we apply the 



n=l 

1 



Alternating Series Test, we see that 6„ = > 0, {6,,} is decreasing, and lim b n = 0, so the series T) (-l) n_1 n~ 1/3 

V" "- OD n=l 

converges. Thus, £ n _1/3 is conditionally convergent. 



T, = l 



25. 



1 fln + 1 




| On 





(-l)" +1 (n + 2)3 n+1 2 2 " +1 

2 2n+ 3 ' (-l)«(n + l)3« 

_ ~ (-l)»(n + l)3 n . . , , . 

Test, X] ^ — oln+i — ,s absolutely convergent. 

n=l • " 



n + 2 3 1 + (2/n) 3 3, . . „ . 

JTfT?" T+UJn) T4< lasn- oo.sobytheRat.0 



- (-3)- 1 _ - (-3)- 1 = n (-3)- 1 i « (-3)- 1 i » / ay- 1 _ i f i ^ 

„tl 23" ^ (23)" £k 8" 8^ 8"-i 8 n t-A Syl 8\1 -(-3/8) J 



1 _8_ = J L 
8 ' 11 ~ 11 



29. £ [tan- 1 (n + I)- tan' 1 n] = lim s„ 



n=l 



= lim [(tan -1 2 - tan" 1 1) + (tan -1 3 - tan -1 2) + • ■ • + (tan -1 (n + 1) - tan -1 n)] 



71 — ► OO 

lim [tan- 1 (n + 1) - tan" 1 1] = f - J = f 



as r ( " 1)n+1 _ i 1 i 1 L. _! L + ^ !_ + 

' rc° 32 T 243 1024 3125 7776 16,807 32,768 

11 00 f— 1V"+ 1 7 c_iv' +1 

Since b s = ^r = < 0.000031, g > ^ « £ V M 0.9721. 



37 - £ TZT^ w £ TTXT^r ~ °- !8976224. To estimate the error, note that —!— < i-, so the remainder term is 

n=l ^ + O n=l * + O .2 + 5" 5" . 

R ° = £ 2T5^ < £ = 1^75 = 6 4 X 10 " 7 t ge ° mCtriC SeriCS With a = * 3nd r - W ■ 
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102 □ CHAPTER 11 INFINITE SEQUENCES AND SERIES 



39. Use the Limit Comparison Test, lim x " ' — = lim = lim 

n-»oo a„ n—oo n n-<oo 



Since £ |a n | is convergent, so is £ | a » |. by the Limit Comparison Test. 

ls + 21"- 1 n4" 1 = [ n |x + 2| ] = |x + 2| 
: + 2|"J n-,oo[n + l 4 4 



1>0. 



41. lim 


On + 1 


= lim 


n— »oo 


On 


n— »oo 



_ (71+1)4"+! \X 

|x + 2|<4 o -4<x + 2<4 <=> -6 < x < 2. If x = -6, then the series £ 



< 1 4» |x + 2| < 4, so i? = 4. 

(x + 2)" 



n=l 



T1.4 n 



becomes 



00 (-4)" 00 (-1)' 1 

£ . = 52 L ~, the alternating harmonic series, which converges by the Alternating Series Test. When x = 2, the 

Ml "4 n „ =1 77. 

oo I 

series becomes the harmonic series £ -, which diverges. Thus, J = [-6, 2). 

u=i n 



43. lim 


a n +i 


= lim 


n— >oo 




n— »oo 



BO 



oo 9 n /™ o\n 

R=±. |x-3|<i -£<*--&< | «■ § < x < |. Forx = £, the series £ — ^=^- becomes 

71=1 vn + 3 



oo 1 oo J oo ( 

53 , = £ ~T72 ' wllicn diverges [p = ± < l] , but for x = §, we get J2 j ■=§' wnicn is a convergent 

n=OV7X + 3 n =3 1 ' n=0 \M + 3 

alternating scries, so J = [|, f ). 



45. 



71 




/ (n) (f) 


0 


sinx 


i 

2 


1 


cosx 


2 


2 


— sinx 


1 

2 


3 


— cosx 




4 


sin x 


1 









sinx : 



-^(-^(.-^^^(-'^(-ir 
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49. f —J— dx = - ln(4 - x) + C and 
J 4 — x 



1 oo 

N*-«)— 



n+l 



+ C = - £ 



r n+l 



/ ,».!■!/ , ix + <? = -£—+(;. Putting x = 0, we get C = In 4. 
4,So 4" (n + l) n=o4" +1 (n + l) n=in4" 



Thus, f(x) = ln(4 - as) = ln4 - £ ~7^- The series converges for |x/4| < 1 |x| < 4, so ft = 4. 

n=l n.4 

/fno/Z/er solution: 

ln(4 - x) = ln[4(l - */4>] = In 4 + ln(l - x/4) = In 4 + ln[l + (-x/4)] 

= ln4+ g(-l) n+l ( ~ X/4)n [from Table 1] =ln4+ £ (-l)-"^^ = In 4 - £ ~ 

TlA n=1 n4" 



Tl = l 



convergence is oo. 



oo / T ^2"+l oo f_i\n 8n+4 

= £ ^ X /J'\, = £ \ 2 , * for all x, so the radius of 
n =o (*n + 1)1 n=o \ln + ip 



53. /(*) = -i 



yi6(l-x/16) <yi6(l-^x) 



t Nl/4 -K 1 16 X ) 



HH-i)/ (-«(-«(-»/ » 



(-5) 



1 ~ 1-5-9 (4n - 3) 1 g 1-5-9 (4n - 3) 

S T iS 2 • 4" • n! ■ 16"- 2 ^ 2 G "+ 1 n! 



+ ■ 



for|-^|<l o |x| < 16, so R = 16. 



°2, x n e x 1 22, x n £2. x n_1 22, x n_1 1 ^ x" _1 

55 - gI = & «r • 80 t = : £ tj = £ - 31 + £ -*r - i + £ -ar 31,(1 



n=0 "•• rt=0 
oo 



/„ x oo «,n 

^x = C + l»|x| + £^ 



57. (a) 



n 


/<">(*) 


/ (n) (l) 


0 




1 


1 


ix- 1 / 2 


1 

2 


2 


_ I r - 3 / 2 
4" c 


1 

4 


3 


§*-«/» 


3 
8 


4 


-ifx-/ 2 











vG « T 3 (x) = 1 + i/? (x - 1) - ^ (x - I) 2 -f ^£ (x - I) 3 
= l + |(x-l)-I(x-l) 2 + i(x-l) 3 
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104 □ CHAPTER 11 INFINITE SEQUENCES AND SERIES 



(b) 




(d) 5 x io- 6 




<«) I* (*)| < %\x - 1| 4 , where |/< 4 > (x)| < M with 

/ (4) (x) m -^x- 7 ' 2 . Now 0.9 < x < U => 

-0.1<x-l<0.1 => (x - l) 4 < (0.1) 4 , 

15 

and letting x = 0.9 gives M = , e , n n ^ 7/9 , so 
15 



16(0.9)V2' 

,7?3(X)I " 16(0.9) V» 4! (0 - 1)4 m 0 000005648 

«0.000 006 = 6 xl0- 6 



From the graph of\R 3 (x)\ = \y/x - T 3 (x)|, it appears that 
the error is less than 5 x 10 -6 on [0.9, 1.1]. 



59.sinx= E{-tr-£— w 

„=o I3n + 1); 



1.x 2 x 4 



*C 30 «C •I' 35 t 

-^7 + --,sosmx-x = -— + — - — + ••• and 



sin x - x * , ~ 

^- = -3! + 5r-7r + --- Thus>hm " 



3! 5! 7! 

sinx — x 



/ 1 x 2 x 4 \ 1 

= i i i n o(,-6 + l20 - 5040 + --J = -6- 



61. /(X)= Ecn/ =* 



= Ec„H"= E(-i)"c„x" 

TI-0 T1=0 



(a) If / is an odd function, then f(-x) = -f(x) £ (-l) n c„x n = £ -CnX n . The coefficients of any power series 

?i=<) n=0 

are uniquely determined (by Theorem 11.10.5), so (-1)" Cn = -c„. 

2c„ =0 => c„ = 0. Thus, all even coefficients are 0, that is, 



If n is even, then (-l) n = 1, so c„ = — Cn 
C 0 = C2 = C4 = • • • = 0. 



(b) If / is even, then f(-x) = /(x) 



(-l) n c n =c n . 



If n is odd, then (-l) n = - 1, so -Cr, = c n =► 2c n = 0 =* c n = 0. Thus, all odd coefficients are 0, 
that is, ci = c 3 = c 5 = ■ • • = 0. 
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t It would be far too much work to compute 15 derivatives off. The key idea is to remember that / ( '°(0) occurs in the 

coefficient of x" in the Maclaurin series of /. We start with the Maclaurin series for sin: sinx = x - — + — 

3! 5! 



r-M :„ / (lf "(0) = 1 
15! 5! ' 



Then sin(x 3 ) = x 3 - ^ + ^- , and so the coefficient of x lr ' is J = fr. Therefore, 

/(i»)(0) = H = 6 • 7 ■ 8 • 9 • 10 • 11 • 12 • 13 • 14 • 15 = 10,897,1 
5! 

3. (a) From Formula 14a in Appendix D, with x = y = 0, we get tan 26 = 2tan ^ SQ CQi2() _ 1 ~ Un t 

1 — tan- o 2 tan 8 

2 cot 20 = - — ta ° ^ = cot 6 — tan 6. Replacing 6 by £x, we get 2 cot x = cot ^x - tan 4x, or 
tan(? ' ■ J 2 

tan^x = cot \x — 2 cot x. 

x 



(b) From part (a) with in P lace of x > tan ^ = cot gTT _ 2 004 ^TTT' so the nth P artiaI sum of £ 2" tan 2"" ' S 

tan(x/2) 

2 H 
[ cot(.x/2) 



tan(x/2) tan(x/4) tan(x/8) tan(x/2") 



= | cot(x/2) _ cQt x | + pot(x/4) _ cot(x/2) 



+ 



cot(x/2") _ cot,(.r/2 n ~ 1 ) 
2 n 2" _1 



cot(x/8) _ cot(x/4) 
8 4 



cot(x/2") , , 
= - cot x H — [telescoping sum] 



cot(x/2") cos(x/2") cos(x/2") x/2" 1,1 

now — = 2 „ = — ^ • Ti^rF) - x ■ 1 = ~ as n - 00 s,nce - 0 



x sin(xyj"; x 
for i^O. Therefore, if x ^ 0 and x ^ kir where A: is any integer, then 



°° 1 x / lx\ 1 

£ ^ tan 7^ = lim «« = Km — cot x + — cot — = -cotx+ - 
r ~! 2" 2 n »^oo n-00 \ 2" 2 n y x 



If x = 0, then all terms in the series are 0, so the sum is 0. 
5. (a) At each stage, each side is replaced by four shorter sides, each of length 
i of the side length at the preceding stage. Writing so and £ 0 for the 
number of sides and the length of the side of the initial triangle, we 
generate the table at right. In general, we have s„ = 3 • 4" and 
In = (5)", so the length of the perimeter at the nth stage of construction 
isp n = s „£ n = 3.4".(i)" = 3-(|) n . 



so = 3 


to = 1 


81 = 3 ■ 4 


*i = 1/3 


52 = 3 • 4 2 


e 2 = 1/3 2 


s 3 = 3 • 4 3 


ia = 1/3 3 



(b) Pn 



Since | > 1, p n — » 00 as n — » 00. 



(c) The area of each of the small triangles added at a given stage is one-ninth of the area of the triangle added at the preceding 
stage. Let a be the area of the original triangle. Then the area a n of each of the small triangles added at stage n is 
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On = a ■ — j = —. Since a small triangle is added to each side at every stage, it follows that the total area A n added to the 

a 4" -1 

figure at the nti\ stage is A n = s n -i ■ a„ = 3 • 4 n ■ — = a • gj— f- Then the total area enclosed by the snowflake 

1 4 4 2 4 3 
curve is A = a + Ai + A 2 + A 3 H ~ a + a ^ + a '^+ a '2E+ a y^ • After ^ e first term ' this is a 

geometric series with common ratio S, so A = a + a ^ 3 4 = o + 3 • | = §5, But the area of the original equilateral 

9 1 — y o 5 5 

triangle with side lisa=i-l-sin^ = ~. So the area enclosed by the snowflake curve is § ■ ^ = — . 

2 J 4 5 4 5. 

7. (a) Let a = arctan z and b = arctan y. Then, from Formula 14b in Appendix D, 

n_ tail a — tan 6 _ tan(arctan a;) — tan(arctan j/) _ x — y 
1 + tan a tan 6 1 + tan(arctanx)tan(arctant/) 1 + xy 

Now arctan x - arctan y = a - b = arctan(tan(a - 6)) = arctan - + ^ since — § < a - b < $ . 
(b) From part (a) we have 

120 l 28,561 

arctan iff - arctan ^ = arctan - 23 \_ = arctan - f|fff = arctan 1 = | 



35 ~4~ t/ 

(c) Replacing 1/ by -y in the formula of part (a), we get arctan x + arctan y = arctan . So 

1 — xy 

- + 1 

4 arctan £ = 2 (arctan § + arctan |) = 2 arctan 5 1 a 1 = 2 arctan ^ = arctan ^ + arctan ^ 

1 _ 5 ' 5 




Thus, from part (b), we have 4 arctan | — arctan = arctan jy§ — arctan ^ = j. 

3-3 j.5 X T x % x ll 

(d) From Example 7 in Section 1 1 .9 we have arctan a; = x - "3" + ~5 ¥ + ~g if" 1 ' so 

1 _ 1 1_ 1 1 1 1 

arctan - — j 3 . 53 + 5 . 55 7 . 57 + 9 . 59 11 . 5 11 + " 

This is an alternating series and the size of the terms decreases to 0, so by the Alternating Series Estimation Theorem, 
the sum lies between .35 and s 6 , that is, 0.197395560 < arctan | < 0.197395562. 

(e) From the scries in part (d) wc get arctan -L = _L _ , |_ + _ ^ . The third term is less than 

2.6 x 10~ 13 , so by the Alternating Series Estimation Theorem, wc have, to nine decimal places, 
arctan ^ S3 s 2 w 0.004184076. Thus, 0.004184075 < arctan < 0.004184077. 

(f) From part (c) we have n = 16 arctan | - 4 arctan so from parts (d) and (e) we have 
16(0.197395560) - 4(0.004184077) < tt < 16(0.197395562) - 4(0.004184075) =* 
3.141592652 < tt < 3.141592692. So, to 7 decimal places, tt m 3.1415927. 
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oo I 

9. We start with the geometric series E z" = , |x| < 1, and difTerentiate: 

n=0 1 - X 

OO ff / oo \ «{ / 1 V 1 OO OO 

E nx"- 1 = T" ( E ( — ) = n « for 1*1 < 1 * En» n =«E nx"- 1 = , 1 „ 

<fa Vr.= 0 y dzVi-^y (i-z) 2 n ti n ^ (i-x) 2 



n=l 

for Izl < 1. Differentiate! 



- j = d x (1 -z) 2 -z- 2(1 -z)(-l) = x + 1 



E " 2 ^ n_1 = 



n=l 



dz (1 - z) 2 



(l-x)< 



(1 - a;) 2 



=> E n * xn = 



n=l 
_2 



x 2 -f x 

(1 - Z)3 



V> 3 n-i _ d x'+x _ (l-z) 3 (2x + l)-(x 2 + x)3(l-z) 2 (-l) x 2 +4z + l 

~dz(l-z)3- (l-i)6 - {1-xY 



z 3 +4x 2 + z 
(l-x)< 



E n s x" = 



, \x\ < 1. The radius of convergence is 1 because that is the radius of convergence for the 



geometric series we started with. Il'x = ±1, the series is E n3 (±l) n > which diverges by the Test For Divergence, so the 
interval of convergence is (-1, 1). 

11 K 1 - I?) = - fa in + yr 1] - M(n + D(n - 1)] - inn 2 

= ln(n+ 1) + ln(n - 1) - 2 Inn = ln(n - 1) - Inn - lnn + ln(n+ 1) 

= In - [Inn - ln(n + 1)] = In — - - In 

n " n n + 1 

Let S, = E In (l - = E (in - In ^) for » > 2. Then 

| 2 ^( i -^)=^ sfc= ^( l 4- in fcTi) =1 4- ini = ini - iii2 - ini =- in2 - 




13. (a) / 1 The .x-intercepts of the curve occur where sinz = 0 -S- x = nn, 

n an integer. So using the formula for disks (and either a CAS or 
40 sin 2 x = | (1 - cos 2z) and Formula 99 to evaluate the integral), 
the volume of the nth bead is 

K - * / ( T-ir ( e-x/1 ° sm *) 2 ** = * f"n\ r e_x/s si » 2 xda; 

= MBit ^-("-l)"-/5 _ e -n7r/5^ 

(b) The total volume is 

7r/ 0 °° e-* /s sin 2 zdz = £ % = ^ E [e^"- 1 '"/ 5 - e^ 5 ] = » [telescoping sum], 

„_! 1 



-1 



Another method: If the volume in part (a) has been written as V n = 2 ^e" T " r/5 (e' r/5 - 1), then we recognize E V " 



as a geometric series with a = - e _,r/5 ) and r = e _ " /5 . 
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15. If L is the length of a side of the equilateral triangle, then the area is A= \L >$L m -f L 2 and so L 2 = ^A. 
Let r be the radius of one of the circles. When there are n rows of circles, the figure shows that 

L = s/3r + r + (n- 2)(2r) +r + V3r = r(2n - 2 + 2 v/3 ), so r = 



2(n + V§-l)' 

The number of circles is 1 + 2 4- hn = n ( n + l \ m d so the total area of the circles is 

An =^^.^±11. *_ 

2 2 4(n + v /3-l) 2 

_ n{n + 1) 4A/V3 n(n + 1) ■kA 

2 %(n + V3-l) 2 (n + v^-l) 2 2V3 ^ 

n(n-f-l) 7r 



/In 



^ ~ (n+v/3-l) 2 2%/3 

1 -l 1/n 7T_ _jr_ 

" [l + (v^-l)/n] 2 2y3 ~* 2x/3 



: n — » oo 




17. As in Section 1 1 .9 we have to integrate the function x x by integrating series. Writing x x = (e ln 1 )* = e 1 ln x and using the 
Maclaurin series for e x , we have x* = (e 1 " 1 )* = e* ta " = £ = g a: " (lna:) " . As with power series, we can 

„=0 »l n=0 n - 

I' 1 °° f 1 x n (lnx) n °° 1 f 1 

integrate this series term-by-term: / x x dx = £ / — , ^ = £ ~r / x n (lnx)" rix. We integrate by parts 

Jo r,.=o Jo n\ n=0 n! 7 0 

TidnxV 1- ^ ^. n +i 

with u = (ln x) n , dv = x n dx, so du = - dx and v = — — : 

a; u + 1 

= 0-^— f 1 x n (hxx) n - 1 dx 
n+l Jo 

(where ('Hospital's Rule was used to help evaluate the first limit). Further integration by parts gives 

/ x n (lnx)*rix = — / x n (lnx) fc_1 dx and, combining these steps, we get 

Jo n + 1 Jo 

r , r dx m bir^i r B » dx = (-!)■"' 



19. By Table 1 in Section 1 1.10, tan -1 x = £) (-1)" '' for |x-| < I. In particular, for x = we 

T«=0 ^ T 1 v3 

6 a (-i)" -°° (-i)" -/ a ; (-1)" \ • a (-D n _ * . 

v^n^o(2n+l)3» - 2V3 n ^ 0 (2n+l)3" - 2V % 1+ n ^(2n + l)3"; * ,£i (2n + 1)3- ~ 2 V5 
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x x 2 . x 3 . x 4 



21. Let f{x) denote the left-hand side of the equation 1 + - + + + -g- + • • ■ = 0. If x > 0, then /(«) > 1 and there are 

x 2 i 4 x 6 x 8 

no solutions of the equation. Note that /(-x ) = 1 — -^y + "^j — "gf + "^f" =cosx. The solutions of cos x = 0 for 

x < 0 are given by x = ^ - irk, where A; is a positive integer. Thus, the solutions of /(x) = 0 are x = - (| - Trfc^, where 
k is a positive integer. 

23. Call the series S. We group the terms according to the number of digits in their denominators: 

s= (* + * + ■■ ■ + £ + £) + (tt + "- + ^) + + +•■• 

" V ' V ' V ' 

91 .92 ff 3 

Now in the group g n , since we have 9 choices for each of the n digits in the denominator, there are 9" terms. 
Furthermore, each term in g n is less than -^rr [except for the first term in gi]. So g n < 9" • y^^rr = 9(^)" _1 . 

Now J2 1S a geometric series with o = 9 and r = ^ < 1. Therefore, by the Comparison Test, 

S = E ft. < £ 9(T5) n_1 = T^ItTo = 90- 



x 4 x 7 x 10 X 2 X 5 X 8 

5 "" =1 + ^ + : oT + ¥ + --' ,; = a: + ¥ + 7! + T0! + ---' U;= 2! + 5! 

Use the Ratio Test to show that the series for u, v, and w have positive radii of convergence (oo in each case), so 
Theorem 1 1 .9.2 applies, and hence, we may differentiate each of these series: 

du 3.x- 2 , 6x 5 . 9x 8 x 2 x 5 x 8 

^-^T + "oT + -9T + --"-2! + 5! + ¥ + --- = W 

„. ., , dv , x 3 x 6 x 3 . du; x 4 x 7 x 10 

Strntlarly,- = 1 + - + - + - + ...=«, and- =x +¥ + 7r + -+.-. = ,. 

So u' = w, v' = u, and w' = v. Now differentiate the left-hand side of the desired equation: 

d_ 
dx 



-^-(u 3 + v 3 + w 3 - 3uuuj) = 3uV + 3v 2 v' + 3w 2 w' - 3(u'vw + uv'w + uvw') 



= 3u 2 w + 3v 2 u + 3w 2 v - 3ivw 2 + u 2 w + uv 2 ) = 0 => 
u 3 + v 3 + w 3 — 3uvw = C. To find the value of the constant C, we put x = 0 in the last equation and get 
l 3 + 0 3 + 0 3 - 3(1 • 0 • 0) = C => C = 1, so v 3 + v 3 + w 3 - 3uvw = 1. 
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1 2.1 Three-Dimensional Coordinate Systems 



1 We stan at the origin, which has coordinates (0, 0, 0). First we move 4 units along the positive x-axis, affecting only the 
x-coordinate, bringing us to the point (4, 0, 0). We then move 3 units straight downward, in the negative z-direction. Thus 
only the z-coordinate is affected, and we arrive at (4, 0, -3). 

3. The distance from a point to the yz-plane is the absolute value of the x-coordinate of the point. C(2, 4, 6) has the x-coordinatc 
with the smallest absolute value, so C is the point closest to the j/z-piane. 4(-4, 0, -1) must lie in the xz-planc since the 
distance from A to the xz-plane, given by the -^-coordinate of A, is 0. 

5. The equation x + y = 2 represents the set of all points in 
E 3 whose x- and ^-coordinates have a sum of 2, or 
equivalently where y — 2 — x. This is the set 
{(x, 1 — x, z) | x 6 R, z £ R} which is a vertical plane 
that intersects the xy-plane in the line y = 2 - x, z = 0. 



7. We can find the lengths of the sides of the triangle by using the distance formula between pairs of vertices: 

\PQ\ = v^(7-3)» + [0-(-2)]* + [l-(-3)]2 = V16 + 4+16 = 6 
\QR\ = x /(l-7)2 + (2-0)2 + (l-l) 2 = v/36 + 4 + 0 = ^40 = 2^ 
\RP\ = ^(3 - 1)' + (-2 - 2)2 + (-3 - l) 2 = 74 + 16 + 16 = 6 

The longest side is QR, but the Pythagorean Theorem is not satisfied: \PQ\ 2 + \RP\ 2 # \QR\ 2 . Thus PQR is not a right 
triangle. PQR is isosceles, as two sides have the same length. 

9. (a) First we find the distances between points: 




\AB\ = v/(3 - 2)3 + (7 - 4)3 + (-2 - 2)" = v^6 



\BC\ = 7(1 - 3) 2 + (3 - 7) 2 + [3 - (-2)] 2 = s/45 = 3 y/B 



\AC\ = 7(l-2)2 + (3-4) 2 + (3-2) 2 = V3 

In order for the points to lie on a straight line, the sum of the two shortest distances must be equal to the longest distance. 
Since + y/3 ^ 3 \/5, the three points do not lie on a straight line. 
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(b) First we find the distances between points: 



\DE\ = yftl - 0)2 + (-2 - (-5)]* + (4 - 5) 2 m vTI 



\EF\ = N /(3-l) 2 + [4-(-2)]2 + (2-4)2 = vS = 2 yiT 




Since \DE\ + \EF\ = \DF\, the three points lie on a straight line. 



11. An equation of the sphere with center (-3, 2, 5) and radius 4 is [x - (-3)] 2 + (y - 2) 2 + (z - 5) 2 = 4 2 or 

(x + 3) 2 + {y - 2) 2 + (z - 5) 2 = 16. The intersection of this sphere with the j/z-plane is the set of points on the sphere 



whose x-coordinate is 0. Putting x = 0 into the equation, we have 9 + (y - 2) 2 + (z - 5) 2 = 16, x = 0 or 
{y - 2) 2 + (z - 5) 2 = 7, x = 0, which represents a circle in the i/z-plane with center (0, 2, 5) and radius -Jl. 

13. The radius of the sphere is the distance between (4, 3, -1) and (3, 8, 1): r = ^(3 - 4) 2 + (8 - 3) 2 + [1 - (-1)] 2 = VM. 
Thus, an equation of the sphere is (as - 3) 2 + (y - 8) 2 + (z - l) 2 = 30. 

15. Completing squares in the equation x 2 + y 1 + z 2 - 2x - Ay + 8z = 15 gives 

(x 2 -2x + l) + (2/ 2 -4j/ + 4) + (z 2 +8z+16) = 15 + 1+4 + 16 => (x - l) 2 + {y - 2) 2 + (z + 4) 2 = 36, which we 
recognize as an equation of a sphere wi th center (1,2, -4) and radius 6. 

17. Completing squares in the equation 2x 2 - 8x + 2y 2 + 2z 2 + 24z = 1 gives 

2(x 2 -4x + 4) + 2j/ 2 + 2(z 2 + 12z + 36) = 1 +8 + 72 => 2(x - 2) 2 + 2t/ 2 + 2(z + 6) 2 = 81 => 
(x - 2) 2 + y 2 + (z + 6) 2 = which we recognize as an equation of a sphere with center (2,0, -6) and 

radius Jf = 9/v& 




IF1P2I = ^(2:2 - xi) 2 + (7/2 - yi) 2 + (22 - zi) 2 

= ^/[Kx! + x7) - x,] 2 + [i(2/i + va) - 2/i] 2 + 5f(*I + z 2 ) - z x ] 2 

= >/.(*)' - + <»* - + - *o 2 ] = i\A 12 - *o 2 + (w - ?/o 2 + S - *o 2 
=ilftftl 




19. (a) If the midpoint of the line segment from Pi(xi , yi,z\) to -P2(x2, 2/2, z 2 ) is Q = 




then the distances \PiQ\ and |QP 2 | are equal, and each is half of \PiFi\. We verify that this is the case: 
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\QPl\ = \j [x 2 - pi + x 2 )] 2 + [1/2 - 5(2/1 + V2)] 2 + [22 - 5 (zi + z 2 )] 2 

= " + (fa - + 0* - 5^) 2 = \/(5) 2 [S - ^i) 2 + (2/2 " 2/i) 2 + S - ^i) 2 ] 

= i^ia - xi) 2 + (1/2 - 2/1 ) 2 + (22 - zi) 2 - £ |M| 

So Q is indeed the midpoint of P1P2. 

(b) By part (a), the midpoints of sides AB, BC and CA are JV(-§, 1,4), P 2 (l, |,6) and P 3 (|, | , 4). (Recall that a median 
of a triangle is a line segment from a vertex to the midpoint of the opposite side.) Then the lengths of the medians are: 

|AF 2 | = \/0 2 + (|-2) 2 + (5-3) 2 = v /fTI=yf = § 

\B*\=yj{\ +2 ) 2 + (f) 2 + (4-5) 2 = v /M + ! + 1 = ^=1^94 

ICRI- >/("§ - 4 ) 2 + 0 " !) 2 + ( 4 - 5 ) 2 = ^¥ + 1 = 1^85 

21. (a) Since the sphere touches the xy-plane, its radius is the distance from its center, (2, -3, 6), to the xy-plane, namely 6. 
Therefore r = 6 and an equation of the sphere is (x - 2) 2 + {y + 3) 2 4- (z - 6) 2 = 6 2 = 36. 

(b) The radius of this sphere is the distance from its center (2, -3, 6) to the j/z-plane, which is 2. Therefore, an equation is 
(x_2) 2 +(y + 3) 2 + (z-6) 2 =4. 

(c) Here the radius is the distance from the center (2, -3, 6) to the xz-plane, which is 3. Therefore, an equation is 
(x - 2) 2 + (y + 3) 2 + (* - 6) 2 = 9. 

23. The equation x = 5 represents a plane parallel to the yz-plane and 5 units in front of it. 

25. The inequality y < 8 represents a half-space consisting of all points to the left of the plane y = 8. 

27. The inequality 0 < z < 6 represents all points on or between the horizontal planes z = 0 (the xy-plane) and z = 6. 

29. Because z = -1, all points in the region must lie in the horizontal plane z = -1. In addition, x 2 + y 2 = 4, so the region 
consists of all points that lie on a circle with radius 2 and center on the z-axis that is contained in the plane z = - 1. 

31. The inequality x 2 + y 2 + z 2 < 3 is equivalent to \fx 2 + y 2 + z- < \/3, so the region consists of those points whose distance 
from the origin is at most \/3- This is the set of all points on or inside the sphere with radius \/3 and center (0, 0, 0). 

33. Here x 2 + z 2 < 9 or equivalently s/x 2 + z 2 < 3 which describes the set of all points in R 3 whose distance from the y-axls is 
at most 3. Thus, the inequality represents the region consisting of all points on or inside a circular cylinder of radius 3 with 
axis the j/-axis. 

35. This describes all points whose x-coordinate is between 0 and 5, that is, 0 < x < 5. 

37. This describes a region all of whose points have a distance to the origin which is greater than r, but smaller than R. So 
inequalities describing the region arc r < y/x 2 + y 2 + z 2 < R, or r 2 < x 2 + y 2 + z 2 < R 2 . 
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39. (a) To find the x- and y-coordinates of the point P, we project it onto L 2 
and project the resulting point Q onto the x- and y-axes. To find the 
z-coordinate, we project P onto either the xz-plane or the j/z-plane 
(using our knowledge of its x- or y-coordinate) and then project the 
resulting point onto the z-axis. (Or, we could draw a line parallel to 
QO from P to the z-axis.) The coordinates of P are (2, 1, 4). 




41. We need to find a set of points {P(x, y, z) \ \AP\ = \BP\}. 



(b) A is the intersection of L\ and L 2 , B is directly below the 
j/-intercept of L 2 , and C is directly above the x-intercept of L 2 . 



X 




y/(x + l) 2 + (y - 5) 2 + (z - 3)= = y/(x - 6) 2 + (y - 2) 2 + (z + 2) 2 



( 3 :+l) 2 + (2y-5) + (z-3) 2 = (x-6) 2 + (j/-2) 2 + (z + 2) 2 

x 2 + 2x + 1 + j/ 2 - 10?; + 25 + z 2 - 6z + 9 = x 2 - 12x + 36 + y 2 - Ay + 4 + z 2 + 4z + 4 =» 14x - 61/ - lOz = 9. 
Thus the set of points is a plane perpendicular to the line segment joining A and B (since this plane must contain the 
perpendicular bisector ot tne line segment Acs). 

43. The sphere x 2 + y 2 + z 2 = 4 has center (0, 0, 0) and radius 2. Completing squares in x 2 - 4x + y 2 - Ay + z 2 - 4z = -11 
gives(x 2 -4x + 4) + ( 3 / 2 -42/ + 4) + (z 2 -4z + 4) = -11+4 + 4 + 4 (x - 2) 2 + {y - 2) 2 + (z - 2) 2 = 1, 

so this is the sphere with center (2, 2, 2) and radius 1. The (shortest) distance between the spheres is measured along 
the line segment connecting their centers. The distance between (0, 0, 0) and (2, 2, 2) is 

sj{2 - 0) 2 + (2 - 0) 2 + (2 - 0) 2 = = 2 v^, and subtracting the radius of each circle, the distance between the 
spheres is2 v / 3-2-l = 2 v / 3-3. 



1. (a) The cost of a theater ticket is a scalar, because it has only magnitude. 

(b) The current in a river is a vector, because it has both magnitude (the speed of the current) and direction at any given 

r 

location. 

(c) If we assume that the initial path is linear, the initial flight path from Houston to Dallas is a vector, because it has both 
magnitude (distance) and direction. 

(d) The population of the world is a scalar, because it has only magnitude. 

3. Vectors are equal when they share the same length and direction (but not necessarily location). Using the symmetry.of the 
parallelogram as a guide, we see that AB = DC, DA = CB, DE = EB, and EA = CE. 



12.2 Vectors 
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7. Because the tail of d is the midpoint of QR we have QR = 2d, and by the Triangle Law, 

a+2d = b => 2d = b - a => d = 5 (b - a) = |b - f a. Again by the Triangle Law we have c + d = b so 
c = b-d = b-(Ab-ia) = ia+Ib. 

9. a = (3 - (-1), 2 - 1) = (4, 1> 11. a = (2 - (-1), 2 - 3> = (3, -1) 




17. (3,0,1) + (0,8,0)= (3 + 0,0 + 8,1 + 0) 
= (3,8,1) 
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19. a + b = (5 + (-3) , -12 + (-6)) = (2, -18) 
2a + 3b = (10, -24) + (-9, -18) = (1, -42) 
|a| = v /5 2 + (-12) 2 = Vim = 13 

|a-b| = |{5- (-3), -12 - (-6))| = |(8, -0)| = ^ + (-6)3 = y/WO = 10 

21. a + b = (i + 2j-3k) + (-2i-j + 5k) = -i+j + 2k 

2a + 3b = 2(i + 2j -3 k) + 3(-2i-j + 5k) = 2i + 4j - 6k - 6i - 3j + 15k = - 4i + j + 9k 

H - v/l2 + 22 + (-3) 2 = y/U 

|a-b| = |(1 + 23 -3k) -(-2i-j + 5k)| = |3i + 3j-8k| = y/3 2 + 3 2 + (-8) 2 = y/§2 
23. The vector -3 i + 7 j has length | -3 i + 7 J| = y/(-3) 2 +T 2 = v/58, so by Equation 4 the unit vector with the same 



direction is ( - 3 . + 7J) = --^i + -^J. 



25. The vector 8 i - j + 4 k has length |8 i - j + 4 k| = + (-1) 2 + 4 2 = VEl = 9, so by Equation 4 the unit vector with 
the same direction is § (8 i - j + 4 k) = § i - ± j + | k. 



27. y From the figure, we sec that tan 0 = %r- = \/3 =* 0 = 60°. 






31. The velocity vector v makes an angle of 40° with the horizontal and 



|v| cos 40° = 60 cos 40° M 45.96 ft/s and the vertical component 
is |v|sin40° = 60 sin 40° M 38.57 ft/s. 



has magnitude equal to the speed at which the football was thrown. 



From the figure, we sec that the horizontal component of v is 
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33. The given force vectors can be expressed in terms of their horizontal and vertical components as -300 i and 

200 cos 60° i + 200sin60° j = 200(±) i + 200 j = lOOi + 100 v^j. The resultant force F is the sum of 
these two vectors: F = (-300 + 100) i + (0 + 100 y/3 ) j = -200 i + lOOv/3 j. Then we have 



|F| « ^/(-200) 2 + (100 x/3) 2 = v^OOOO = 100 yjl w 264.6 N. Let 9 be the angle F makes with the 

100-^/3 -v/3 



positive z-axis. Then tan 9 = 
V3 



= -— and the terminal point of F lies in the second quadrant, so 
ZVi) Z 



6 = tan" 1 + ™° » - 40 - 9 ° + 180 ° = 139-1* • 



35. With respect to the water's surface, the woman's velocity is the vector sum of the velocity of the ship with respect 
to the water, and the woman's velocity with respect to the ship. If we let north be the positive (/-direction, then 
v = (0, 22) + (-3, 0) = (-3, 22). The woman's speed is |v| = ^9 + 484 « 22.2 mi/h. The vector v makes an angle 9 
with the east, where 9 = tan" 1 (^§-) ft 98°. Therefore, the woman's direction is about N(98 - 90)° W = N8°W. 

37. Let Tt and T2 represent the tension vectors in each side of the 
clothesline as shown in the figure. Ti and T2 have equal vertical 
components and opposite horizontal components, so we can write 




Ti = — o i + b j and T2 = a i + 6 j [a, 6 > 01. By similar triangles, - = 

a 4 



a = 506. The force due to gravity 
acting on the shirt has magnitude 0.8(7 w (0.8)(9.8) = 7.84 N, hence we have w = -7.84 j. The resultant Ti + T2 
of the tensile forces counterbalances w, so Ti + T2 = — w => (— a 1 + 6 j) + (a i + 6j) = 7.84 j => 
(-506 i + 6 j) + (506 i + 6 j) = 26 j = 7.84 j =*■ 6 = ^* = 3.92 and a = 506 = 196. Thus the tensions are 
Ti = -ai + 6j = -196 i + 3.92 j and T 2 =ai + 6j = 196i + 3.92j. 
Alternatively, we can find the value of 9 and proceed as in Example 7. 

39. . (a) Set up coordinate axes so that the boatman is at the origin, the canal is 
bordered by the y-axis and the line x = 3, arid the current flows in the 
negative indirection. The boatman wants to reach the point (3, 2). Let 6 be 
the angle, measured from the positive y-axis, in the direction he should 
steer. (See the figure.) 



y 








direction 






of steering yr 








(3.2) 




_0 //true 






jt' course 




0 


3 x 



In still water, the boat has velocity v;, = (13 sin 6, 13 cos 9) and the velocity of the current is v t (0, —3.5), so the true path 
of the boat is determined by the velocity vector v = v;, + v c = (13 sin 6, 13 cos 9 — 3.5). Let t be the time (in hours) 
after the boat departs; then the position of the boat at time t is given by tv and the boat crosses the canal when 



tv= (13sin0,13cos0- 3.5)4 = (3, 2). Thus 13(sin0)t = 3 =* t= jrjj^g and (13 cos 0 - 3.5) t = 2. 
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Substituting gives (13 cos 0 - 3.5) ■ 



= 2 => 39 cos $ - 10.5 = 26 sin0 (1). Squaring both sides, we have 



13 sin0 

1521 cos 2 9 - 819 cos 9 + 110.25 = 676 sin 2 0 = 676 (l - cos 2 6) 
2197 cos 2 9 - 819 cos 0 - 565.75 = 0 
The quadratic formula gives 



819 ± ^(-819)2 - 4(2197)(-565.75) 
2(2197) 



819 ± y/5,642,572 
4394 



M 0.72699 or - 0.35421 



The acute value for 9 is approximately cos 1 (0.72699) M 43.4°. Thus the boatman should steer in the direction that is 
43.4° from the bank, toward upstream. 

Alternate solution: We could solve (1) graphically by plotting y = 39 cos 0 - 10.5 and y = 26 sin 9 on a graphing device 
and finding the appoximate intersection point (0.757, 17.85). Thus 6 « 0.757 radians or equivalently 43.4°. 



(b) From part (a) we know the trip is completed when t = 



13 sin 9 



But 9 w 43.4°, so the time required is approximately 



3 



« 0.336 hours or 20.2 minutes. 



13 sin 43.4° 

41. The slope of the tangent line to the graph of y = x 2 at the point (2, 4) is 



dx 



= 2x 



x=2 



= 4 



x=2 



and a parallel vector is i + 4 j which has length |i + 4 j| = Vl 2 + 4 2 = VTf, so unit vectors parallel to the tangent line 
are±^ ? (i + 4j). 

43. By the Triangle Law, AB + BC = AC. Then AB + BC + CA = AC + CA, bui AC + CA = AC + (- AC) = 0. 
So AB + B~C + CA — 0. 

45. (a), (b) ! 'Tf (c) From the sketch, we estimate that s « 1.3 and t « 1.6. 

(d)c = sa + tb 7 = 3s + 2iand 1 = 2s - t. 
Solving these equations gives s = f and t = 4*. 





y 
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1 





47. |r — roj is the distance between the points (x, y, z) and (io, yo, zo), so the set of points is a sphere with radius 1 and 
center {x 0 ,y 0 ,zo). 

Alternate method: |r - r 0 | = 1 O y/(x - x 0 ) 2 + {y - y 0 ) 2 + (z - z 0 ) 2 = 1 4* 

(i - .to) 2 + (y — yo) 2 + {z- zq) 2 = 1, which is the equation of a sphere with radius 1 and center (x 0 , yo, zo). 
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49. a+ (b + c) = (01,09) + ((b.fe) + (ci,c 2 )) = (ai,a 2 ) + (bi + ci , 6 2 + c 2 ) 
= (ai + 61 + ci, a 2 + 62 + c 2 ) = ((ai + 61) + ci, (o 2 + 6 2 ) + c 2 ) 
= (01+61,02 + 63) + (ci,c 2 ) = ((01,03) + (61,62)) + (ci,c 2 ) 
= (a + b) + c 

51. Consider triangle ABC, where D and £ are the midpoints of AB and SC. We know that AB + BC = AC (1) and 
DB + RE = DE (2). However, DB = ± AB, and BE = \BC. Substituting these expressions for DB and BE into 
(2) gives \AB + \BC = DE. Comparing this with (1) gives DE = \ AC. Therefore AC and DE are parallel and 

\de\ = ±\ac\. 

12.3 The Dot Product 

1. (a) a • b is a scalar, and the dot product is denned only for vectors, so (a • b) • c has no meaning. 

(b) (a • b) c is a scalar multiple of a vector, so it does have meaning. 

(c) Both |a| and b • c are scalars, so |a| (b ■ c) is an ordinary product of real numbers, and has meaning. 

(d) Both a and b + c are vectors, so the dot product a • (b + c) has meaning. 

(e) a • b is a scalar, but c is a vector, and so the two quantities cannot be added and a ■ b + c has no meaning. 

(f ) |a| is a scalar, and the dot product is defined only for vectors, so a| (b + c) has no meaning. 

3. a b = (-2, i) ■ (-5,12) = (-2)(-5) + (i)(12) = 10 + 4 = 14 
5. a • b = (4, 1, i) • (6, -3, -8) = (4)(6) + (l)(-3) + (*) (-8) = 19 
7. a • b = (2 i + j) • (i - J + k) = (2)(1) + (1)(-1) + (0)(1) = 1 
9. By Theorem 3, a • b = |a| |b|cos0 = (6)(5)cos^ = 30(-f) = -15. 

11. u, v, and w are all unit vectors, so the triangle is an equilateral triangle. Thus the angle between u and v is 60° and 
u ■ v = |u| |v| cos 60° = (1)(1) (5) = 5. If w is moved so it has the same initial point as u, we can see that the angle 
between them is 120° and we have u • w = |u| |w| cos 120° = (l)(l)(-§) = -5. 

13. (a) i ■ j = (1, 0, 0) - (0,1,0) = (1)(0) + (0)(1) + (0)(0) = 0. Similarly, j • k = (0)(0) + (1)(0) + (0)(1) = 0 and 
k-i = (0)(l) + (0)(0) + (l)(0)=0. 

Another method: Because i, j, and k are mutually perpendicular, the cosine factor in each dot product (see Theorem 3) 
is cos f = 0. 

(b) By Property 1 of the dot product, i i = |i| 2 = l 2 = 1 since i is a unit vector. Similarly, j • j - |j| 2 - 1 and 
k ■ k = |k| 2 = 1. 
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120 □ CHAPTER 12 VECTORS AND THE GEOMETRY OF SPACE 

15. |a| = v^FTF = 5, |b| = y/2 2 + (-1) 2 = VE, and a • b = (4)(2) + (3)(-l) = 5. From Corollary 6, we have 



COS0 i 



a b 



= -^=. So the angle between a and b is 6 = cos -1 ^-^= ^ 



63°. 



WW 5-v/5 S 

17. |a| = V3 2 + (-1) 2 + 5 2 = V35, |b| = ^(-2)2+42+32 = ^29, and a • b = (3)(-2) + (-1)(4) + (5)(3) = 5. Then 



cos 0 - 



a b 



and 



the angle between a and b is 9 = cos -1 (75^) « 81°. 



|a||b| y/35.y/29 VMS' 
19. |a| = ^4* + (-3)2 + 1* = v^6, |b| = V2 2 +0 2 + (-l) 2 = A and a • b = (4)(2) + (-3)(0) + (1)(-1) = 7. 

Then ™ 6 = jaMbT - ^obi - m m 6 = cos_1 im) m 52 °- 

21. Let p, <?, and r be the angles at vertices P, Q, and R respectively. 
Then p is the angle between vectors PQ and PR, q is the angle 
between vectors QP and QR, and r is the angle between vectors 
RP and .RQ. 

PQ- PR _ (-2,3) ■ (1,4) _ -2 + 12 _ 10 




Thus cosp = 



|^q| |^r| v /(- 2 ) 2 +3 2 v / F + 4^ V/13VT7 A21 



and 



p^os^-^) * 48°. Similarly, 



QP QR (2, -3) (3,1) 6-3 3 
cos q = ,_V, ,I_» t = , , = , — , — = , so q = cos 

v/4T9x/9+T v/Bv/lO VT30 



V\/i3oy 



and 



r«180°-(48° + 75°) =57°. 

Alternate solution: Apply the Law of Cosines three times as follows: cosp = 



QR 



PQ 



PR 



2 PQ PR 



cosg 



PR 



PQ 



2 PQ 



QR 



QR 



-, and cosr = 



PQ 



PR 



2 PR 



QR 



QR\ 



23. (a) a • b = (-5)(6) + (3)(-8) + (7)(2) = -40 # 0, so a and b are not orthogonal. Also, since a is not a scalar multiple 
of b, a and b are not parallel. 

(b) a • b = (4)(-3) + (6)(2) = 0, so a and b are orthogonal (and not parallel). 

(c) a • b = (-1)(3) + (2)(4) + (5)(-l) = 0, so a and b are orthogonal (and not parallel). 

(d) Because a = - § b, a and b are parallel. 

25. QP = (-1, -3, 2), QR = (4, -2, -1), and QP • QR = -4 + 6-2 = 0. Thus QP and QR are orthogonal, so the angle of 
the triangle at vertex Q is a right angle. 
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SECTION 12.3 THE DOT PRODUCT □ 121 

27. Let a = ai i + o 2 j + a 3 k be a vector orthogonal to both i + j and i + k, Then a • (i + j) = 0 <=> ai + a 2 = 0 and 
a • (i + k) = 0 <=> a x + a-i = 0, so ai = -a 2 "= -a 3 . Furthermore a is to be a unit vector, so 1 = a\ + a\ + a\ = 3a? 
implies oi = Thus a = ^ i - j - ^ kand a = i + ^ j + k are two such unit vectors. 

29. The line 2x - y = 3 <=> y = 2x - 3 has slope 2, so a vector parallel to the line is a = (1, 2). The line 3a; + y = 7 
y ss -3x + 7 has slope -3, so a vector parallel to the line is b = (1, -3). The angle between the lines is the same as the 
angle 6 between the vectors. Here we have a b = (1)(1) + (2)(-3) = -5, |a| = >/l 2 + 2 2 = s/E, and 

IM = V^TW = ^ so c,s0 = ±± = = j£ = __L or Thus i = m », and the 

acute angle between the lines is 180° - 135° = 45°. 

31. The curves y = x 2 and y = a; 3 meet when x 2 = x 3 x 3 -x 2 =0 <=> x 2 (x - 1) = 0 <=> x = 0, x = 1. We have 

t-^-x 2 = 2a; and -^-x 3 = 3x 2 , so the tangent lines of both curves have slope 0 at x = 0. Thus the angle between the curves is 
ax ax 

0° at the point (0, 0). For x = 1, jjg x 2 | =2 and — x 3 = 3 so the tangent lines at the point (1, 1) have slopes 2 and 

3. Vectors parallel to the tangent lines are (1, 2) and (1, 3), and the angle 6 between them is given by 

(1,2) -(1,3) 1 + 6 7 
C °^- |(1,2>| |(1,3>| ysvTo 5^2 



33. Since |(2, 1,2)| = \/4 + 1 + 4 = V9 = 3, using Equations 8 and 9 we have cos a = §, cos/3 = |, and COS7 = §. The 
direction angles are given by a = cos -1 (§) » 48°, /3 = cos -1 (|) 8* 71°, and 7 = cos -1 (§) = 48°. 

35. Since | i - 2 j - 3k| = VI + 4 + 9 = VU, Equations 8 and 9 give cosa = cos/3 = -=^, and C0S7 = -jL, while 
c^cos- 1 ^) «74°,/3 = co8- 1 (- ; %) « 122°, and 7 = cos" 1 (-^) « 143°. 

37. |(c, c, c)| = \/c 2 + c 2 + c 2 = \/3c [since c > 0], so cosa = cos/3 = C0S7 = -^=- = -^= and 

V3c V3 

a = P = 7 = cos"' fa^j W 55°. 

39. |a| = y/(-5) 2 + 12 2 = \/T69 = 13. The scalar projection of b onto a is comp a b = ^-p = ~ 5 '■ 4 + 12 ' 6 = 4 and the 

vector projection ofb onto a is proj a b= (^p) j^f = 4 ' T^" 5 ' 12 > = <~ f§> — if >- 

a ■ b 

41. |a| = y/9 + 36 + 4 = 7 so the scalar projection ofb onto a is comp„b = -y- = f (3 + 12 - 6) = f . The vector 
projection ofb onto a is proj a b = | ^ = | • ± (3, 6, -2) = £ (3, 6, -2) = (§, ff , - if). 

© 2012 Ccngagc teaming. All Rights Reserved. May not be scanned, copied, or duplicated, or posted to a publicly accessible website, in whole or in part. 

www.elsolucionario.net 



122 □ CHAPTER 12 VECTORS AND THE GEOMETRY OF SPACE 



43. |aj = y/4 + 1 + 16 = y/21 so the scalar projection of b onto a is comp a b s> ^r-^ = - — = — L= while the vector 

|*| V21 V21 

projection of b onto a is P roj a b m m ^ • ^'^^ = £(2i-j + 4k) = £i-£j + £k. 



45. (ortha b) • a = (b - proj a b) • a = b - a - (proj a b) • a = b a - ^-^ a a = b a - ^-^ |a| 2 = ba-ab = 0. 

M l a l 

So they are orthogonal by (7). 



a • b 

47. comp a b = -|-p = 2 « a ■ b = 2 |a| = 2 -fid. Ifb= (b u b 2 , 63), then we need 3&i + 06 2 - 1&3 = 2y/l0. 
One possible solution is obtained by taking 61 = 0, b 2 = 0, 63 = -2 \/T0. In general, b = (s, 3s - 2 /LO ),s,t6R. 

49. The displacement vector is D = (6 - 0) i + (12 - 10) j + (20 - 8) k = 6 i + 2 j + 12 k so, by Equation 12, the work done is 
W = F-D = (8i-6j + 9k) • (6i + 2j + 12k) = 48 - 12+108 = 144 joules. ' 

51. Here |D| = 80 ft, |F| = 30 lb, and 6 = 40°. Thus 

W = F • D = |F| |D| cos0 = (30)(80) cos40° = 2400cos40° « 1839 ft-lb. 

53. First note that n = (a, b) is perpendicular to the line, because If Qi = (ai, 61) and Q 2 = (a 2 , b 2 ) lie on the line, then 



n • Q1Q2 = ao. 2 — aai + 662 — 661 = 0, since aa 2 + 662 = — c = aa\ + bb\ from the equation of the line. 

Let P 2 = (x 2 ,y 2 ) lie on the line. Then the distance from Pi to the line is the absolute value of the scalar projection 

of^Konton. com Pn (ftft) = . feJaZgHzaM B ^-ax^-byA = 1^+^+4 

since ax 2 + 62/2 = -c. The required distance is K 3 X 2 )_H 4 )( 3 ) + 5 J _ * 

\/3 2 + (-4) 2 B 

55. For convenience, consider the unit cube positioned so that its back left corner is at the origin, and its edges lie along the 
coordinate axes. The diagonal of the cube that begins at the origin and ends at (1, 1, 1) has vector representation (1,1,1). 
The angle 0 between this vector and the vector of the edge which also begins at the origin and runs along the x-axis [that is, 



57. Consider the H — C — H combination consisting of the sole carbon atom and the two hydrogen atoms that are at ( 1 , 0, 0) and 
(0, 1,0) (or any H — C — H combination, for that matter). Vector representations of the line segments emanating from the 
carbon atom and extending to these two hydrogen atoms are (l - ^,0 — §,0 — \ ) = an d 
(0 — 5, 1 — 5,0 — \) — (—5, \, —\)- The bond angle, 0, is therefore given by 
(1 _I I _1\ _1_ Ul 1 

rns ft — \2' 2' 2/ \ 2>2' 2/ _ 4 4^4 _ ± _^ a _ ( 1 \ ~ 1 r.Q t:° 

^ * - i<l.-i-l>l K-l.i.-i>l " yfyf -J (-*)~ 109 - 5 - 
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SECTION 12.4 THE CROSS PRODUCT □ 123 

59. Let a = (flj , a 2 , a 3 ) and = (&i, 62, 6 3 ). 

Property 2: a • b = (ai,a 2 ,a 3 ) • (61,62,63) = ajbi +0262 + 0363 

= Mi + 6202 + 6 3 a 3 = (61,62,63) • (ai,a 2 ,a 3 > = b a 

Property 4: (ca) • b = (coi, C02, ca 3 ) • {61,62,63) = (cai)6i + (002)62 + (003)63 

= c(ai6i +0262 +0363) = c(a- b) =a!(c6i) + 02(062) +03(063) 
= (01,02,03) • (061,062,063) =a - (cb) 

Property 5: 0 • a = (0, 0, 0) ■ (01, Og, o 3 ) = (0)(a x ) + (0)(o 2 ) + (0)(a 3 ) = 0 

61. |a • b| = | |a| |b|cos0| = |a| |b| \cosd\. Since \cos0\ < 1, |a- b| = |a| |b| |cos 6\ < |a| |b|. 

Note: We have equality in the case of cos 0 = ±1, so 6 = 0 or 6 = 7r, thus equality when a and b are parallel. 



63. (a) 




The Parallelogram Law states that the sum of the squares of the 
lengths of the diagonals of a parallelogram equals the sum of the 
squares of its (four) sides. 



a 



(b) |a + b| 2 = (a + b) • (a + b) = |a| 2 + 2(a • b) + |b| 2 and |a - b| 2 = (a - b) • (a - b) = |a| 2 - 2(a • b) + |b| 2 . 
Adding these two equations gives |a + b| 2 + |a - b| 2 = 2 |a| 2 + 2 |b| 2 . 



12.4 The Cross Product 



0 


-2 


i - 


6 


-2 I 


6 


0 














8 


0 




0 


oP + 


0 


8 



i j k 
1. a x b = 6 0 -2 

0 8 0 

= [0 - (- 16)] i - (0 - 0) j + (48 - 0) k = 16 i + 48 k 

Now (a x b) a = (16,0,48) • (6,0,-2) = 96 + 0 - 96 = 0 and (a x b) • b = (16,0,48) ■ (0,8,0) = 0 + 0 + 0 = 0, so 
a x b is orthogonal to both a and b. 



i j 


k 












3 -2 




1 -2 




1 3 


1 3 


-2 






i — 




j + 










0 5 




-1 5 


-1 0 


-1 0 


5 















3. a x b 



■ = (15 - 0) i - (5 - 2) j + [0 - (-3)] k = 15 i - 3 j + 3k 
Since (a x b) • a = (15i - 3j + 3k) ■ (i + 3j - 2k) = 15 - 9 - 6 = 0, a x b is orthogonal to a. 
Since (a x b) • b = (15i - 3j + 3k) ■ (-i + 5 k) = -15 + 0 + 15 = 0, a x b is orthogonal to b. 
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i 


j 


k 




-1 -1 




1 


1 




i -i 


5. a x b = 


1 


-1 


-1 




1 \ 


i — 


\ 


i 


j + 


1 i 




§ 


1 


l 

2 







= H - (-i)] »- [\ - HJ] J + [i - C-f)] k = £ i - j + § k 

Now (a x b) • a = (± i - j + § k) • (i - j - k) = ± + 1 - § = 0 and 

(axb)b = (ii-j + f k) • (|i+j + ik) = i -1 + f =0, so ax bis orthogonal to both a and b. 



7. a x b = 



i j k 

t 1 l/t 
t 2 t 2 1 



1 l/t 




t l/t 


j + 


t i 


t 2 1 


i — 


e i 


t 2 t 2 



= (1 - t) i - {t - t) j + (t 3 - i 2 ) k = (1 - 1) i + (t 3 - t 2 )k 
Since (a x b) • a = (l - t, 0,t 3 -t 2 )- (t, 1, l/t) = t - t 2 + 0 + t 2 - t = 0, a x b is ortliogonal to a. 
Since (a x b) • b = (l - t, 0, t 3 - t 2 ) ■ (t 2 , t 2 , l) = t 2 - t 3 + 0 + i 3 - t 2 = 0, a x b is orthogonal to b. 

9. According to the discussion preceding Theorem 1 1, i x j = k, so (i x j) x k = k x k = 0 [by Example 2]. 

11. (j - k) x (k - i) = (j - k) x k + (j - k) x (-i) by Property 3 of Theorem 1 1 

= j x k + (-k) x k + j x (-i) + (-k) x (-i) by Property 4 ol'Theorem 1 1 

= (j x k) + (-l)(k x k) + (-l)(j x i) + (-l) 2 (k x i) by Property 2 of Theorem 1 1 

= i + (-1) 0 + (-l)(-k) + j = i + j + k by Example 2 and 

the discussion proceeding Theorem 1 



13. (a) Since b x c is a vector, the dot product a ■ (b x c) is meaningful and is a scalar. 

(b) b • c is a scalar, so a x (b e) is meaningless, as the cross product is defined only for two vectors. 

(c) Since b x c is a vector, the cross product a x (b x c) is meaningful and results in another vector. 

(d) b • c is a scalar, so the dot product a ■ (b • c) is meaningless, as the dot product is defined only for two vectors. 

(e) Since (a ■ b) and (c • d) are both scalars, the cross product (a • b) x (c • d) is meaningless. 

(f ) a x b and c x d are both vectors, so the dot product (a x b) • (c x d) is meaningful and is a scalar. 



15. If we sketch u and v starting from the same initial point, we see that the 
angle between them is 60°. Using Theorem 9, we have 

|u x v| = |u||v|sin0 = (12)(16)sin60° = 192 • ^ = 96 V%. 
By the right-hand rule, u x v is directed into the page. . 
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17. axb = 



b x a = 



i j k 

2-13 
4 2 1 



i j k 

4 2 1 
2-13 
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i — 
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-1 


3 
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3 


■2 


-1 



k = (-1 - 6) i - (2 - 12) j + [4 - (-4)] k = -7 i + 10 j + 8 k 



k= [6-(-l)]i-(12-2)j + (-4-4)k = 7i-10j-8k 
Notice a x b = -b x a here, as we know is always true by Property 1 of Theorem 1 1 . 
19. By Theorem 8, the cross product of two vectors is orthogonal to both vectors. So we calculate 



(3,2,1) x (-1,1,0) = 



i j k 

3 2 1 
-1 1 0 



2 


1 




3 1 




3 


2 






i — 




j + 






1 


0 




-1 0 




-1 


1 



k=-i-j + 5k. 



So two unit vectors orthogonal to both are * ^j== =| = ± ( g^'^ - ,hat is > (~ 575' "575 • 575 ) 

(373- di*-sS»)' 



21. Leta= (ai,a 2 ,a 3 ). Then 

i j k 

0 x a= 0 0 0 

ai a.2 a.3 



a x 0 = 



I j k 

Ol 0.2 03 

0 0 0 
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0 
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0 
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03 




ai 


a 3 
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a 2 I 
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i — 
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aj 


0 2 
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0 
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0 
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0 



k = 0, 



k = 0. 



23. a x b = (o 2 6 3 - o 3 6 2 , a 3 6i - 0163, 0162 - i 

= ((-l)(6 2 a 3 - b 3 a 2 ) , (-l)(6sai - 61 a 3 ) , (-l)(6,o 2 - Mi)) 
= — (6213 - 6312, 63O1 — 6103, 6ia 2 — 6oOi) = — b x a 

25. a x (b + c) = a x (61 + ci, 62 + C2, 63 + tss) 

= (02(63 + c 3 ) -03(62 + c 2 ), 03(61 + ci) - ai(6 3 + c 3 ) , ai(6 2 + c 2 ) - a 2 (fn +ci)) 

= (0263 + a 2 c 3 — 0362 — 03C 2 , 0361 + 03d — 0163 — 0103, 0162 + aic 2 — a 2 6i — a 2 ci) 

= ((0263 - 0362) + (02C3 - 0302) , (a 3 bi - 0163) + (a 3 ci - aic 3 ) , (ai& 2 - a 2 6i) + (aic 2 - a 2 ci)) 

= (0263 — 0362,0361 — ai6 3 ,oi6 2 — a 2 6i) + (a 2 c 3 — a 3 c 2 ,a 3 ci — oiC3,aic 2 — a 2 ci) 

= (a x b) + (a x c) 
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27. By plotting the vertices, we can see that the parallelogram is determined by the 

vectors AB = (2, 3) and AD = (4, -2). We know that the area of the parallelogram 
determined by two vectors is equal to the length of the cross product of these vectors. 

In order to compute the cross product, we consider the vector AB as the three- 
dimensional vector (2, 3, 0) (and similarly for AD), and then the area of 
parallelogram ABCD is 

i j k 




AB x AD\ = 



2 3 0 
4-2 0 



= |(0) i - (0) j + (-4 - 12) k| = |-16 k| = 16 



29. (a) Because the plane through P, Q, and R contains the vectors PQ and PR, a vector orthogonal to both of these vectors 
(such as their cross product) is also orthogonal to the plane. Here PQ = (-3, 1, 2) and PR = (3, 2, 4), so 

PQ x PR = ((1)(4) - (2)(2), (2)(3) - (-3)(4), (-3)(2) - (1)(3)) = (0, 18, -9) 

Therefore, (0, 18, -9) (or any nonzero scalar multiple thereof, such as (0, 2, -1)) is orthogonal to the plane through P, Q, 
andfl. 

(b) Note that the area of the triangle determined by P, Q, and R is equal to half of the area of the 
parallelogram determined by the three points. From part (a), the area of the parallelogram is 

| PQ x JPJ8:| = |(0, 18, -9)| = V0 + 324 + 81 = y/405 = 9y/b, so the area of the triangle is | ■ 9>/5 = fyf. 

31. (a) PQ = (4, 3, -2) and PR = (5, 5, 1), so a vector orthogonal to the plane through P, Q, and R is 

PQxPR= ((3)(1) - (-2)(5), (-2)(5) - (4)(1), (4)(5) - (3)(5)) = (13, -14, 5) [or any scalar mutiple thereof]. 

(b) The area of the parallelogram determined by PQ and PR is 

\PQ x P~r\ = |(13, -14, 5)| = v /13 a + (-14) a +5 2 = \/390, so the area of triangle PQR is £ 7390. 

33. By Equation 14, the volume of the parallelepiped determined by a, b, and c is the magnitude of their scalar triple product, 



l(4-2)-2(-4-4)+3(-l-2) = 9. 
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which is a • (b x c) = 

Thus the volume of the parallelepiped is 9 cubic units. 
35. a = PQ = (4, 2, 2), b = PR = (3, 3, -1), and c = PS = (5, 5, 1). 

a • (b x c) 
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= 32-16 + 0= 16, 



so the volume of the parallelepiped is 16 cubic units. 
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37. u • (v x w) = 
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= 4 + 60 - 64 = 0, which says that the volume 



of the parallelepiped determined by u, v and w is 0, and thus these three vectors are coplanar. 
39. The magnitude of the torque is |r| = |r x F| = |r| |F| sin0 = (0.18 m)(60 N) sin(70 + 10)° = 10.8sin80° « 10.6 Nm. 
41. Using the notation of the text, r = (0, 0.3, 0) and F has direction (0, 3, -4). The angle 0 between them can be determined by 



(0,0.3,0) -(0,3, -4) 
C0S °- 1(0,0.3,0)11(0,3,-4)1 



cos0 = 



0.9 



(0.3)(5) 



=> cos 0 = 0.6 =>• 0 « 53.1°. Then |t| = |i-||F| sin 0 



100 = 0.3 |F| sin 53.1° |F|«417N. 

43. From Theorem 9 we have |a x b| = |a| |b| sin 0, where 0 is the angle between a and b, and from Theorem 12.3.3 we have 
a • b = |a| |b| cos 0 |a| |b| = . Substituting the second equation into the first gives |a x b| = ^-^ sin 0, so 

J^^i=tan0.Here|axb| = |(l,2,2)| = ^1 +4 + 4 = 3, sotan0= 1^-^ = 4= = V3 0 = 60°. 

a • b a • b ^3 



45. (a) 




The distance between a point and a line is the length of the perpendicular 
from the point to the line, here |ps| = d. But referring to triangle PQS, 

d= \ps\ = bp|sin0= |b|sin0. But 0 is the angle between QP = b 



and QR = a. Thus by Theorem 9, sin0 = ^ pM 

m |t>[ 

, ,o . . |b| la x b| la x b| 
andso d =|b|sm0=Ul__l = L_J 



(b) a = QR = (-1, -2, -1) and b = QP = (1, -5, -7). Then 

a x b = ((-2)(-7) - (-l)(-5), (-1)(1) - (-l)(-7), (-l)(-5) - (-2)(1)) = (9, -8, 7). 



47. From Theorem 9 wc have |a x b| = |a |b| sin0 so 

|a x b| 2 = |a| 2 |b| 2 sin 2 0 = |a| 2 |b| 2 (1 - cos 2 0) 

= |a| 2 |b| 2 -(|a||b|cos0) 2 = |a| 2 |b| 2 -(a.b) 2 

by Theorem 12.3.3. 
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49. (a - b) x (a + b) = (a - b) x a + (a - b) x b by Property 3 of Theorem 1 1 

» 

= a x a+(-b) x a + a x b + (-b) x b by Property 4 of Theorem 1 1 

= (a x a) - (b x a) + (a x b) - (b x b) by Property 2 of Theorem 1 1 (with c = -1) 

= 0 - (b x a) + (a x b) - 0 by Example 2 

= (a x b) + (a x b) by Property 1 of Theorem 1 1 

= 2(a x b) 

51. a x (b x c) + b x (c x a) + c x (a x b) 

= [(a ■ c)b - (a • b)c] + [(b • a)c - (b • c)a] + [(c ■ b)a - (c i a)b] by Exercise 50 
= (a • c)b - (a • b)c + (a • b)c - (b • c)a + (b ■ c)a - (a • c)b = 0 

53. (a) No. If a ■ b = a • c, then a • (b - c) = 0, so a is perpendicular 1o b - c, which can happen if b j4 c. For example, 
let a = (1, 1, 1), b = (1, 0, 0) and c = (0, 1, 0). 

(b) No. If a x b = a x c then a x (b - c) = 0, which implies that a is parallel to b - c, which of course can happen 
if b ^ c. 

(c) Yes. Since a • c = a • b, a is perpendicular to b - c, by part (a). From part (b), a is also parallel to b - c. Thus since 
a ^ 0 but is both parallel and perpendicular to b - c, we have b - c = 0, so b = c. 

1 2.5 Equations of Lines and Planes 

1 (a) True; each of the first two lines has a direction vector parallel to the direction vector of the third line, so these vectors are 
each scalar multiples of the third direction vector. Then the first two direction vectors are also scalar multiples of each 
other, so these vectors, and hence the two lines, are parallel. . 

(b) False; for example, the x- and y-axes are both perpendicular to the z-axis, yet the x- and y-axes are not parallel. 

(c) True; each of the first two planes has a normal vector parallel to the normal vector of the third plane, so these two normal 
vectors are parallel to each other and the planes are parallel. 

(d) False; for example, the xy- and yz-planes are not parallel, yet they are both perpendicular to the xz-plane. 

(e) False; the x- and y-axes are not parallel, yet they are both parallel to the plane z = 1. 

(f ) True; if each line is perpendicular to a plane, then the lines' direction vectors are both parallel to a normal vector for the 
plane. Thus, the direction vectors arc parallel to each other and the lines are parallel. 

(g) False; the planes y = 1 and z = 1 are not parallel, yet they are both parallel to the x-axis. 

(h) True; if each plane is perpendicular to a line, then any normal vector for each plane is parallel to a direction vector for the 
line. Thus, the normal vectors are parallel to each other and the planes are parallel. 

r 

(i) True; see Figure 9 and the accompanying discussion. 
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( j) False; they can be skew, as in Example 3. 

(k) True. Consider any normal vector for the plane and any direction vector for the line. If the normal vector is perpendicular 
to the direction vector, the line and plane are parallel. Otherwise, the vectors meet at an angle 6, 0° < 6 < 90°, and the 
line will intersect the plane at an angle 90° - 0. 

3. For this line, we have r 0 = 2 i + 2.4 j + 3.5 k and v = 3 i + 2 j - k, so a vector equation is 

r = ro + t v = (2 i + 2.4 j + 3.5 k) + f (3 i + 2 j - k) = (2 + 3t) i + (2.4 + 2t) j + (3.5 - i) k and parametric equations are 
x = 2 + 3t, y = 2.4 + 2t, z = 3.5 - t 

5. A line perpendicular to the given plane has the same direction as a normal vector to the plane, such as 
n = (1, 3, 1>. So r 0 = i + 6k, and we can take v = i + 3 j + k. Then a vector equation is 

r = (i + 6k) + t(i + 3j + k) = (1 + t) i + 3t j + (6 + t) k, and parametric equations are x = 1 + t, y = 3t, z = 6 + 1. 

7. The vector v = (2 - 0, 1 - |, -3 - l) = (2, 5, -4) is parallel to the line. Letting P 0 = (2, 1, -3), parametric equations 

are x = 2 + 2t, y = 1 + it, z — -3 - At, while symmetric equations are = ^75- = £%- or 

I 1/2 —4 

___ 2 ,_ 2 ___ 

9. v = (3 - (-8), -2 - 1,4 - 4) = (11, -3, 0), and letting P 0 = (-8, 1,4), parametric equations are x = -8 + lit, 
y = 1 - 3t, z = 4 + Ot = 4, while symmetric equations arc = z=4. Notice here that the direction number 

z — 4 

c — 0, so rather than writing — - — in the symmetric equation we must write the equation z — 4 separately. 

ft The line has directions = (1, 2, 1). Letting P 0 = (1,-1, 1), parametric equations are x = 1 + t, y = -1 + It, z = 1+ t 

If + 1 

and symmetric equations are x - 1 = • _ =2-1. 

13. Direction vectors of the lines are «* = (-2 - (-4), 0 - (-6), -3 - 1) = (2, 6, -4) and 

v 2 = (5 - 10, 3 - 18, 14 - 4) = (-5, -15, 10), and since v 2 = -§ vi, the direction vectors and thus the lines are parallel. 

15. (a) The line passes through the point (1, -5, 6) and a direction vector for the line is (-1, 2, -3), so symmetric equations for 

(b) The line intersects the xi/-plane when z = 0, so we need - = V ^ 5 = ° ~ 6 or 1-1 =2 => x = - 1 , 

— 1 I —3 —1 

iLi5 =2 i/ = -1. Thus the point of intersection with the xy-plane is (-1, -1, 0). Similarly for the 2/z-plane, 

■ 

we need x = 0 b* 1 = y ^ 5 = -33- =* y = -3, z = 3. Thus the line intersects the yz-plane at (0, -3, 3). For 
the xz-plane, we need y = 0 ^— — = - = — ^- => a; = -f, 2 = -|. So the line intersects the xz-plane 



at (-|,0,-|). 
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I From Equation 4, the line segment from r 0 = 2 i - j + 4 k to n = 4 i + 6 j + k is 
r(i) = (1 - 0 r 0 + in = (1 - t)(2i - j + 4k) + t(4i + 6 j + k) = (2 i - j + 4k) + t(2 i + 7j - 3k), 0 < t < 1. 

19. Since the direction vectors {2, -1, 3) and (4, -2, 5) are not scalar multiples of each other, the lines aren't pa rallel. For the 
lines t o intersect, we must be able to find one value of t and one value of s that produce the same point from the respective 
param etric eq uations. Thus we need to satisfy the following three equations: 3 + 2t = 1 + 4s, 4 - t = 3 - 2s, 
1 + 3i = 4 + 5s. Solving the last two equations we get ( = 1, s = 0 and checking, we see that these values don't satisfy the 
first equation. Thus the lines aren't parallel and don't intersect, so they must be skew lines. 

21. Since the direction vectors (1, —2, —3) and (1, 3, —7) aren't scalar multiples of each other, the lines aren't parallel. Parametric 
equations of the lines are L\ : 1 = 2 + t, y = 3 — 2t, z = 1 — 3t and Li: x = 3 + s, y = -4 + 3s, z = 2 — 7s. Thus, for the 
lines to intersect, the three equations 2 4- 1 = 3 + s, 3 - 2t = — 4 + 3s, and 1 — 3t = 2 — 7s must be satisfied simultaneously. 
Solving the first two equations gives t = 2, s = 1 and checking, we see that these values do satisfy the third equation, so the 
lines intersect when t = 2 and s = 1, that is, at the point (4, —1, -5). 

23. Since the plane is perpendicular to the vector (1, -2, 5), we can take (1, -2, 5) as a normal vector to the plane. 
(0, 0, 0) is a point on the plane, so setting a = 1, b = -2, c = 5 and x 0 = 0, y 0 = 0, z 0 = 0 in Equation 7 gives 
l(x - 0) + (-2)(y - 0) + 5(2 - 0) = 0 or x - 2y + 5z = 0 as an equation of the plane. 

25. i + 4 j + k = (1, 4, 1) is a normal vector to the plane and (-1, 5, 3) is a point on the plane, so setting a - l,b = A,c= 1, 
x 0 = -1, yo — |, zo - 3 in Equation 7 gives l[a; - (-1)] + 4 (y - i) + l(z - 3) = 0 or x + 4y + z = 4 as an equation of 
the plane. 

27. Since the two planes arc parallel, they will have the same normal vectors. So we can take n = (5, -1, -1), and an equation of 
the plane is 5(i - 1) - l{y - (-1)] - l[z - (-1)] = 0 or 5z - y - z = 7. 

29. Since the two planes are parallel, they will have the same normal vectors. So we can take n = (1, 1, 1), and an equation of the 
plane is l(.r - 1) + 1 (1/ - |) + 1 (z - |) = 0 or x + y + z = % or 6x + 6y + 6z = 11. 

31. Here the vectors a = (1 - 0,0 - 1, 1 - 1) = (1,-1,0) and b = (1 - 0, 1 - 1, 0 - 1) = (1,0,-1) lie in the plane, so 
a x b is a normal vector to the plane. Thus, we can take n = a x b = (1 — 0, 0 + 1, 0 + 1) = (1, 1, 1). If Po is the point 
(0, 1, 1), an equation of the plane is l(x - 0) + l(y - 1) + l(z - 1) = 0 or x + y + z = 2. 

33. Here the vectors a = (8 - 3, 2 - (-1), 4 - 2) = (5, 3, 2) and b = (-1 - 3, -2 - (-1), -3 - 2) = (-4, -1, -5) lie in 
the plane, so a normal vector to the plane is n = a x b = (-15 + 2, -8 + 25, -5 + 12) = (-13, 17, 7) and an equation of 
the plane is -13(i - 3) + 17[y - (-1)] + 7(z - 2) = 0 or -13a: + 17y + 7z = -42. 

35. If we first find two nonparallel vectors in the plane, their cross product will be a normal vector to the plane. Since the given 
line lies in the plane, its direction vector a = (-2, 5, 4) is one vector in the plane. We can verify that the given point (6, 0, -2) 
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docs not lie on this line, so to find another nonparallei vector b which lies in the plane, we can pick any point on the line and 
find a vector connecting the points. If we put t = 0, we see that (4, 3, 7) is on the line, so 

b = (6 - 4, 0 - 3, -2 - 7) = (2, -3, -9) and n = a x b = (-45 + 12, 8 - 18, 6 - 10) = (-33, -10, -4). Thus, an 
equation of the plane is -33(i - 6) - 10(y - 0) - 4[z - (-2)] = 0 or 33x + lOy + 4z = 190. 

37. A direction vector for the line of intersection is a = ni x n 2 = (1, 1, -1) x (2, -1,3) = (2, -5, -3), and a is parallel to the 
desired plane. Another vector parallel to the plane is the vector connecting any point on the line of intersection to the given 
point (-1, 2, 1) in the plane. Setting x = 0, the equations of the planes reduce to y - z - 2 and -y + 3z = 1 with 
simultaneous solution y = \ and z = §. So a point on the line is (0, \ y §) and another vector parallel to the plane is 
(-l,-f,-|). Then a normal vector to the plane isn= (2,-5,-3) x -§} = (-2,4,-8) and an equation of 

the plane is -2(x + 1) + 4{y - 2) - 8(2 - 1) = 0 or x - 2y + 4* = -1. 

39. If a plane is perpendicular to two other planes, its normal vector is perpendicular to the normal vectors of the other two planes. 
Thus (2, 1, -2) x (1, 0, 3) = (3 - 0, -2 - 6, 0 - 1) = (3, -8, -1) is a normal vector to the desired plane. The point 
(1,5, 1) lies on the plane, so an equation is 3(x - 1) - 8{y - 5) - (z — 1) = 0 or 3a; — 8y - z = -38. 



41. To find the x-intercept we set y = z = 0 in the equation 2x + by + z = 10 
and obtain 2s = 10 =t> x = 5 so the x-intercept is (5, 0, 0). When 

x = z = 0 weget5y = 10 => y = 2, so the t/-intercept is (0, 2, 0). 

■ 

Setting x = y = 0 gives z = 10, so the 2-intercept is (0, 0, 10) and we 
graph the portion of the plane that lies in the first octant. 



(0,0,10) 



43. Setting y = z = 0 in the equation 6z - 3y + 4z = 6 gives 6x = 6 => 
x = 1, when 1 = z = 0 we have -3i/ = 6 y = -2, and x = ?/ = 0 
implies 4z = 6 =>■ z = f, so the intercepts are (1, 0, 0), (0, -2,0), and 

(0, 0, |). The figure shows the portion of the plane cut off by the coordinate 
planes. 




(0,-2,0) 



^sTsiibstitute the parametric equations of the line into the equation of the plane: (3 — t) — (2 + 1) + 2(5t) =9 => 

8t = 8 =>• t = 1. Therefore, the point of intersection of the line and the plane is given byx = 3- l=2, j/ = 2 + l=3, 
and z = 5(1) = 5, that is, the point (2, 3, 5). 

47. Parametric equations for the line are x = t, y = 1 + t, z = |t and substituting into the equation of the plane gives 
4(*)-(X+*) + 3(!«)=« *» fi = 9 « = 2. Thusx = 2,y= 1 + 2 = 3,2= |(2) = 1 and the point of 
lis (2,3,1). 
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49. Setting x = 0, we see that (0, 1, 0) satisfies the equations of both planes, so that they do in fact have a line of intersection. 
V = n, X Ha as (1,1,1) X (1, 0, 1) = (1, 0, -1) is the direction of this line. Therefore, direction numbers of the intersecting 
line are 1, 0, -I. 

51. Normal vectors for the planes are m = (1, 4, -3) and n 2 = (-3, 6, 7), so the normals (and thus the planes) aren't parallel. 
But m n 2 = -3 + 24 - 21 = 0, so the normals (and thus the planes) are perpendicular. 

53. Normal vectors for the planes are ni = (1, 1, 1) and no = (1, —1, 1). The normals are not parallel, so neither are the planes. 
Furthermore, ni • n 2 = 1 — 1 + 1 = 1 # 0, so the planes aren't perpendicular. The angle between them is given by 

^6=^-^ = ^= = \ * 0 = cos" 1 (§)* 70.5°. 
|ni| |n»| \/3\/3 3 K3 > 

55. The normals are m = (1, —4, 2) and n 2 = (2, —8,4). Since n 2 = 2nj, the normals (and thus the planes) are parallel. 

57. (a) To find a point on the line of intersection, set one of the variables equal to a constant, say z = 0. (This will fail if the line of 
intersection does not cross the xy-plane; in that case, try setting x or y equal to 0.) The equations of the two planes reduce 
to x + y = 1 and x + 2y = 1. Solving these two equations gives x = 1, y = 0. Thus a point on the line is (1, 0, 0). 
A vector v in the direction of this intersecting line is perpendicular to the normal vectors of both planes, so we can take 
v = m x n 2 = (1, 1,1) x (1,2,2) = (2-2,1 - 2,2 - 1) = (0,-1,1). By Equations 2, parametric equations for the 
line are x = 1, y = -t, z = t. 

(b) The angle between the planes satisfies cos0 = "V . n2 . = 1 + 2 + 2 - _^L_. Therefore 0 = cos -1 [ — ] « 15.8°. 

59. Setting 2 = 0, the equations of the two planes become 5x - 2y = 1 and 4x + y = 6. Solving these two equations gives 
x = 1, y = 2 so a point on the line of intersection is (1, 2, 0). A vector v in the direction of this intersecting line is 
perpendicular to the normal vectors of both planes. So we can use v = m x n 2 = (5, -2, -2) x (4, 1, 1) = (0, -13, 13) or 

y 2 Z 

equivalently we can take v = (0,-1, 1), and symmetric equations for the line are x = 1, — — = y or a; = 1, y-2 = -z. 

61. The distance from a point (x,y, z) to (1, 0, -2) adi = y/(x - l) 2 + y 2 + (z + 2) 2 and the distance from (x,y,z) to 
(3, 4, 0) is d 2 - v/p - 3) 2 + (y- 4) 2 + z 2 . The plane consists of all points (x, y, z) where d x = d 2 => df = dl <=> 
(x - l) 2 + y 2 + (z + 2) 2 = (x - 3) 2 + (y - 4) 2 + z 2 & 

x 2 - 2x + y 3 + z 2 + 4z + 5 = x 2 - ox + y 2 - 8y + z 2 + 25 # 4.x + 8y + 4z = 20 so an equation for the plane is 
4x + 8y + 4z = 20 or equivalently x + 2y + z = 5. 

Alternatively, you can argue that the segment joining points (1,0, —2) and (3, 4, 0) is perpendicular to the plane and the plane 
includes the midpoint of the segment. 

63. The plane contains the points (a, 0, 0), (0, b, 0) and (0, 0, c). Thus the vectors a = (-a, 6, 0) and b = (-a, 0, c) lie in the 
plane, and n = a x b = (be - 0, 0 + ac, 0 + ab) = {be, ac, ab) is a normal vector to the plane. The equation of the plane is 
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therefore bcx + acy + abz = abc + 0 + 0 or bcx + acy + abz = abc. Notice that if a ^ 0, 6 ^ 0 and c ^ 0 then we can 

rewrite the equation as - + \ + - = 1. This is a good equation to remember! 

abc 

65. Two vectors which are perpendicular to the required line are the normal of the given plane, (1, 1, 1), and a direction vector for 
the given line, (1, -1,2). So a direction vector for the required line is (1, 1, 1) x (1, —1,2) = (3, —1, —2). Thus L is given 
by (x, y, z) = (0, 1, 2) + t(3, -1, -2), or in parametric form, x = 3t, y = 1 - t, z = 2 - 2t. 

67. Let Pi have normal vector m. Then m = (3, 6, -3), n 2 = {4, -12, 8), n 3 = (3, -9, 6), 114 = (1, 2,-1). Now m = 3ri4, 
so m and n 4 are parallel, and hence Pi and Pi are parallel; similarly P 2 and P 3 are parallel because n 2 = |n 3 . However, ni 
and n 2 are not parallel (so not all four planes are parallel). Notice that the point (2, 0, 0) lies on both Pi and P4, so these two 
planes are identical. The point (f , 0, 0) lies on P 2 but not on P 3 , so these are different planes. 

69. Let Q = (1, 3, 4) and R = (2, 1, 1), points on the line corresponding to i = 0 and t = 1. Let 
P = (4, 1, -2). Then a = QR = (1, -2, -3), b = QP = (3, -2, -6). The distance is 



|axb| -2,-3) x (3, -2, -6)| 1(6,-3,4)1 y'ffl + (-3)' + 4 2 _ y/61 /ST 

|a| |(l,-2,-3)| |(l,-2,-3)| ^r- + (_ 2) 2 % ( _ 3)a ~ V 14" 

71. By Equation 9, the distance Is D = Itt +j ^ + + * = |3(1) + 2(-2) + 6(4) - 5| = M = M 

73. Put y = z = 0 in the equation of the first plane to get the point (2, 0, 0) on the plane. Because the planes are parallel, the 
distance D between them is the distance from (2, 0, 0) to the second plane. By Equation 9, 

1 

D _ |4(2) - 6(0) + 2(0) — 3| _ 5 = 5 5 y/ll 
y^ 2 + (-6) 2 + (2) 2 v/56 2s/U° T 28 ' 

75. The distance between two parallel planes is the same as the distance between a point on one of the planes and the other plane. 

Let P 0 = (so, yo, zo) be a point on the plane given by ax + by + cz + di = 0. Then ax Q + by 0 + cz 0 + di = 0 and the 

distance between P 0 and the plane given by ax + by + cz + d 2 = 0 is, from Equation 9, 

D _ \axo + byp + cz 0 + d 2 1 = + d s \ _ , \di - <h\ 

Va 2 + b 2 + c°- Va 2 + b 2 + c 2 ~ Va* + b 2 + c 2 ' 

7T.L l :x = y = z => x = y (1). L 2 : x + 1 = y/2 = z/3 a» a; + 1 = y/2 (2). The solution of (I) and (2) is 
x = y = -2. However, whenx = -2, x — z z = -2, but a; + 1 = z/3 => z = -3, a contradiction. Hence the 
lines do not intersect. For Li, vi = (1, 1, 1), and for L 2 , v 2 = (1, 2, 3), so the lines are not parallel. Thus the lines are skew 
lines. If two lines are skew, they can be viewed as lying in two parallel planes and so the distance between the skew lines 
would be the same as the distance between these parallel planes. The common normal vector to the planes must be 
perpendicular to both (1, 1, 1) and (1, 2, 3), the direction vectors of the two lines. So set 
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n= (1,1,1) x (1,2,3) = (3-2,-3 + 1,2- 1) = (1,-2,1). From above, we know that (-2, -2, -2) and (-2, -2, -3) 
are points of Li and L2 respectively. So in the notation of Equation 8, l(-2) - 2(-2) + l(-2) + di = 0 =s- di = 0 and 
l(-2) - 2(-2) + l(-3) + d 2 = 0 =* rf 2 = L 

By Exercise 75, the distance between these two skew lines is D = J= I! - = -4=. 

VI +4 + 1 v/6 

Alternate solution (without reference to planes): A vector which is perpendicular to both of the lines is 

n = (1,1,1) x (1,2,3) = (1,-2,1). Pick any point on each of the lines, say (-2, -2, -2) and (-2, -2, -3), and form the 

vector b = (0, 0, 1) connecting the two points. The distance between the two skew lines is the absolute value of the scalar 



tUt . _ |n-b| |1 ■ 0 — 2 - 0+ 1 ■ 1| 1 

proiection of b along n, that is, D = 1 . . 1 = . = 

n| ■/1 + 4 + 1 \/6 



79. A direction vector for L\ is vi = (2, 0, -1) and a direction vector for L 2 is v 2 = (3, 2, 2). These vectors are not parallel so 
neither are the lines. Parametric equations for the lines are L\ \ x = 2t, y = 0, z = -t, and L 2 : x = 1 + 3s, y = -1 + 2s, 
z = 1 + 2s. No values of t and s satisfy these equations simultaneously, so the lines don't intersect and hence are skew. We 
can view the lines as lying in two parallel planes; a common normal vector to the planes is n = vi x v 2 = (2, —7, 4). Line 
Li passes through the origin, so (0, 0, 0) lies on one of the planes, and.(l, —1, 1) is a point on L 2 and therefore on the other 
plane. Equations of the planes then are 2x — 7y + 4z = 0 and 2x — 7y + 4z — 13 = 0, and by Exercise 75, the distance 

between the two skew lines is D — 1° (~ 13 ) j_ _ _L^_ 

v/4 + 49 + 16 

Alternate solution (without reference to planes): Direction vectors of the two lines are vi = (2, 0, —1) and v 2 = (3, 2, 2). 
Then n = Vi x v 2 = (2, —7, 4) is perpendicular to both lines. Pick any point on each of the lines, say (0, 0, 0) and (1, —1, 1), 
and form the vector b = (1,-1, 1) connecting the two points. Then the distance between the two skew lines is the absolute 

value of the scalar projection of b along n, that is, D = = = |g=j=| g = ^gp- 

81. If o ^ 0, then ax + by + cz + d = 0 => a(x + d/a) + b(y - 0) + c(z - 0) = 0 which by (7) is the scalar equation of the 
plane through the point {-d/a, 0, 0) with normal vector (a, 6, c). Similarly, if b / 0 (or if c / 0) the equation of the plane can 
be rewritten as a(x - 0) + b(y + d/b) + c(z - 0) = 0 [or as a(x - 0) + b(y - 0) + c(z + d/c) = 0] which by (7) is the 
scalar equation of a plane through the point (0, -d/b, 0) [or the point (0, 0, -d/c)] with normal vector (a, 6, c). 
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12.6 Cylinders and Quadric Surfaces 



1. (a) In IK 2 , the equation y = x 2 represents a parabola. 



ition y = x 2 doesn't involve z, so any 
horizontal plane with equation z = k intersects the graph 
in a curve with equation y = x 2 . Thus, the surface is a 




copies of the same parabola, 
the z-axis. 



are parallel to 



(c) In K 3 , the equation z — y 2 also represents a parabolic 
cylinder. Since x doesn't appear, the graph is formed by 
moving the parabola z = y 2 in the direction of the a; -axis. 
Thus, the rulings of the cylinder are parallel to the x'-axis. 




3. Since y is missing from the equation, the vertical traces 
x 2 + z 2 = 1, y = k, are copies of the same circle in 
the plane y = k. Thus the surface x 2 + z 2 = 1 is a 
circular cylinder with rulings parallel to the y-axis. 



5. Since x is missing, each vertical trace z = 1 — y 2 , 




x = I 



x = k. Thus the surface z = 1 - y 2 is a parabolic 
cylinder with rulings parallel to the rc-axis. 
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7. Since z is missing, each horizontal trace xy = 1, 
z = ft, is a copy of the same hyperbola in t 
z = k. Thus the surface xy = 1 is 
cylinder with rulings parallel to the z-axis. 




9. (a) The traces of x 2 + y 2 - z 2 = 1 in x = k are y 2 - z 2 = 1 - ft 2 , a family of hyperbolas. (Note that the hyperbolas are 
oriented differently for -1 < k < 1 than for k < -1 or ft > 1.) The traces in {/ = ft are x 2 - z 2 s= 1 - ft 2 , a similar 
family of hyperbolas. The traces in z = ft are x 2 + y 2 = 1 + ft 2 , a family of circles. For ft = 0, the trace in the 
xy-plane, the circle is of radius 1. As |fe| increases, so does the radius of the circle. This behavior, combined with the 
hyperbolic vertical traces, gives the graph of the hypcrboloid of one sheet in Table 1 . 



(b) The shape of the surface is unchanged, but the hyperboloid is 
rotated so that its axis is the y-axls. Traces in y = ft are circles, 
while tracesinx = ftandz = J 



! + l) 2 - z 2 = L The 
surface is a hyperboloid identical to the one in part (a) but shifted 
one unit in the negative ^-direction. 



(0,-2,0) 




11. For x = y + 4z , the traces in x = ft are y 2 + 4z 2 = ft. When ft > 0 we 
have a family of ellipses. When k = 0 we have just a point at the origin, and 
the trace is empty for ft < 0. The traces in y = ft are x = 4z 2 + ft 2 , a 
family of parabolas opening in the positive x-direction. Similarly, the traces 
inz = fcarex = i/ 2 + 4fc 2 , a family of parabolas opening in the positive 
x-direction. We recognize the graph as an elliptic paraboloid with axis the 
x-axis and vertex the origin. 
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13. x 2 = y 2 + 4z 2 . The traces in x = k are the ellipses y 2 + 4z 2 = k 2 . The 
traces in y = k are x 2 - 4z 2 = k 2 , hyperbolas for k ft 0 and two 
intersecting lines if k = 0. Similarly, the traces in z = k are 
x 2 - y 2 = 4fc 2 , hyperbolas for k / 0 and two intersecting lines if fc = 0. 
We recognize the graph as an elliptic cone with axis the x-axis and vertex 




15. -x 2 + 4j/ 2 - z 2 = 4. The traces inx = k are the hyperbolas 

4y 2 - z 2 = 4 + k 2 . The traces in y = k are x 2 + z 2 = 4/c 2 - 4, a family of 
circles for |fc| > 1, and the traces in z = k are 4y 2 - x 2 = 4 + k 2 , a family 
of hyperbolas. Thus the surface is a hyperboloid of two sheets with 
axis the y-axis. 



17. 36x 2 + y 2 + 36z 2 = 36. The traces in x = k are y 2 + 36z 2 = 36(1 - Jfc 2 ), 
a family of ellipses for \k\ < 1. (The traces are a single point for = 1 
and are empty for \k\ > 1.) The traces in y = k are the circles 
36x 2 + 362 2 = 36 - k 2 o x 2 + z 2 = 1 - ^fc 2 , jfc| < 6, and the 
traces in z = k are the ellipses 36x 2 + y 2 = 36(1 - A: 2 ), < 1. The 
graph is an ellipsoid centered at the origin with intercepts x = ±1, y = ±6, 
z = ±1. 

19. y = z 2 - x 2 . The traces in x = k are the parabolas y = z 2 -k 2 \ 

the traces in y = k are k = z 2 - x 2 , which are hyperbolas (note the hyperbolas 
are oriented differently for k > 0 than for k < 0); and the traces in z = k are 

\ 2 2 

the parabolas y = k 2 — x 2 . Thus, * = ^ _ yj is a hyperbolic paraboloid. 





2 2 

Z 



21. This is the equation of an ellipsoid: x 2 + 4y 2 + 9z 2 = x 2 + ^ 2 + Z 2 = 1, with x-intercepts ±1, y-intercepts ±| 

(1/2) (1/3) 

and z-intercepts ±5. So the major axis is the x-axis and the only possible graph is VII. 

23. This is the equation of a hyperboloid of one sheet, with o = b = c = 1. Since the coefficient of y 2 is negative, the axis of the 
hyperboloid is the y-axis, hence the correct graph is H. 
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25. There are no real values of x and z that satisfy this equation for y < 0, so this surface does not extend to the left of the 
xz -plane. The surface intersects the plane y = k > 0 in an ellipse. Notice that y occurs to the first power whereas x and z 
occur to the second power. So the surface is an elliptic paraboloid with axis the y-axis. Its graph is VI. 

27. This surface is a cylinder because the variable y is missing from the equation. The intersection of the surface and the xz-p\ane 
is an ellipse. So the graph is VIII. 



29. y 2 = x 2 + ^z 2 or y 2 = x 2 + -— represents an elliptic 
cone with vertex (0, 0, 0) and axis the y-axis. 




31. x 2 + 2y - 2z 2 - 0 or 2y = 2z 2 - x 2 or y = z 2 - : — 



2 



represents a hyperbolic paraboloid with center (0, 0, 0). 




I z gives 

4z 2 + (y-2) 2 +4(2-3) 2 = 4or 
z 2 + ^£ + (z-3) 2 = l,an 




(0.4.3) 



35. Completing squares in all three variables gives 
(3; _2) 2 -(y + l) 2 + (z-l) 2 = 0or 
(y + l) 2 = ( x - 2) 2 + {z - l) 2 , a circular cone with 
center (2, -1, 1) and axis the horizontal line x = 2, 

2 = 1. 



(2,-1.1) 




37. Solving the equation for z we get z = ±y/l +4x 2 +y 2 , so we plot separately z = y/l + 4x 2 +y 2 and 
2 = -y/l+Ax 2 +y 2 . 

4, 





© 2012 Ccnga B c Learning. All Rights Reserved. May nol be scanned, eonicd. or duplicated, or posted In I publicly accessible website, in whole or in part. 

www.elsolucionario.net 



SECTION 12.6 CYLINDERS AND QUADRIC SURFACES □ 139 



To restrict the z-range as in the second graph, we can use the option view = -4 . . 4 in Maple's plot3d 
PlotRange -> {-4, 4} in Mathematical Plot3D command. 

39. Solving the equation for z we get z = ± v /4x 2 ±i/ 2 , so we plot separately z = y^x 2 + y 2 and z = - ,/4x 2 + y 2 . 



41. 






43. The surface is a paraboloid of revolution (circular paraboloid) with vertex at 
the origin, axis the y-axis and opens to the right. Thus the trace in the 
2/z-plane is also a parabola: y = z 2 ,x = 0. The equation is y = z 2 + z 2 . 



The parabola 




45. Let P = (x, y, z) be an arbitrary point equidistant from ( — 1,0, 0) and the plane x = 1. Then the distance from P to 
(-1, 0, 0) is y/(x + l) 2 + y 2 + z 2 and the distance from P to the plane x = 1 is \x - 1| /vT 2 = \x - 1| • 
(by Equation 12.5.9). So \x - 1| = y/$ + l) 2 + y 2 + z 2 o (x - l) 2 = (x + l) 2 + y 2 + z 2 o 
x 2 - 2x + 1 = x 2 + 2x + 1 + y 2 + z 2 -Ax = y 2 + z 2 . Thus the collection of all such points P is a circular 

paraboloid with vertex at the origin, axis the x-axis, which opens in the negative direction. 

x 2 v 2 z 2 

47. (a) An equation for an ellipsoid centered at the origin with intercepts x = ±a,y = ±b, and z = ±c is + ^ + — = 1. 

a* b* c l 

Here the poles of the model intersect the z-axis at z = ±6356.523 and the equator intersects the x- and y-axes a t 
x = ±6378.137, y = ±6378.137, so an equation is 



+ 



(b) Traces in z = k are the circles 



(6378.137) 2 (6378.137) 2 (6356.523) 2 
V 2 ' . k° 



= 1 



(6378.137) 2 + (6378. 137) 2 



= 1 - 



(6356.523) 2 
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(c)' 



' the traces in y = rnx we substitute y = I 



tion of the ellipsoid: 



(rax) 2 



(6378.137) 2 (6378.137) 2 (6356.523) 2 



z 2 



1 

= 1 



(6378.137)7(1 +m 2 ) + (G356.523) 2 
As expected, this is a family of ellipses. 

49. If (a,b,c) satisfies z = y 2 - x 2 , then c = b 2 - a 2 . %: x = a + t, y = b + t, z = c + 2(6 - a)t, 

Li: x = a . + i, y = b — t, z == c - 2(b -f a,)t. Substitute the parametric equations of Li into tlie equation 
of the hyperbolic paraboloid in order to find the points of intersection: z = y 2 — x 2 => 

C+2(6- a)t = (b + t) 2 - (a + tf = b 2 - a 2 + 2{b - a)t => c = b 2 - a 2 . As this is true forall values of t, 
$i lies on z = y 2 - x 2 . Performing similar operations with L 2 gives: z = y 2 - x 2 

c - 2{b + a)t = (6 - i) 2 - (a + i) 2 = b 2 - a 2 - 2(6 + a)t ^> c = b 2 - a 2 . This tells us that all of L 2 also lies on 
z = y 2 -x 2 .- 



51. 




The curve of intersection looks like a bent ellipse. The projection 
of this curve onto the xy-plane is the set of points (x, y, 0) which 
satisfy x 2 + y 2 = 1 - y 2 x 2 + 2y 2 = 1 



x 2 + 



(1/v^)' 



= 1. This is an equation of an ellipse. 



12 Review 



CONCEPT CHECK 



1. A scalar is a real number, while a vector is a quantity that has both a real-valued magnitude and a direction. 

2. To add two vectors geometrically, we can use either.the Triangle Law or the Parallelogram Law, as illustrated in Figures 3 
and 4 in Section 12.2. Algebraically, we add the corresponding components of the vectors. 

3. For c> 0, ca is a vector with the same direction as a and length c times the length of a. If c < 0, ca points in the opposite 

I 

direction as a and has length |c| times the length of a. (See Figures 7 and 1 5 in Section 12.2.) Algebraically, to find ca we 
multiply each component of a by c. 

4. See(l) in Section 12.2. 

5. See Theorem 12.3.3 and Definition 12.3.1. 



© 2012 Ccngagc Lcnmini:. All Rights Reserved. May nol lie scanned, copied, or duplicated, or posted 10 a publicly accessible website, in whole or in part. 

www.elsolucionario.net 



CHAPTER 12 REVIEW □ 141 

6. The dot product can be used to find the angle between two vectors and the scalar projection of one vector onto another. In 
particular, the dot product can determine if two vectors are orthogonal. Also, the dot product can be used to determine the 
work done moving an object given the force and displacement vectors. 

7. See the boxed equations as well as Figures 4 and 5 and the accompanying discussion on page 828 [ET 804]. 

8. See Theorem 12.4.9 and the preceding discussion; use either (4) or (7) in Section 12.4. 

9. The cross product can be used to create a vector orthogonal to two given vectors as well as to determine if two vectors are 
parallel. The cross product can also be used to find the area of a parallelogram determined by two vectors. In addition, the 
cross product can be used to determine torque if the force and position vectors are known. 

10. (a) The area of the parallelogram determined by a and b is the length of the cross product: |a x b|. 

(b) The volume of the parallelepiped determined by a, b, and c is the magnitude of their scalar triple product: |a • (b x c)|. 

11. If an equation of the plane is known, it can be written as ax + by + cz + d = 0. A normal vector, which is' perpendicular to the 
plane, is (a, 6, c) (or any scalar multiple of (a, b, c)). If an equation is not known, we can use points on the plane to find two 
non-parallel vectors which lie in the plane. The cross, product of these vectors is a vector perpendicular to the plane. 

12. The angle between two intersecting planes is defined as the acute angle between their normal vectors. We can find this angle 
using Corollary 12.3.6. 

13. See (l), (2), and (3) in Section 12.5. 

14. See (5), (6), and (7) in Section 12.5. 

15. (a) Two (nonzero) vectors are parallel if and only if one is a scalar multiple of the other. In addition, two nonzero vectors are 

parallel if and only if their cross product is 0. 

(b) Two vectors arc perpendicular if and only if their dot product is 0. 

(c) Two planes arc parallel if and only if their normal vectors are parallel. 

16. (a) Determine the vectors PQ = (a. ,a 2 ,a 3 ) and PR = (61,62,63). If there is a scalar t such that 

(ai, ai, a 3 ) = t (61, 62, 63), then the vectors are parallel and the points must all lie on the same line. 

Alternatively, if PQ x PR = 0, then PQ and PR are parallel, so P, Q, and R are collinear. 

Thirdly, an algebraic method is to determine an equation of the line joining two of the points, and then check whether or 
not the third point satisfies this equation. 

(b) Find the vectors PQ = a, PR = b, PS = c. a x b is normal to the plane formed by P, Q and R, and so S lies on this 
plane if a x b and c are orthogonal, that is, if (a x b) • c = 0. (Or use the reasoning in Example 5 in Section 12.4.) 
Alternatively, find an equation for the plane determined by three of the points and check whether or not the fourth point 
satisfies this equation. 
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17. (a) See Exercise 12.4.45. 

(b) See Example 8 in Section 12.5. 

(c) See Example 10 in Section 12.5. 

18. The traces of a surface are the curves of intersection of the surface with planes parallel to the coordinate planes. We can find 
the trace in the plane X = k (parallel to the yz-plane) by setting x = k and determining the curve represented by the resulting 
equation. Traces in the planes y = k (parallel to the x2-plane) and z = k (parallel to the z?/-plane) are found similarly. 

19. See Table 1 in Section 12.6. 

TRUE-FALSE QUIZ 

1. This is false, as the dot product of two vectors is a scalar, not a vector. 

3. False. For example, if u = i and v = j then |u • v| = |0| = 0 but |u| |v| = 1 • 1 = 1. In fact, by Theorem 12.3.3, 
|u-v| = ||u| |v|cos0|. 

5. True, by Theorem 12.3.2, property 2. 

7. True. If 0 is the angle between u and v, then by Theorem 12.4.9, |u x v| = |u| |v| sir±0 = |v| |u| sin 6 = |v x u|. 
(Or, by Theorem 12.4.11, |u x v| = |-v x u| = |-1| |v x u| = |v x u|.) 

9. Theorem 12.4.1 1, property 2 tells us that this is true. 

11. This is true by Theorem 12.4.1 1, property 5. 

13. This is true because u x v is orthogonal to u (see Theorem 1 2.4.8), and the dot product of two orthogonal vectors is 0. 

15. This is false. A normal vector to the plane is n = (6, —2, 4). Because (3, —1,2) = ^n, the vector is parallel to n and hence 
perpendicular to the plane. 

17. This is false. In R 2 , x 2 + y 2 = 1 represents a circle, but {(x,y,z) \ x 2 + y 2 = 1} represents a three-dimensional surface, 
namely, a circular cylinder with axis the z-axis. 

19. False. For example, i ■ j = 0 but i ^ 0 and j ^ 0. 

21. This is true. If u and v are both nonzero, then by (7) in Section 12.3, u • v = 0 implies that u and v are orthogonal. But 
u x v = 0 implies that u and v are parallel (see Corollary 12.4.10). Two nonzero vectors can't be both parallel and 
orthogonal, so at least one of u, v must be 0. 
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1. (a) The radius of the sphere is the distance between the points (—1, 2, 1) and (6, —2, 3), namely, 

y/[6 - (-1)] 2 + (-2 - 2) 2 + (3 - l) 2 = >/69. By the formula for an equation of a sphere (see page 813 [ET 789]), 
an equation of the sphere with center (-1, 2, 1) and radius is (x + l) 2 + (y - 2) 2 + (z - l) 2 = 69. 

(b) The intersection of this sphere with the j/2-plane is the set of points on the sphere whose x-coordinate is 0. Putting i = 0 
into the equation, we have {y - 2) 2 + (*- l) 2 = 68, x = 0 which represents a circle in the yz-plane with center (0, 2, 1) 
and radius y/68. 

(c) Completing squares gives (x - 4) 2 + (y + l) 2 + (z + 3) 2 = -1 + 16 + 1 + 9 = 25. Thus the sphere is centered at 
(4,-1,-3) and has radius 5. 

3. u v = |u||v|cos45° = {2)(3)^ = 3v/2. |u x v| = |u||v|sin45° = (2)(3)^ =3^. 
By the right-hand rule, u x v is directed out of the page. 

5. For the two vectors to be orthogonal, we need (3, 2, x) • <2x, 4, x) = 0 (3)(2x) + (2)(4) + (x)(x) = 0 & 

x 2 +6x + 8 = 0 <*> (x + 2)(x + 4) = 0 <^ x = -2 or x = -4. 

7. (a) (u x v) • w = u ■ (v x w) = 2 

(b) u • (w x v) = u • [- (v x w)] = -u • (v X w) = -2 

(c) v ■ (u x w) = (v x u) • w = — (u x v) • w = — 2 

(d) (u x v) • v = u • (v x v) = u • 0 = 0 

9. For simplicity, consider a unit cube positioned with its back left corner at the origin. Vector representations of the diagonals 
joining the points (0, 0, 0) to (1, 1, 1) and (1, 0, 0) to (0, 1, 1) are (1,1, 1) and (-1, 1, 1). Let 9 be the angle between these 
two vectors. (1, 1, 1) • (-1, 1, 1) = -1 + 1 + 1 = 1 = |(1, 1, 1)| |(-1, 1, 1)| cos0 = 3cos0 * cos0 = i =}> 
61 = cos" 1 (i) wtt°. 

11. AB = (1,0, -1),AC= (0,4,3), so 

(a) a vector perpendicular to the plane is AB x AC = (0 + 4, -(3 + 0), 4 - 0) = (4,-3,4). 
{b)±\ABxAC\ = 1^16 + 9 + 16 = 

13. Let Fi be the magnitude of the force directed 20° away from the direction of shore, and let F2 be the magnitude of the other 
force. Separating these forces into components parallel to the direction of the resultant force and perpendicular to it gives 

Fi cos 20° + F 2 cos 30° = 255 (1), and F, sin 20° - F 2 sin 30° = 0 => fit m F 2 (2). Substituting (2) 

into (1) gives F 2 (sin30° cot20° 4- cos30°) = 255 => F 2 W 114 N. Substituting this into (2) gives Fi « 166N. 

i 
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15. The line has direction v = (-3, 2, 3). Letting P 0 = (4, -1,2), parametric equations are 
x = 4 - 3t, y = -1 + 2t, z = 2 + 3t. 

17. A direction vector for the line is a normal vector for the plane, n = (2,-1, 5>, and parametric equations for the line are 
.x' = -2 + 2t, y = 2 - t, z = 4 + 5i. 

19. Here the vectors a = (4-3,0- (-1), 2- 1) = (1, 1, 1) and b = (6 - 3,3 - (-1), 1 - 1) = (3,4,0) lie in the plane, 
so n = a x b = (-4, 3, 1) is a normal vector to the plane and an equation of the plane is 
-4(z - 3) + 3(2/ - (-1)) + l(z - 1) = 0 or -Ax + 3y + z = -14. 

21. Substitution of the parametric equations into the equation of the plane gives 2x - y + z = 2(2 - t) - (1 + 3t) + At = 2 => 
-t + 3 = 2 => t = 1. When t = 1, the parametric equations give x = 2 - 1 = 1, y = 1 + 3 = 4 and z = 4. Therefore, 
the point of intersection is (1,4,4). 

23. Since the direction vectors (2, 3,4) and (6,-1, 2) aren't parallel, neither are the lines. For the lines to intersect, the three 

i 

equations 1 + 2i = -1 + 6s, 2 + 3t = 3 - s, 3 + At = -5 + 2s must be satisfied simultaneously. Solving the first two 
equations gives t = ±, s = § and checking we see these values don't satisfy the third equation. Thus the lines aren't parallel 
and they don't intersect, so they must be skew. 

25. m = (1,0,-1) and n2 = (0, 1, 2). Settings = 0, it is easy to see that (1,3,0) is a point on the line of intersection of 
x — z = 1 and y + 2z = 3. The direction of this line is *j = m x ri2 = (1, —2, 1). A second vector parallel to the desired 
plane is v 2 = (1,1, -2), since it is perpendicular to x + y - 2z = 1. Therefore, the normal of the plane in question is 
n = vj x v 2 = (4 - 1, 1 + 2, 1 + 2) = 3 (1, 1, 1). Taking (x 0 , y 0 , zo) = (1, 3, 0), the equation we are looking for is 
(x - 1) + {y - 3) + z = 0 x + y + z = 4. 

1-2 -(-24)1 22' 
27. By Exercise 12.5.75, D = ' } )l = -==. 

^3 2 + l 2 + (-4)2 y/2l 



29. The equation x = z represents a plane perpendicular to 
the rrz-plane and intersecting the zz-plane in the line 
x - z, y = 0. 



31. The equation x 2 = y 2 + Az 2 represents a (right elliptical) 
cone with vertex at the origin and axis the x-axis. 
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33. An equivalent equation is -x 2 + ^ - z 2 = 1, a 35. Completing the squate in y gives 

2 

hyperboloid of two sheets with axis the y-axis. For 4.x 2 + 4(y - l) 2 + z 2 = 4 or x 2 + {y - l) 2 + = 1, 

4 

> 2, traces parallel to the xz-plane are circles. an e n ipsoid cen tered at (0, 1, 0). 




(0,1.-2) 



37. Ax 2 + y 2 = 16 <=> — + |g = 1. The equation of the ellipsoid is — + |g + ^ = k smce tne horizontal trace in the 
plane z = 0 must be the original ellipse. The traces of the ellipsoid in the t/z-plane must be circles since the surface is obtained 

x 2 v 2 ' 2 

by rotation about the x-axis. Therefore, c 2 = 16 and the equation of the ellipsoid is — + 7^ + — = 1 

4 10 10 

4x 2 + y 2 + z 2 = 16. 
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□ PROBLEMS PLUS 




1. Since three-dimensional situations are often difficult to visualize and work with, let 
us first try to find an analogous problem in two dimensions. The analogue of a cube 
is a square and the analogue of a sphere is a circle. Thus a similar problem in two 
dimensions is the following: if five circles with the same radius r are contained in a 
square of side 1 m so that the circles touch each other and four of the circles touch 
two sides of the square, find r. 

The diagonal of the square is V2. The diagonal is also 4r + 2x. But x is the diagonal of a smaller square of side r. Therefore 

x = V2r => v / 2 = 4r + 2i = 4r + 2v / 2r= (4 + 2\/2)r- 

Let's use these ideas to solve the original three-dimensional problem. The diagonal of the cube is \/l 2 + l 2 + l 2 = i/3- 
The diagonal of the cube is also 4r + 2x where x is the diagonal of a smaller cube with edge r. Therefore 



4 + 2i/2 



x= y/r 2 +r 2 +r 2 = V3r => y/3 = 4r + 2x = 4r + 2 y/3r = (4 + 2 v/3)r. Thus r = 
The radius of each ball is (-\/3 — §) m. 



v/3 



2v/3 - 3 



4 + 2v/3 



3. (a) Wc find the line of intersection L as in Example 12.5.7(b). Observe that the point (-1, c, c) lies on both planes. Now since 
L lies in both planes, it is perpendicular to both of the normal vectors m and n 2 , and thus parallel to their cross product 



m x ri2 = 



i j k 

c 1 1 

1 -c c 



= (2c, -c 2 + 1, -c 2 - 1). So symmetric equations of L can be written as 



-, provided that c ^ 0, ±1. 



x + 1 _ y — c _ z - i 
~^2c~ ~ <?-\ ~ W+V 

If c = 0, then the two planes are given by y + z = 0 and x = -1, so symmetric equations of L are x = —1, y = -z. If 
c = -1, then the two planes are given by -x + y + z = -1 and x + y + z = -1, and they intersect in the line x = 0, 
y = -z - 1. If c = 1, then the two planes are given by x + y + z = 1 and x - y + t = 1, and they intersect in the line 
y = 0, x = 1 - z. 

(b) If we set z = t. in the symmetric equations and solve for x and y separately, wc get x + 1 = — — — 

c 2 + 1 

Eliminating c from these equations, we 



(t-c)(<?-l) 



+ 1 



2ct + [<?-!) (<?-l)t + 2c 

c 2 + 1 ' V c* + 1 ' 



have x 2 + y 2 = t 2 + I. So the curve traced out by L in the plane z = t is a circle with center at (0, 0, t) and 
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(c) The area of a horizontal cross-section of the solid is A(z) = tt(z 2 + 1), so V = A(z)dz = tt[\z 3 + z] l Q = if. 

, vi • v 2 5 . . 5 . . 5 

5. v 3 =proj vl v 2 = Vl = — Vl so |v 3 | = |vi| = 2- 



V2 ■ V3 V 2 • g V l 5 , , 5" 

= ,2 V 2 = | - |2 V 2 = 2^-32^1 ■ V 2) V 2 = 5g~g V 2 => |v 4 | 



|v 2 | a 



2 2 -3 :! 



2 2 . 32 l V2 l 2 2 ■ 3' 



V3 • V 4 

v 5 =proj V3 v 4 = jj- v 3 = 



(I) 2 



ji v 2 / 5 \ 5 2 . 5 
VF V, J = 2^ (V1V2)V1 = F" 



3 2 



Vl 



' V6 ' = |Vl ' = 23T32 • Similar 'y' l V6 l = 2^733' M = pTjj*' a " d 8 eneral ' 1 V "I = 2 n-2, 3 n-3 = 3 (D 



vn-2 



Thus 



£ |v„| = M + |v 2 |+E 3(f) n - a =2 + 3+E 3(|) n 



n=l 



>i=3 
5 ('SN"- 1 _ 



= 5 + 5Z f (§)" =5+ 2 1 [sum of a geometric series] = 5 + 
n=i 1 — 5 



= 5 + 15 = 20 



7. (a) When 8 = <?„, the block is not moving, so the sum of the forces on the block 
must be 0, thus N + F + W = 0. This relationship is illustrated 
geometrically in the figure. Since the vectors form a right triangle, we have 

«-<•■»- ft -I?"* 





e >\ N 


w 










S% 



(b) We place the block at the origin and sketch the force vectors acting on the block, including the additional horizontal force 
H, with initial points at the origin. We then rotate this system so that F lies along the positive x-axis and the inclined plane 
is parallel to the x-axis. (See the following figure.) 



N 

















H 




W 




w 



FT 



|F| is maximal, so |F| = /x s n for 9 > 0.,. Then the vectors, in terms of components parallel and perpendicular to the 
inclined plane, are 

N = n j F = (/x,n) i 

W - (-mgsinO) i + (-mgcosO) j H = (/i min cos0) i + (-/i min sin<9) j 
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CHAPTER 12 PROBLEMS PLUS □ 149 

Equating components, we have 

H a n-mg sin 6 + /imin cos 0 = 0 ,=> /i mln cos 0 + p,„n = mg sin 0 (1) 
n - mg cos 0 - h min sin 0 = 0 => /i m i n sin 9 + mg cos 6* = n (2) 

(c) Since (2) is solved for n, we substitute into (1): 

/imin cos 0 + ( /imi„ sin 0 + mg cos 0) = ma sin 0 => 

/imin cos 0 + h m mfx s sin 0 = mp sin 0 - mgfi a cos 9 => 

hmin = m g( sind -^ coa l ) = mg( ^*~\ ) 

From part (a) we know fi s = tan<?.„ so this becomes /i m in = mg ^ q & ™!!ii9 ) a " d US ' ng 3 tri 8 onornetric identity, 

this is m<7tan(0 - 9 a ) as desired. 

Note for 9 = 0,, /i m in = mgt&n 0 = 0, which makes sense since the block is at rest for 9 a , thus no additional force H 
is necessary to prevent it from moving. As 9 increases, the factor tan(0 - 9 S ), and hence the value of /i min , increases 

i 

slowly for small values of 9 - 9, but much more rapidly as9-9 s becomes significant. This seems reasonable, as the 
steeper the inclined plane, the less the horizontal components of the various forces affect the movement of the block, so we 
would need a much larger magnitude of horizontal force to keep the block motionless. If we allow 9 -> 90°, corresponding 
to the inclined plane being placed vertically, the value of /imin is quite large; this is to be expected, as it takes a great 
amount of horizontal force to keep an object from moving vertically. In fact, without friction (so 9 S = 0), we would have 
9 -» 90° =S- /imin -» oo, and it would be impossible to keep the block from slipping. 

(d) Since /i m ox is the largest value of li that keeps the block from slipping, the force of friction is keeping the block from 
moving up the inclined plane; thus, F is directed down the plane. Our system of forces is similar to that in part (b), then, 

except that we have F = -(p. s n) i. (Note that |F| is again maximal.) Following our procedure in parts (b) and (c), we 

i 

equate components: 

-H,n - mgsin9 + /t, rll4X cos0 = 0 h me . x cos 9 - n„n = mg sin 9 

n - rop cos 0 - /wx sin 0 = 0 /i m ax sin 0 + mg cos 0 = n 

Then substituting, 

/imax cos 0 - /i, (/i,„nx sin 0 + mg cos 0) = mg sin 0 => 

/imax cos 9 — h mB . x p. a sin 0 = mg sin 0 + mg/j,, cos 0 
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□ CHAPTER 12 PROBLEMS PLUS 

We would expect /i max to increase as 9 increases, with similar behavior as we established for /i m i n , but with /i max values 
always larger than h min . We can see that this is the case if we graph h ma . x as a function of 0, as the curve is the graph of 
/i m in translated 20., to the left, so the equation does seem reasonable. Notice that the equation predicts h ma , x — » oo as 
9 — > (90° — 9.,). In fact, as h ma . x increases, the normal force increases as well. When (90° — 6 3 ) < 9 < 90°, the 
horizontal force is completely counteracted by the sum of the normal and frictional forces, so no part of the horizontal 
force contributes to moving the block up the plane no matter how large its magnitude'. 
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13 □ VECTOR FUNCTIONS 

13.1 Vector Functions and Space Curves 

1. The component functions - 1 2 , e" 3t , and ln(* + 1) are ail defined when 4-t 2 > 0 => -2 < t < 2 and 
i+l>0 => t > -1, so the domain of r is (-1,2]. 

3. lime" 3 ' = e° = 1, Hm ^ = lim = = ' a - £ = 1. 

and lim cos 2i = cosO = 1. Thus 

Um (V 3t i+ -^-j + cos2tk\ = flim e _3£ l 1+ [lim j + [lim cos 2*1 k = i+j +k. 

t—o\ sin 2 < J Lt— o J |_t-o surf J Lt— o J 



5. lim lim + * = g±l = -1, lim tan" 1 1 = fen L_fJl = Um 1 _ _L =0-0 = 0. Thus 

t— » 1 — i 2 t-.<» (l/i- 2 ) — 1 0-1 t-»oo * t^oo ( t—oo i fe 2t 



7. The corresponding parametric equations for this curve are x = sint, y = t. 
We can make a table of values, or we can eliminate the parameter: t = y => 
x = sin y, with y £ R. By comparing different values of t, we find the direction in 
which t increases as indicated in the graph. 




9. The corresponding parametric equations are x = t, y = 2 - t, z = 2t, which are 
parametric equations of a line through the point (0, 2, 0) and with direction vector 

(1,-1,2). 
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11. The corresponding parametric equations are x = 1, y = cos t, z = 2 sin t. 
Eliminating the parameter in y and z gives y 2 + (z/2) 2 = cos 2 1 + sin 2 t - 1 
or y 2 + z 2 /4 = 1. Since x = 1, the curve is an ellipse centered at (1, 0, 0) in 
the plane x = I, 




13. The parametric equations are x = t 2 , y = t\ z = t 6 . These are positive 
for t ^ 0 and 0 when t = 0. So the curve lies entirely in the first octant. 
The projection of the graph onto the xy-plane is y = x 2 , y > 0, a half parabola. 
Onto the xz-plane z = x 3 , z > 0, a half cubic, and the ?/z-plane, y 3 = z 2 . 




15. The projection of the curve onto the xy-plane is given by r(t) = {£, sin t, 0) [we use 0 for the z-component] whose graph 
is the curve y = sin x, z = 0. Similarly, the projection onto the xz-plane is r (t) — (t, 0, 2 cos t), whose graph is the cosine 
wave z = 2 cos x, y = 0, and the projection onto the yz-plane is r(t) = (0, sin f , 2 cos t) whose graph is the ellipse 
y 2 + \z 2 = 1, x = 0. 




z 
2 




-2w \ 


y _ 2 . 


V / 2ir* 



xi/-plane 



xz-plane 



From the projection onto the i/z-plane we see that the curve lies on an elliptical 
cylinder with axis the x-axis. The other two projections show that the curve 
oscillates both vertically and horizontally as we move in the x-direction, 
suggesting that the curve is an elliptical helix that spirals along the cylinder. 



17. Taking r 0 = (2, 0, 0) and n = (6, 2, -2), we have from Equation 12.5.4 

r(t) = (1 - t)r 0 + tn = (1 - t) (2,0,0) +t<6,2,-2},0 <t < 1 or r{t) = (2 + 4t,2t, -2t); 0 < t < 1. 
Parametric equations are x = 2 + 4i, y = 2t, z = -2t, 0 < t < 1. 
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19. Taking r 0 = (0, -1, 1) and ri = (A, ±, J), we have 

r(t) = (1 - f) r 0 + tr, = (1 - f) (0, -1, 1) -M<f,|,$}, 0 < t < 1 or r(t) = -1 + ft, 1 - ft), 0 < t < 1. 
Parametric equations are £ = ±i, V = -1 + ft, z = 1 - \t, 0 < i < 1. 

21. x = tcost, y-t, z = tsinf, t> 0. At any point {x,y,z) on the curve, x 2 + z 2 = i 2 cos 2 1 + t 2 sin 2 1 = t 2 =y 2 so the 
curve lies on the circular cone x 2 + z 2 = y 2 with axis the y-axis. Also notice that y > 0; the graph is II. 

23. x — t, y = 1/(1 + t 2 ), z = t 2 . At any point on the curve we have z — x 2 , so the curve lies on a parabolic cylinder parallel 
to the y-axis. Notice that 0 < y < 1 and z > 0. Also the curve passes through (0, 1,0) when t = 0 and 1/ — > 0, 2 — » co as 
t — ► ±oo, so the graph must be V. 

25. x = cos 8<, y = sin 8t, z = e D 8 ', i > 0. i 2 + y 2 = cos 2 8< + sin 2 8t = 1, so the curve lies on a circular cylinder with 
axjs the z-axis. A point (as, y, z) on the curve lies directly above the point (x, y, 0), which moves counterclockwise around the 
unit circle in the xy-p\ane as t increases. The curve starts at (1, 0, 1), when t = 0, and z — » oo (at an increasing rate) as 
t — * oo, so the graph is IV. 

27. If x = t cost, y = (sinf, z = t, then .t 2 + y 2 = tr cos 2 t + t 2 sin 2 t = t 2 = z 2 , 



so the curve lies on the cone z 2 = x 2 + y 2 . Since z = t, the curve is a spiral on 
this cone. 




29. Parametric equations for the curve are x = t, y = 0, z = 2t - t 2 . Substituting into the equation of the paraboloid 
gives 2t - t 2 = t 2 =t> 1t = 2t 2 =^ i = 0,l. Since r(0) =0 and r(l) =i + k, the points or intersection 
are (0,0,0) and (1,0,1). 



31. r(t) = (cost sin2t,sini sin2t,cos2i). 
Wc include both a regular plot and a plot 
showing a tube of radius 0.08 around the 
curve. 
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154 □ CHAPTER 13 VECTOR FUNCTIONS 
33. r(t) = {t, t sin t,t cost) 



35. r(t) = (cos2t,cos3t,cos4t) 




z 0 



-10 




37. x = (1 + cos 16f) cost, }/ — (1 + cos 16t) sint, z = 1 + cos 16t. At any 

point on the graph, 

x 2 + y 2 = (1 + cos 16t) 2 cos 2 1 + (1 + cos 16t) 2 sin 2 t 

= (1 + cos 16t) 2 = z 2 , so the graph lies on the cone x 2 + y 2 = z 2 . 
From the graph at left, we see that this curve looks like the projection of a 
leaved two-dimensional curve onto a cone. 

39. Ift = -l.theni = 1, y = 4, z = 0, so the curve passes through the point (1,4,0). If t = 3, then x = 9, y = -8, z = 28, 
so the curve passes through the point (9, —8, 28). For the point (4, 7, —6) to be on the curve, we require y = 1 — 3t = 7 
t = -2. But then z = 1 + (-2) 3 = -7 ^ -6, so (4, 7, -6) is not on the curve. 

41. Both equations are solved for z, so we can substitute to eliminate z: ^x 2 + y 2 = 1 + y 4- x 2 + y 2 = 1 + 2y + y 2 => 
x 2 = 1 + 2y =*> y = 5 (x 2 - 1). We can form parametric equations for the curve C of intersection by choosing a 
parameter x = t, then {/ s |(t 2 - 1) and z = 1 + y = 1 + i(t 2 - 1) = i(t 2 + 1). Thus a vector function representing C 
isr(t) = ti + i(t 2 -l)j + i(t 2 + l)k. * 

43. The projection of the curve C of intersection onto the xiy-plane is the circle x 2 + y 2 = 1, z = 0, so we can write x = cost, 
y - sint, 0 < t < 27r. Since C also lies on the surface z = x 2 - j/ 2 , we have z = x 2 -y 2 = cos 2 t - sin 2 t or cos 2t. 
Thus parametric equations for C are x = cos t, y = sin t, z = cos 2t, 0 < t < 2tt, and the corresponding vector function 
is r(t) = cos ti + sint j + cos2t k, 0 < t < 2tt. 

The projection of the curve C of intersection onto the 
xy-plane is the circle x 2 + y 2 = 4, z = 0. Then we can write 
x = 2 cos t, 1/ = 2 sin t, 0 < t < 27r. Since C also lies on 
the surface z - x 2 , we have z = x 2 = (2 cos t) 2 = 4 cos 2 t. 
Then parametric equations for C are x = 2 cos t, y = 2 sin t, 
z = 4cos 2 1, 0 < t < 2ir. 
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SECTION 13.1 VECTOR FUNCTIONS AND SPACE CURVES □ 155 
47. For the particles to collide, we require ri (t) = r 2 (t) O (t 2 , 7t - 12, t 2 ) = (At - 3, t 2 , 5< - 6). Equating components 
gives t 2 = At - 3, n- U = t 2 , and t 2 = 5t - 6. From the first equation, t 2 - At + 3 = 0 (i - 3)(t - 1) = 0 so t = 1 
or t == 3. < = 1 does not satisfy the other two equations, but t = 3 does. The particles collide when t = 3, at the 
point (9, 9, 9). 

49. Let u{t) = (ui(t), u 2 (t), «3(*)) and v(<) = U2(t), v 3 (t)). In each part of this problem the basic procedure is to use 

Equation 1 and then analyze the individual component functions using the limit properties we have already developed for 
real-valued functions. 

(a) lim u(t) + lim v(t) = (limui(i), limu 2 (f), lim u 3 (r-)\ + (l™ Vi(t), lim v 2 (t), limv 3 (t)) and the limits of these 

t— *a t— to \t— *a t— ♦a t— ♦a / \(— »a t— *a (— *a / 

component functions must each exist since the vector functions both possess limits as t — > a. Then adding the two vectors 
and using the addition property of limits for real-valued functions, we have that 

lim u(t) + lim v(t) = (lim itj(i) + limvi(i), lim u 2 (t) + lim v 2 (t), lim u 3 (J) + limv 3 (t)\ 

t-*a t-»a \t-.a t-»a e-.a i-ii l—a f.->o v V 

= (lim Mi) + , lim [u»(t) + <*(t)] , lim [ U3 (f) + 

= Jim (mit) + vi(t), u 2 (t) + v*(t), u 3 (t) + v 3 (t)) [using (1) backward] 

= lim[u(r.) + v(t)] 



(b) limcu(<) = lim (cui{t),cu 2 (t),cu 3 (t)) = (lim cm(t), lim cu 2 {t) , lim cu 3 (t)\ 

= ( c lim ui(£)> c lim 1*2(^)1 c ^ m u 3(*) ) = c ( lim u\(t), lim U2(i), lim U3(t) ) 
= clim (u\(t) J U2(t)yU3(t)) = climu(£) 

t—a t—*a 

(c) lim u(t) • lim v(i) = ( lim lim U2(£), lim u 3 (t) ) • (lim lim v 2 (i), LimWrt) ) 

£— *a t— *a \t—*a t—*a t—*a I \t— »a • t—+a £— »a / 

= lim«i(i)vi(t) + limw 2 (t)v 2 (f) + lim u 3 {t)v 3 {t) 

t—*a t—*a t—*a 

= lim [ Ul (t) Vl (t) + u 2 (t> 2 (t) + u 3 (t> 3 (*)] = lim [u(t) • v(i)] 
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156 □ CHAPTER 13 VECTOR FUNCTIONS 

(d) limu(t) x Jimv(t) = frfan «*{$, lim u 2 {t), lim u 3 (t)) x (lim vi{t), lim v 2 {t), HmwsW) 

[lim u 3 (t)] - [j^M*)] [lim i> 3 (*)] , 

[lim«i(t)] [lim„ a (t)] - [limu a (t)] fe**<*)]) 

= (lim Mf> 3 (t) - M8(t)«a(*)] , lim M«)«i W - ttlC<N{*)1 - 

BmMQ«(()-«(*)%(*)]) 
= lim (u 2 (t)v 3 (i) - u 3 (t)v 2 (i),u 3 (0«i(t) " ui(t)«s(0.«i(*)wa(t) - «9(«)«l(«)) 
= lim [u(t) x v(t)] 

t — fa 

51. Let r(t) = (/ (t) , fl (t) , /i (t)> and b = (61,62,63). If lim r(t) = b, then lim r(t) exists, so by (1), 

b = lim r(t) = (lim /(t), lim g(t), lim /i(t) ). By the definition of equal vectors we have lim f(t) = 61, lim g(t) = 62 

t—*a \t—*a t—ta t—*a I £ * a t — m 

and lim /t(c) = 6 3 . But these are limits of real-valued functions, so by the definition of limits, for every e > 0 there exists 

t— >a 

<5i > 0, 6 2 > 0, Si > 0 so that if 0 < \t - a\ < 6 X then |/(t) - 6 X | < e/3, if 0 < |t - a\ < <5 2 then - bi\ < e/3, and 
ifO < |i-o| < <5 3 then \h{t) - 63 1 < e/3. Letting <5 = minimum of {<5i,<5 2 ,<5 3 }, then if 0 < \t - a\ < 6 we have 
!/(*) Wi -h\ + - 63 1 < e/3 + e/3 + e/3 = e. But 



|r(t) - b| = \(f(t) - h,g{t) ~ bt,h{t) - = %/(/(') - 61 ) 2 + (sW - + - 



< y/Um - bi] 2 + Mt) - H 2 + VHt) - 1> 3 } 2 = 1/(0 -M + *W -N + - lil 

Thus for every e > 0 there exists <5 > 0 such that if 0 < \t - a\ < 6 then 

|r(t) - b| < \f(t) - 61 1 + \g(t) - 6 2 1 + - 63 1 < e. Conversely, suppose for every e > 0, there exists J > 0 such 
tharifO<|t-a|<«then|r(t)-b|<e *> |(/(t) - 6,, 5 (i) - 6 2 ,/i(t) - 63)! < e <* 

>/[/(«) - + b(0 " M 2 + - )x} 2 < £ «• [/(«) - 6ij 2 -I- [<?(*) - 6 2 ] 2 + [h(t) - 6 3 ] 2 < e 2 . But each term 
on the left side of the last inequality is positive, so if 0 < \t - a\ < 6, then [f(t) - &1] 2 < e 2 , [g(t) ~ 6 2 ] 2 < e 2 and 
[h(t) - 6 3 p < e 2 or, taking the square root of both sides in each of the above, \f(t) - 61 1 < e, \g{t) - b 2 \ < e and 
\h(t) - 63 1 < e. And by definition of limits of real-valued functions we have lim /(£) = 61, lim g(t) = 6 2 and 

t — >u t— *a 

limh(t) = 63. But by (1), lim r(t) = (lim/(t), limg(t), lim h(t)), so lim r(t) = (61,62,63) = b. 

t—*a t.—*a \t—*a t—*a t—*a I t— »«. 
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13.2 Derivatives and Integrals of Vector Functions 



1. (a) 




(b) 



r ^ 4 ' 5 n k r ^ 4) = 2 I r ( 4 - 5 ) - r ( 4 )]. s0 wc draw a vector in the same 



0.5 



direction but with twice the length of the vector r(4.5) — r(4). 
r(4 2) — r(41 

Q 2 = 5 I r ( 4 - 2 ) _ r ( 4 )]' so we dmw a vector in the same 
direction but with 5 times the length of the vector r(4.2) - r(4). 

(c) By Definition 1, r'(4) = Jim r(4 + ^ " r(4) . T(4) = 

(d) T(4) is a unit vector in the same direction as r'(4), that is, parallel to the 
tangent line to the curve at r(4) with length 1. 



3. Since fas + 2) 2 = i 2 = y - 1 = 
y = {x + 2) 2 + 1, the curve is a 
parabola. 



(a),(c) 



5. x = sin t, y = 2 cos t so 

x 2 + {y/2) 2 = 1 and the curve is 
an ellipse. 



(a), (c) 









-3.2JV. 






r'(-l\ 








0 


X 


y 




4 




r) 









K4Jt)-K4)i 

0.2 




(b) r'(t) = (l,2t), 
r'(-l) = (l,-2) 



(b) v'{t) = cos t i - 2 sin t j, 
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158 □ CHAPTER 13 VECTOR FUNCTIONS 

7. Since x = e 2t = (e<) 2 = y 2 , the 
curve is part of a parabola. Note 
that here x > 0, y > 0. 



(a),(c) 




(b)r'(i) = 2e 2 'i + e t j, 
r'(0) = 2i+j 



9. r'(t) = [tsint] , [fr 2 ] , [tcos2t]^ = (* cosi + sint, 2t, t(- sin 2£) • 2 + cos2t) 
= (tcost + $mt,2t,cos2t - 2tsin2t) 

11. r(t) =ti+j + 2 v / tk => r'(i) = li + 0j + 2^r 1/2 )k = i + -^k 

13. r(t)=e' 2 i- j + ln(l+3i)k =4> r'(t) = 2te' 2 i + k 

15. r'(t) = 0 + b + 2tc = b + 2t c by Formulas 1 and 3 of Theorem 3. 

17. r'(t) = (-te~* + e-*, 2/(1 + t 2 ), 2e'> =» r'(0) = (1, 2, 2). So |r'(0)| = = V§ = 3 and 

T(0) = F(ii = 3^ 2 ' 2 ) = (i§'f)- 

19. r'(t) = -sinti + 3j + 4cos2fk r'(0) = 3j + 4 k. Thus 

T(0) = p$! = TPrWi (3j +4k) = * (3j +4k) = f j + 

21. r(t) = (i,t 2 ,i 3 ) => r'(t) = (l,2t,3t 2 ). Thenr'(l) = {1, 2,3) and |r'(l)| = v/1 2 + 2 2 + 3 2 = VU, so 
r'(l 



T(D = iJgjj = ^ (1.2,3) = (dbdb*> = <°^ 6t >' S0 

r'(t) x r"(t) = 

= (12t 2 - 6< 2 .) i - (ft - 0) j + (2 - 0) k = <6t 2 , -ft, 2) 



i 


j 


k 












3t 2 




2t 3t 2 




1 3t 2 




1 2t 


1 


2t 






i — 




j + 












2 6t 




0 6t 


0 2 


0 


2 


ft 















23. The vector equation for the curve is r(t) = (l + 2 Vt, i 3 - t, t 3 + t). so r'(t) = (l/v$, 3i 2 - 1, 3* 2 + l). The point 
(3, 0, 2) corresponds to t = 1, so the tangent vector there is r'(l) = (1, 2, 4). Thus, the tangent line goes through the point 
(3, 0, 2) and is parallel to the vector (1, 2, 4). Parametric equations are X = 3 + t, y = 2t, z == 2 + 4t. 

25. The vector equation for the curve is r(t) = (e _t cos i, e _t sin t, e _t ), so 

r'(t) = (e- , (-sini) + (cost)(-e- t ),e _t cost + (sini)(-e- t ), {-e~ 1 )) 
= (— e _t (cost + sint), e _t (cosf. — sint), — e _t ) 
The point (1, 0, 1) corresponds to t = 0, so the tangent vector there is 

r '(0) = (-e°(cos0 + sin0),e°(cos0 - sinO), -e°) = (-1,1,-1). Thus, the tangent line is parallel to the vector 
(—1, 1, —1) and parametric equations are x = 1 + (-l)t = 1 — t, y — 0 + 1 • t = t, z = 1 + (— l)t = 1 - t. 
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SECTION 13.2 DERIVATIVES AND INTEGRALS OF VECTOR FUNCTIONS □ 159 

27. First we parametrize the curve C of intersection. The projection of C otito the xj/-plane is contained in the circle 
x 2 + y 2 = 25, z = 0, so we can write x = 5cost, y = 5sint. C also lies on the cylinder?/ 2 + z 2 = 20, and z > 0 
near the point (3, 4, 2), so we can write z = ^20 - y 2 = y/20- 25 sin 2 t. A vector equation then for C is 
r(t) = c^5cost,5sint, \/20 - 25 sin 2 =S> r'(t) = ^ -5 sin t, 5 cost, §(20 - 25sin 2 t) _1/2 (-50sin tcosf)^. 
The point (3, 4, 2) corresponds to t = cos -1 (f ), so the tangent vector there is 

r' (cos- (f )) = (-5(±) , 5(f ) , | (20 - 25 (§) 2 ) '" 2 (-50(f) (§))} = (-4, 3, -6). 

The tangent line is parallel to this vector and passes through (3, 4, 2), so a vector equation for the line 
is r(t) = (3 - 4i)i + (4 + 3i)j + (2 - 6t)k. 

29. r(«) = (t,e- t ,2i-t 2 ) => r'(t) = (l, -<="', 2 - 2t). At (0, 1,0), 
t = 0 and r'(0) = (1, -1, 2). Thus, parametric equations of the tangent 
line are x =s t, y = 1 - t, z = 2t. 



31. r(t) = (tcost.Msinr.) =!> r'(t) = (cost - taint, 1, t cost + sint). 
At (-• 7r, 7T, 0), t = 7r and r'(7r) = (-1, 1, -7r). Thus, parametric equations 
of the tangent line are x - -tt - t, y = ir + t, z = -irt. 



z 0 




33. The angle of intersection of the two curves is the angle between the two tangent vectors to the curves at the point of 

intersection. Since r', (t) = (1, 2t, 3t 2 ) and t = 0 at (0, 0, 0), r' n (0) - (1, 0, 0) is a tangent vector to n at (0, 0, 0). Similarly, 
r 2 (t) = (cost,2cos2t, 1) and since r 2 (0) = (0,0,0), r 2 (0) = (1,2,1) is a tangent vector to r 2 at (0, 0, 0). If 0 is the angle 

between these two tangent vectors, then cos 9 = ^ (1,0, 0) ■ (1, 2,1) = ^ and 6 = cos" 1 (^) m 66°. 
35. f 2 (t i - t 3 j + 3t 5 k) dt = (/ 2 m)l - (fi t 3 dt) j + (.f 0 2 3t s dt) k 

= 1(4-0)1- i(16-0)j + §(64- 0)k=.2i-4j + 32k 
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160 □ CHAPTER 13 VECTOR FUNCTIONS 

37. / 0 " /2 (3 sin 2 1 cos t i + 3 sin t cos 2 t j + 2 sin t cos i k) dt 

= ( Jo* 72 3 sin 2 t cos t dt) i + (/ 0 ' r/2 3 sin t cos 2 i dt) j + (/J r/2 2 sin t cos « dt) k 

= [sin 3 t]; /2 i+ [-cos 3 t]* /a j+[ 8 in a t]; /a k = (1 - 0)i + (0 + 1) j + (1 - 0)k = i + j + k 

i 

39. / (sec 2 t i + t(f + 1) 3 j + t 2 In t k) dt = (/ sec 2 1 dt) i + (/ t(t 2 + l) 3 dt) j + (/ 1 2 In t dt) k 

= tant i + i(t 2 + l) 4 j + (ft 3 In* - |t 3 )k + C, 
where C is a vector constant of integration. [For the r-component, integrate by parts with u = In t, dv = t 2 dt.] 

41. r'(f) = 2ti + 3i 2 j + % /tk =# r(t)=t 2 i + t 3 j + §f 3 / 2 k+C, where C is a constant vector. 
But i + j = r (1) = i + j + §k + C. Thus C = -fk and r(t) = t 2 i + t 3 j + (§t 3/2 - §) k. 

For Exercises 43-46, let u(t) = (ui(t),ii 2 (t),«3(t)> and v(t) == {vi{t),V2(t),v 3 (t)). In each of these exercises, the procedure is to apply 
Theorem 2 so that the corresponding properties of derivatives of real-valued functions can be used. 

43. |[u(t)+v(t)] = f t (u 1 (t)+v 1 (t),u 2 (t) + v 2 (t),u 3 (t)+v :i (t)) 

= (| NW + «* (*)] • | M«) + v 2 (t)} , | [u 3 (t) + v 3 (t)]^ 

= (ui(t) +«i(t),i4W +^(t)X 3 W +^(0) 

= W ,^(t)> + W(t),^(t),^(t)} = u'(t) + v'(t) 

45. j t [u(t) x v(t)] = j t (u 2 (t)v 3 (t) - U 3 (t)^(t),U3(t)vi(t) - ui(t)u 3 (*),ui(*)w2(*) - u 2 (i)wi(t)) 

= (»Wt) + «a(*K$) - - u 3 (t)v' 2 {t), 

u' 3 (t)Mi)+Mt)vi (t) - «i(*)w3(0 -iii(t)«i(t). 

ui(t)«a(4) + wi(t)u 2 (t) - u' 2 (i)«i(t) - tte(M(t)} 
= <« 2 (t)« 3 (t) - tt&(«)»a (t) ,u 3 (t)^(t) - Bi(«}«8(t),ui(t)«a(t| - « 2 (t)t;i(t)) 

+ {« 2 {t) V3 (t) - u 3 (t)u 2 (t), W3 (tK (t) - tti^M^)*%(*H(*).-«9(*K(*B 

= u'(i)xv(()+u(f)xv'(() ' 
Alternate solution: Let r(t) = u(t) x v(t). Then 

r(t + r(f ) = [u(t + A) X v(t + h)\ - [u(t) x v(t)] 

= [u(t + /i) x v(t + h)} - [u(t) x v(t)] + [u(t + ft) x v(t)] - [u(t + /i) x v(t)] 
= u(t + h) x [v(t + /i) - v(t)] + [u(t + ft) - u(t)] x v(t) 
(Be careful of the order of the cross product.) Dividing through by h and taking the limit as h -* 0 we have 

m m fa u( t + A)x[vft + ft)-v(t)) + Um [u(t + /i)- u(t)]xv(t) = x ^ + u , (t) x v(f) 

by Exercise 13.1.49(a) and Definition 1. 
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SECTION 13.3 ARC LENGTH AND CURVATURE □ 161 

47. £ [u(t) • v(t)] = u'(t) • v(f) + u(t) • v'(t) [by Formula 4 of Theorem 3] 
dt 

= (cost, - sin t, 1) • <i, cost, sint) + (sin i, cos t,t) • (1, - sin i, cost) 
= tcost - cost sint + sint + s'mt - cost sint + f cost 
= 2i cos t + 2 sin t - 2 cos t sin t 

49. By Formula 4 of Theorem 3, /'(t) = u'(t) • v(t) + u(t) • v'(i), and v'(t) = (l,2t,3t 2 ), so 

/'(2) = u'(2) ■ v(2) + u(2) • v'(2) = (3, 0, 4) • (2, 4, 8) + (1, 2, -1) • (1, 4, 12) = 6 + 0 + 32 + 1 + 8 - 12 = 35. 

51. 4- M*) x r '(*)l = r '(0 x r '(*) + r W * r "(*) b y Formula 5 of Theorem 3. But r'{t.) x r'(t) = 0 (by Example 2 in 
at 

Section 12.4). Thus, j| [r(t) x r'(t)] = r(t) x r"(t). 

53 - 1 |r(t)l = 5^ " rW]1/2 = 2 lr(0 " r(t)1 ~ va [2r{t) ' r ' (t)1 = W)\ r{t) ' r ' w 

55. Since u(i) = r(t) • [r'(t) x r"(t)J, 

u'(t) = r'(t) • [r'(t) x r"(t)] + r(t) ■ | [r'(i) x r"(t)] 

= 0 + r(t) • [r"(t) x r"(t) + r'(t) x r"'(t)] [since r'(t) 1 r'(t) x r"(t)] 

= r(t) • [r'(t) x r"'(t)] [since r"(t) x r"(i) = 0] 

13.3 Arc Length and Curvature 

1. r(t) = (t, 3 cost, 3 sint) => r'(f) = (1, -3 sin t, 3 cos t) =► 

|r'(t)| = v'l 2 + (-3sint) 2 + (3cost) 2 = ,/l + 9(sin 3 t + cos 2 t) = >/l0. 

Then using Formula 3, we have L = / * 5 \r'(t)\dt = f^VlQdt = v/lOt]^ = 10 v^O. 

3. r(t) = v^ti + e'j + e-'k =» r^*) = V5|+e*J— e**k => 

|r'(t)| = x /(V2) 2 + (e') 2 + (-e- t ) 2 = V2 + e 2 ' + e" 2 ' = v^TF 7 ) 2 = e* + eT* [since e< + e"' > 0]. 
Then L = Hl |r'(t)| dt = / fl V + (T*) dt = [e< - e"^ = e - e~ l . 

5. r(t) = i + i 2 j+t 3 k =*> r'(i) = 2t j + 3t 2 k => |r'(/;)| = vMt 2 + §P = t s/I+W [since t > 0]. 
Then L = jg |r'(t)| dt = £ t v/I+Q^dt = £ • f (4 + Of 2 ) 3 ' 2 ]^ = £(13 3 ' 2 - 4 3 / 2 ) = i(13 3 ' 2 - 8). 

7. r(t) = (t 2 ,t 3 ; t") => r'(t) = (2t,3t 2 ,4t 3 > => |r'(t)| = y/(2tf + (3t 2 ) 2 + (4t3) 2 = V4t 2 + 9t< + 16t<>, so 
L = J 2 |r'(t)| dt = f 0 2 V4f 2 + 9t" + 16t« dt « 18.6833. 
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162 □ CHAPTER 13 VECTOR FUNCTIONS 
9. r(t) = (sin t, cost, tan t) r'(t) = (cost, -sin t, sec 2 t) 

|r'(i)| = ^/cosZt + i-sinty + isecH)* = Vl + sec" t and L = g A |r'(t)| dt = / 0 " /4 y/l + sec* tdt « 1.2780. 

11. The projection of the curve C onto the x?/-plane is the curve a; 2 = 2y or y = |x 2 , 2 = 0. Then we can choose the parameter 
x = t => j/ = \t 2 . Since C also lies on the surface 3z = xy, we have z = ±xy = i(t)(^t 2 ) = £t 3 . Then parametric 
equations for C are x = t, y = it 2 , z == ^t 3 and the corresponding vector equation is r(t) = (t, \t 2 , ±t 3 ). The origin 
corresponds to t = 0 and the point (6, 18, 36) corresponds to t = 6, so 

L = J* \r'(t)\ dt = £ |<l,i, ^ 2 >| dt = J* y/l* + = j 0 6 ^/l+t 2 + ^dt 



= /o v/O+jt 2 ) 2 ^ = /'(I + |**) <»=[*+ ±t 3 ]o = 6 + 36 = 42 

13. r(t) = 2ti + (l-3t)j + (5 + 4t)k r'(t) = 2 i - 3j + 4 k and g = |r'(t)| = y/4 + 9 + 16 = v/29. Then 
s = s(t) = J 0 ' |r'(u)| <iu = fg \/29du = \/29 1. Therefore, t = ^js, and substituting for t in the original equation, we 

have r(t(s)) = -j-s i + (l - -fas) j + (s + ^- S ) k. 



15. Herer(t) = (3sint, 4<, 3 cost), so r'(t) = (3 cos t, 4, -3 sin t) and |r'(t)| = ^9 cos 2 1 + 16 + 9 sin 2 t = x/25 = 5. 
The point (0, 0, 3) corresponds to t = 0, so the arc length function beginning at (0, 0, 3) and measuring in the positive 
direction is given by s(t) = f* \r'(u)\ du = /„' 5 du = 5t. s(t) = 5 => 5t = 5 => t = 1, thus your location after 
moving 5 units along the curve is (3 sin 1, 4, 3 cos 1). 

17. (a) r(t) = (t, 3 cost, 3 sin t) r'(t) = (1, -3sint, 3cost) => |r'(t)| = y/l + 9 sin 2 t + 9 cos 2 t = ,/W. 

The " T(t) = W)\ = < X • ~ 3 sin 3 cos *> or ( VTS • - ^To 8in *» cos * ) • 

T'(t) = ^ (0, -3 cost, -3 sin t) * |T'(t)| = ^L_\/0 + 9 cos 2 1 + 9 sin 2 1 = Thus 

N(t) = |^|y = (0, -3 cost, -3sint) = (0, - cost, - sin t). 

{b)K(t >- |r>(t)| - VW "10 

19. (a)r(t) = (V2t,e t ,e- t ) * r'(t) = <v^, e\ -e"*) |r'(t)| = V2 + e 2 ' + F* = + e"') 2 - «* + e" J 

Then 



T(t)= |^ = eM^^ et '- e_t ) = ^TT^ et ' e2 ''- 1 ) [after multiplying by and 



= (e^Tl? ^ + 1} (^*- 2e2t -0) " 2e 2 ' (V2e',e 2 ', -1>] = (l - e 2 ') , 2e 2 ', 2e 2 <> 
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SECTION 13.3 ARC LENGTH AND CURVATURE □ 

Then 

IT'COI = p^v^'Cl - 2 C * +e«) +4*' +4e« = ^i-^^'d + 2e»« + e«) 
- (e 2t + 1) 2V ze ^ (e 2 ' + l) 2 e 2t + l 

Therefore 

N(t) = H = w(^W ( ^ e ' (i - e2t) - 2e2t ' 2e2t) 

(b) ^ = = iM. . 1 = vg£ = ^ e2t = ^ 



|r'(t)| e 2t + 1 e«+ e- 4 e 3t + 2e' + e~< e 4 < + 2e 2t + 1 ~ (e 2 * + l) 2 

M.r(t)=f*J+t*1f r'(t) = 3i 2 j + 2tk, r"(t) = 6tj + 2 k, |r'(f)| = > 2 + (3t 2 ) 2 + (2t) 2 = VoF+W, 

r'(t) x r"(t) = -6* 2 i, |r'(t) x r"(t)| = 6t 2 . Then = |r ' ( ^ * r " (t)l = 6 *' . = , A ^ 

|r'(t)| 3 (V9i 4 + 4t a ) 3 (9t 4 +4t 2 )3/2- 

23. r(t) = 3ti + 4sintj + 4cosik => r'(t) = 3i + 4cos«j - 4sintk, r"(t) = -4sint j - 4costk, 



|r'(t)| = \/9 + 16cos 2 t+ 16 sin 2 t = v'O + 16 = 5, r'(t) x r"(t) = -16 i+ 12cosij - 12sintk, 
|r'(t) x r"(t)\ = \/256 + 144cos 2 t+144 S in 2 f, = V^OO = 20. Then n(t) = ^iffli = |P- = ±. 

25. r(t) = (t,t 2 ,t 3 ) => r'(t) = (l,2t,3i 2 ). The point (1, 1, 1) corresponds to t = 1, and i/(l) = (1, 2, 3) 
|r'(l)| = VT+T+9 = yii. r"(t) = (0,2,6t) * r"(l) - (0, 2, 6). r'(l) x r"(l) = <6, -6, 2>, so 

!✓<!) x r»(l)| = ^36 + 36 + 4 = ^76. Then = = $ = f ^g. 

27. /(x) = x\ /'(x) = 4x 3 , /"(x) = 12x 2 , «(*) = - 12a;2 



[1 + (/'(*)) 2 ] 3/2 [1 + (4x 3 ) 2 ] 3 / 2 (1 + 16x«) 3 / 2 

29. f(x) = xe\ f'(x) = xe x + e x , f"{x) = xe x + 2e* , 

/ „\ = I A*) I _ |*e*+2e*| _ |x + 2|e* 

[1 + C/'(aO)T /2 [1 + (xe' + eF)»]Va [i + ( 2e - + e*) 2 ] 3 / 2 

31. Since ;/ = y" = s", the curvature is k(x) = - - = fr + £)»* = + ^T^' 



To find the maximum curvature, we first find the critical numbers of k(x): 



k'(x) = e»(l + e 2 *)^ 2 + e* (-§)(! + e 2 -)- 5 / 2 (2e 2 ') = e' 1 + f" " ^ = e*-* ~ 



( 1 + e 2x )5 /2 ( 1+e 2x)5/2- 

/c'(x) = 0 when 1 - 2e 2z = 0, so e 2 * = A or x = -± In 2. And since 1 - 2e 2x > 0 for x < -| In 2 and 1 - 2e 21 < 0 
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164 □ CHAPTER 13 VECTOR FUNCTIONS 

forx > -| ln2, the maximum curvature is attained at the point ln2, e (_ ln2)/2 ) = j^|ltt2^j. 
Since lim e I (l + e 2 *) _3/2 = 0, n(x) approaches 0 as x -» oo. 

x— >oo 

33. (a) C appears to be changing direction more quickly at P than Q, so we would expect the curvature to be greater at P. 

(b) First we sketch approximate osculating circles at P and Q. Using the 
axes scale as a guide, we measure the radius of the osculating circle 

at P to be approximately 0.8 units, thus p = - => 

K = \ ^ 0~8 ~ Similarlv ' we estimate the radius of the 

osculating circle at Q to be 1.4 units, so k = - ss y-j w 0.7. 

p 1.4 




35. y = a; 



-2a;- 3 , y" = 6a; -4 , and 



[l + (2/ f] 3 / 2 [i + ( _2a;-3) 2 ] 3/2 ^(l + 4 S -«) 3 / 2 ' 
The appearance of the two humps in this graph is perhaps a little surprising, but it is 
explained by the fact that y = x~ 2 increases asymptotically at the origin from both 
directions, and so its graph has very little bend there. [Note that /c(0) is undefined.] 




37. v(t) = {te\e-',V2t) * r'(t) = <(t + l)e l , -e"' , y/2), r"(t) = ((« + 2)e\ e~\ 0). Then 

r'(t) x r"(f.) = (-v^e"', s/2(t + 2)e l ,2t + 3), ' |r'(t) x r"(t)| = y/2c~* + 2(t + 2)»e» + (2i + 3) 2 , 



|r'(f) x r"(t)| y/2e- 2t + 2(t + 2) 2 e 3f + (2T+3F 



W = ^P^ and lt ^ r [(f+1)2e , + e - 2t + 2] 3 /2 

We plot the space curve and its curvature function for -5 < t < 5 below. 




«(')' 

0.6- 

; 




-5 


0 


5 1 



From the graph of «(t) we see that curvature is maximized for t = 0, so the curve bends most sharply at the point (0, 1, 0). 
The curve bends more gradually as wc move away from this point, becoming almost linear. This is reflected in the curvature 
graph, where «(t) becomes nearly 0 as \t\ increases. 

39. Notice that the curve b has two inflection points at which the graph appears almost straight. We would expect the curvature to 
be 0 or nearly 0 at these values, but the curve a isn't near 0 there. Thus, a must be the graph of y = f(x) rather than the graph 
of curvature, and b is the graph of y = k(x). 
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41. Using a CAS, we find (after simplifying) 

f*\ 6 y/4 cos 2 t- 12 cost + 13 „^ AM . 

K{t) = (17 -12 cost) 3 / 2 • < To com P ute cross 

products in Maple, use the VectorCalculus or 

LinearAlgebra package and the CrossProduct (a,b) 

command; in Mathematica, use Cross [a, b] .) Curvature is 

largest at integer multiples of 2?r. 
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43. x = t 2 => x = 2t => 2 = 2, y — tf 



y = 3f 



y = 6t. 



Then «(*) = 



M ~ m K 2t X 6f ) - ( 3t2 )( 2 )l _ I 12 * 2 - 6t ' 



6t a 



\x 2 +y 2 f' 2 [(2t) 2 + (3f 2 ) 2 ] 3 / 2 (4t 2 + 9t 4 ) 3 / 2 (4t 2 + 9t 4 ) 3 / 2 ' 

45. x = e'cosi =>■ x = e l (cos t — sin t) => x = e'(— sini — cost) + e'(cost — smt) = -2e ( sint, 
j/ = e 4 sint 1/ = e' (cost + sin i) => y = e'(- sin t + cost) + e' (cost + sin t) = 2e' cost. Then 

|±jj - yx| _ |e'(cost - sint)(2e' cost) - e'(cost + sint)(-2e t sint)| 

"I'J — r ••> . .no it — .. : ~ I - "7 t in 



[x 2 + j/ 2 F 2 ([e*(cost - sint)] 2 + [e*(«»t + sint)] 2 ) 3/2 

|2e 2t (cos 2 1 — sin t cos t + sin t cos t + sin 2 1) | 



|2e 2t (l)| 



2e 



2/ 



[e 2t (cos 2 t-2costsint + sin 2 t + cos 2 t + 2costsint + sin 2 t)] 3/2 [e 2t (l + 1)] 3/2 e 3t (2) 3 / 2 V2e' 

T'(t) = -4t(2t 2 + I) -2 (2t, 2t 2 , 1) + (2t 2 + l)" 1 (2, 4t, 0) [by Formula 3 of Theorem 13.2.3] 
= (2t 2 + I)" 2 <-8t 2 + 4t 2 + 2, -8t 3 + 8t 3 + 4t, -4f> = 2(2t 2 + 1)~ 2 (l - 2t 2 , 2t, -2t) 



N(t) = 



T'(t) 



2(2t 2 + l)~ 2 (l-2t 2 ,2t,-2t) _ (l-2t 2 ,2t,~2t) (l - 2t 2 , 2t, -2t) 

|T'(t)| 2(2t 2 + 1)- 2 V(1 - 2 * 2 ) 2 + ( 2 0 2 + (- 2 *) 2 \/l-4t 2 +4f 4 +8t 2 l + 2t 2 



N(D = K. |, -!) B(l) = T(l) x N(l) = (-1 -i*-H + §),| +.f) = (-1 i |). 
49. (0,7r,-2) corresponds to t = 7T. r(t) = (2sin3t,t,2cos3t) => 

rri/ .\ r'(t) (6cos3t, 1,-6 sin 3t) 1 . 

T(i) = 7-771(7 = / ■ = —7= (6cos3t, 1, -6sin3t). 

n/36 cos 2 3t + 1 + 36 sin 2 3t v^7 

T(tt) - (-6, 1, 0) is a normal vector for the normal plane, and so (-6, 1, 0) is also normal. Thus an equation for the 
plane is -6 (x - 0) + l(y - tt) + 0(z + 2) = 0 or y - 6a; = W, 



T'(t) = ^- (-18 sin 3t, 0,-18 cos 3t) => \T'(t)\ = 



3t + 18 2 cos 2 3t 



18 
n/37 



N(t) = r?§| = (_ Sin * °» " C ° S 3t) - S ° NW = <°' °> l) and BW = 3? <~ 6 ' 1. 0) x (0, 0, 1) = ^- (1, 6, 0) . 

Since B(7r) is a normal to the osculating plane, so is (1,6, 0). 

An equation for the plane is l(x - 0) + 6(y - 7r) + 0(z + 2) = 0 or x + 6y = 6n. 
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51 . The ellipse is given by the parametric equations x = 2 cos t, y = 3 sin t, so using the result from Exercise 42, 

, v = |xjf - M _ |(-2sint)(-3sint) - (3 cost) (-2 cos t)| 6 

K( ' ~ [x 2 + 2/ 2 j 3 /2 ~ (4 sin 2 t + 9 cos 2 t) 3 / 2 ~~ (4 sin 2 t + 9 cos 2 t) 3 / 2 ' 

At (2, 0), t = 0. Now rt(O) = |= = |, so the radius of the osculating circle is 

1/k(0) = § and its center is (-§,0). Its equation is therefore (x + f ) 2 + y 2 = ^. 

At (0, 3), * = f , and *(f ) s= | = f . So the radius of the osculating circle is § and -7J 

its center is (0, §) . Hence its equation is x 2 + (y - § ) 2 = ^. 




53. The tangent vector is normal to the normal plane, and the vector (6, 6, -8) is normal to the given plane. 
But T(t) || r'(t) and (6, 6, -8) || (3, 3, -4), so we need to find t such that r'(t) || (3, 3, -4). 

r(t) = (t 3 , 3t, f 4 ) => r'(t) = (3t 2 , 3, 4i 3 ) || (3, 3, -4) when t = -1. So the planes are parallel at the point (-1, -3, 1). 

55. First we parametrize the curve of intersection. We can choose y = t; then x = y 2 = t 2 and z = x 2 = t\ and the curve is 
given by r(t) = (t 2 ,t, t 4 ). r'(t) = (2t, 1, 4t 3 ) and the point (1, 1, 1) corresponds tot « 1, so r'(l) = (2, 1,4) is a normal 
vector for the normal plane. Thus an equation of the normal plane is 

2(x - 1) + l(y - 1) + 4(* - 1) = 0 or 2x + y + Az = 7. T(t) = ^ = -p=|=— (2i, 1, 4t 3 ) and 

T'(i) = -±(4f 2 + 1 + 16t 6 ) 3/2 (8* + 96t°) (2i, l,4t 3 ) + (4i 2 + 1 + lGt 6 )' 1 ' 2 (2, 0, 12i 2 }. A normal vector for 
the osculating plane is B(l) = T(l) x N(l), but r'(l) = (2, 1, 4) is parallel to T(l) and 

T'(l) = -l(21)- 3/2 (104)(2,l,4) + (21)- 1/2 {2,0, 12) = (-31, -26,22) is parallel to N(l) as is (-31,-26,22), 
so (2, 1, 4) x (-31, -26, 22) = (126, -168, -21) is normal to the osculating plane. Thus an equation for the osculating 
plane is 126(x - 1) - 168(i/ - 1) - 21(z - 1) = 0 or 6x - 8y - z = -3. 



57. k — 



dT 




dT/dt 


ds 




ds/dt 



|rfT/dt| 
ds/dt 



andN 



dT/dt 
~ \dT/dt\ 



, so kN 



dT 


dT 


dt 


dt 


dT 


ds 


dt. 


It 



ds/dt ds 



— by the Chain Rule. 



(a) |BI = 1 => B B = 1 => (B ■ B) = 0 2 ^ • B = 0 =* ^1B 

ds ds ds 

(b) B = T x N =* 



= [( T ' x r?l) + (TxN ' ) ] 



1 , TxN' ^ dB ±T 



|r'(0l PWI 



ds 
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(c) B = T x N =» T 1 N, B 1 T and B J. N. So B, T and N form an orthogonal set of vectors in the three- 
dimensional space K 3 . From parts (a) and (b), dB/ds is perpendicular to both B and T, so dB/ds is parallel to N. 
Therefore, dB/ds = -t(s)N, where r(a) is a scalar. 

(d) Since B = TxN,TlN and both T and N are unit vectors, B is a unit vector mutually perpendicular to both T and 
N. For a plane curve, T and N always lie in the plane of the curve, so that B is a constant unit vector always 
perpendicular to the plane. Thus dB/ds = 0, but dB/ds = -r(s)N and N ^ 0, so r(a) = 0. 

61. (a) r' = s' T =* r" = a" T + s' T" = s" T + a' -^s' = s"T + k(s') 2 N by the first Serret-Frenet formula. 

(b) Using part (a), we have 

r'xr"=(a'T)x[a"T + K(a') 2 N] 

= [(a' T) x (s" T)] + [(a'T) x («(a') 2 N)] [by Property 3 of Theorem 12.4.1 1 ] 
= (s's")(T x T) + «(s') 3 (T x N) = 0 + *(a') 3 B = k( s ') 3 B 

(c) Using part (a), we have 

r'" = [a" T + k(s') 2 N]' = a'" T + a" T' + /c'(a') 2 N + 2«a'a" N + k(s') 2 N' 

= s "' T + a"? a' + /t'(a') 2 N + 2«a'a" N + «(a') 2 ^ a' 
da aa 

= a'" T + s'VkN + k' (a') 2 N + 2ks's" N + rt(a') 3 (-K T + tB) [by the second formula] 
= [a'" - « 2 (a') 3 ]T + [3/ca'a" + k'(s') 2 } N + «r(a') 3 B 

(d) Using parts (b) and (c) and the facts that B ■ T = 0, B ■ N = 0, and B ■ B = 1, we get 

(r' x r") ■ r'" = *(a') 3 B • {[s'" - * 2 (a') 3 jT + [Sks's" + k'(s') 2 ] N + kt(s') 3 B} k ( s ') 3 kt(s') 3 _ 
Ir'xr'f |«(s') 3 B| 2 [«(a') 3 ] 2 

i 

63. r = (t, i< 2 , i< 3 ) => r' = (l, t, t 2 ), r" = (0, 1, 2f>, r'" = (0, 0, 2) =* r' x r" = (t 2 , -2t, l) * 

_ (r' x r") • r'" = (t 2 , -2t, 1) • (0, 0, 2) = 2 
T |r'xr"| 2 t 4 + 4t 2 + l i"+4* 2 + l 

65. For one helix, the vector equation is r(i) = (10 cos t, 10 sin t, 34t/ (27r)) (measuring in angstroms), because the radius of each 
helix is 10 angstroms, and z increases by 34 angstroms for each increase of 2tt in t. Using the arc length formula, letting t go 
from 0 to 2.9 x 10 8 x 27r, we find the approximate length of each helix to be 

0 

= 2.9 x 10 8 x 2tt 0.00+ (|f) 2 « 2.07 x 10 ln A — more than two meters! 
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168 □ CHAPTER 13 VECTOR FUNCTIONS 

13.4 Motion in Space: Velocity and Acceleration 



1. (a) If r(t) = x(t) i + y (t) j + z(t) k is the ( 
interval [0, 1] is 



t, then the average velocity over the time 



V a vc 



r(l) - r(0) (4.5 i + 6.0 j + 3.0 k) - (2.7 i + 9.8 j + 3. 7 k) , , . , 

= — = - = 1.8 i - 3.8 j - 0.7 k. Similarly, over the other 



1-0 
intervals we have 

[0.5,1]: v w = r tlj-r(0.5) = (4.5l + 6.0J + 3.0k) - (3.51 + 7.2J + 3.3k) = 2 pi _ flk 
1 — 0.5 0.5 

Ml: v M - r{2 l = (7 3 ' + 7 8 j + 2 7k) 7 (45 1 + 6 0 j + 3 -° k) = 2.8 i + 1.8 J - 0.3 k 

M * : Vwa= r(1.5)-r(l) = (5.9i + 6.4 j + 2.8k)-(4.5 i + 6.0j + 3.0k) = 2 8 . + 08 ._ 04k 
1.5 — 1 0.5 

(b) We can estimate the velocity at t = 1 by averaging the average velocities over the time intervals [0.5, 1] and [1, 1.5]: 

v(l) * |pt - 2.4 j - 0.6 k) + (2.8 i + 0.8 j - 0.4 k)] = 2.4 i - 0.8 j - 0.5 k. Then the speed is 

|v(l)| m ^(2.4)2 + (-0.8) 2 + (-0.5) 2 * 2.58. 



v(t) = r'(t) = {-t,l) 
a(i)=r"W = (-l,0) 



At t = 2: 
v(2) = (-2,l) 
a(2) = (-l,0) 




0 x 



5. r (t) = 3 cos { i + 2 sin f j => At i = tt/3: 

v(t.) = -3sinti + 2costj v(f)=-^i+j 
a(t) = -3cosii-2sintj a(§) = -§ i - \/3j 

|v(t)| = vAjsin 2 * + 4 cos 2 t = a/4 + 5 sin 2 t 

Notice that x 2 /9 + y 2 / 4 = sin2 * + cos2 * = !> so ^ P ath is an ellipse. 



W (|.V3) 



.0,0) 




7. r(t) = ti + i 2 j + 2k # 
v(t) = i + 2i j 
a(i) = 2 j 



Ati = 1: 
v(l) = i + 2j 
a(l)=2j 



|v(t)| = VT+W 

Here x = t,y = t 2 y = x 2 and z = 2, so the path of the particle is a 

parabola in the plane z = 2. 
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9. r(t) = (t 2 +t,t 2 -t,t 3 ) U v(t)=r'(<) = (2« + l,2t-l,3t 2 ), a(t) = V*(t) = (2, 2, 6i), 

|v(t)| = ^(2* + I) 2 + (2t - I) 2 + (3t 2 ) 2 = V9F+W+2. 
11. r(t) = v^ii + e'j + e-'k t* v(t) = r'(t) = v^i + e' j - e"' k, a(t) = v'(t) = e< j + e~' k, 



|v(t)| = n/2 + e 2t + e- 2t = \/(e' + e -') 2 = e £ + e^. 

13. r(t) = e* (cost, sin t,t) => 

v(t) = r'(t) = e ( (cost, sin M) + «* (- sin t, cost, 1) = e'(cost - sint, sint + cost, t + 1} 

a(t) = v'(t) = e'(cost — sint — sin t - cost, sin t + cost + cost — sin t,t + 1 + 1) 
= e 4 (-2 sin t, 2 cos t,t + 2) 

|v(t)| = e'Vcos 2 t + sin 2 t — 2costsint + sin 2 t 4- cos 2 t + 2 sint cost + t 2 + 2t + 1 
= eVt 2 +2t + 3 

15. a(t) = i + 2j * v(t) = Ja(t)dt = /(i + 2j)dt = ti + 2tj + Candk = v(0) = C, 

so C = k and v(t) = t i + 2f j + k. r(t) = / v(t) dt = / (i i + 2t j + k) dt = \t 2 i + t 2 j + t k + D 
But i = r (0) = D, so D = i and r(i) = (±f 2 + l) i + t 2 j + t k. 
17. (a) a(t) = 2t i + sint j + cos 2t k =4> (b) 
v(t) = / (2t i + sin t j + cos 2t k) dt = t 2 i - cos t j + \ sin 2t k + C 
andi = v(0) = -j + C, so C = i + j 
and v(t) =s (t 2 + l) i + (1 -cost)j + Asin2tk. 

rW = /[(* 2 + 1 ) i+(l-cost)j + ^sin2fk]c(t 
= (|t 3 +t) i+(t-sint)j- ±cos2tk + D 

Butj = r(0) = -ik + D,soD=j + |kandr(t) = (|t 3 +t)i+(t-sint+l)j + (i-Icos2t)k. 

19. r(t) = (t 2 , 5t, t 2 - 16t) =* v(t) = (2t, 5, 2t - .16), |v(t)| = V4t 2 + 25 + 4t 2 - 64t + 256 = V8t 2 - 64f + 281 

and ^ |v(t)| = |(8t 2 - 64t + 281) -1/2 (16t - 64). This is zero if and only if the numerator is zero, that is, 

16t - 64 = 0 or t = 4. Since — |v(t)| < 0 for t < 4 and — |v(t)[ > 0 for t > 4, the minimum speed of vT53 is attained 

at at 

at t = 4 units of time. 

21. |F(t)| = 20 N in the direction of the positive z-axis, so F(t) = 20 k. Also m = 4 kg, r(0) = 0 and v(0) = i — j. 
Since 20k = F(t) = 4a(t), a(t) = 5 k. Then v(f) = 5fk + ci where C! = i- j so v(t) = i - j + 5tkand the 




-10 



speed is |v(t)| = y/T+T+ 25t 2 = -/25t 2 + 2. Also r(t) = ti - tj + §t 2 k + c 2 and 0 = r(0), so c 2 = O 
andr(t) = ti-tj + ft 2 k. 
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170 □ CHAPTER 13 VECTOR FUNCTIONS 

23. |v(0)| = 200 m/s and, since the angle of elevation is 60°, a unit vector in the direction of the velocity is 

(cos60°)i + (srn60°)j = |i+ *f j. Thusv(O) = 20o(±i + = 100i+ 100 v^j and if we set up the axes so that the 

projectile starts at the origin, then r(0) = O. Ignoring air resistance, the only force is that due to gravity, so 

F(i) = ma(<) = — mgj where g 9.8 m/s 2 . Thus &(t) = — 9.8j and, integrating, we have v(t) = -9.8ij + C. But 

100 i + 100 V3j = v(0) = C, so v(t) = 100 i + (100 V3 - Q.8t) j and then (integrating again) 

r(t) = lOQt i + (lOOVli- 4.9t 2 ) j + D where 0 = r(0) = D. Thus the position function of the projectile is 

r(i) = 100ii+(l00v / 3t-4.9t 2 )j. 

(a) Parametric equations for the projectile are x(t) = 100i, y(t) = 100 \/3i - 4.9t 2 . The projectile reaches the ground when 
y(t) =0.(andt > 0) g» 100 -v/St - 4.9t 2 = i(l00v/3 - 4.9i) = 0 => t = « 35.3 s. So the range is 
<^) = 10o(^)« 3535 m. 

(b) The maximum height is reached when y(t) has a critical number (or equivalently, when the vertical component 
of velocity is 0): y'[t) =0 =4> 100 %/3 - 9.8i = 0 => t = if|^ tn 17.7 s. Thus the maximum height is 

= 100^3 (^) -4.9(if^) 2 « 1531m. 

(c) From part (a), impact occurs at t = s. Thus, the velocity at impact is 

v (iffigS) = 100 i + [lOO v/3 - 9.8 j = 100 i - 100 <M j and the speed is 

| v (^f) | = V10.000+ 30,000 = 200 m/s. 

25. As in Example 5, r(t) = {v 0 cos45°)i i + [(«q sin45°)t - \gt 2 } j = \ [v Q V2t i + (v 0 s/2t - gt 2 ) j] . The ball lands when 

y = 0 (and { > 0) f = s. Now since it lands 90 m away, 90 = x = \v 0 or v 2 = 90s and the initial 

0 9 

velocity is v 0 = i/90fl s» 30 m/s. 

27. Let a be the angle of elevation. Then vo = 150 m/s and from Example 5, the horizontal distance traveled by the projectile is 

v$ti*2a , Tnus 150 2 sin2a =800 = 800| 2a - 20.4° or 180 - 20.4 = 159.6°. 

9 <7 150 2 

Two angles of elevation then are a ss 10.2° and a W 79.8°. 

29. Place the catapult at the origin and assume the catapult is 100 meters from the city, so the city lies between (100, 0) 

and (600, 0). The initial speed is v 0 = 80 m/s and let 9 be the angle the catapult is set at As in Example 5, the trajectory of 
the catapulted rock is given by r (t) = (80 cos 0)t i + [(80 sin 0)t - AM 2 ] j. The top of the near city wall is at (100, 15), 

which the rock will hit when (80 cos 6) t= 100 ==> t = — -2— and (80sinf3)t - 4.9t 2 = 15 =s> 
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80 sine- — —, - - 4.9^— ^-r ^ =15 =* 100 tan 0 - 7.65625 sec 2 8 = 15. Replacing sec 2 9 with tan 2 9 + 1 gives 
4cos0 \4cos0 J 

7.65625 tan 2 9 - 100 tan 9 + 22.65625 = 0. Using the quadratic formula, we have tan 9 » 0.230635, 12.8306 
6 fa 13.0°, 85.5°. So for 13.0° < B < 85.5°, the rock will land beyond the near city wall. The base of the far wall is 

located at (600, 0) which the rock hits if (80 cos B)t = 600 t = and (80 sin 8)t -AM 2 =0 ^ 



80sin * 2cos* 



-4.<)(— = 0 =* 600tan<9- 275.625 sec 2 6 = 0 => 

275.625 tan 2 B - 600 tan 9 + 275.625 = 0. Solutions are tan 9 » 0.658678, 1.51819 => B « 33.4°, 56.6°. Thus the 
rock lands beyond the enclosed city ground for 33.4° < B < 56.6°, and the angles that allow the rock to land on city ground 
are 13.0° < 9 < 33.4°, 56.6° < 6 < 85.5°. If you consider that the rock can hit the far wall and bounce back into the city, we 

calculate the angles that cause the rock to hit the top ofthe wall at (600, 15): (80 cos 9)t = 600 t = * 5 and 

2cos0 

(8Osin0)t - 4.9t 2 = 15 => 600 tan B - 275.625 sec 2 8 = 15 => 275.625 tan 2 8 - 600 tan 6 + 290.625 = 0. 
Solutions arc tan 8 « 0.727506, 1.44936 => 8 « 36.0°, 55.4°, so the catapult should be set with angle 6 where 
13.0° < 8 < 36.0°, 55.4° < 8 < 85.5°. 

31. Here a(r) = -4 j - 32 k so v(t) = -At j - 32i k + v 0 = -4i j - 32* k + 50 i + 80 k = 50 i - 4t J + (80 - 32i) k and 
r(t) = 50f i - 2t 2 j + (80i - 16t 2 ) k (note that r 0 = 0). The ball lands when the z-component of r(t) is zero 
and t > 0: 80* - 16t 2 = 16f(5 - t) = 0 t = 5. The position ofthe ball then is 

r(5) = 50(5) i - 2(5) 2 j + [80(5) - 16(5) 2 ] k = 250i - 50j or equivalently the point (250, -50, 0). This is a distance of 
v/250 2 + (-50) 2 + 0 2 = V65.000 « 255 ft from the origin at an angle of tan" 1 (^) w 11.3° from the eastern direction 




toward the south. The speed ofthe ball is |v(5)| = |50 i - 20 j - 80 k| = ,/50 2 + (-20) 2 + (-80) 2 = ^/9300 « 96.4 ft/s. 

33. (a) After t seconds, the boat will be 5t meters west of point A. The velocity 20_ 
of the water at that location is ^ (5t)(40 - 5<)j. The velocity ofthe 
boat in still water is 5 i, so the resultant velocity ofthe boat is 

v(t) = 5 i + ^ (5t)(40 - 5t) j = 5i + (ft - ±t 2 ) j. Integrating, we obtain 0 
r(t) = 5t i + (ft 2 - ^t 3 ) j + C. If we place the origin at A (and consider j 
to coincide with the northern direction) then r(0) =0 =>■ C = 0 and we have r(t) = 5t i + (f t 2 - -^t 3 ) j. The boat 
reaches the east bank after 8 s, and it is located at r(8) = 5(8)i + (f (8) 2 - ± (8) 3 ) j = 40 i 4- 16 j. Thus the boat is 16 m 
downstream. 

(b) Let a be the angle north of east that the boat heads. Then the velocity of the boat in still water is given by 

5(cosq) i -f 5(sina) j. At t seconds, the boat is 5(cos a)t meters from the west bank, at which point the velocity 
of the water is ^ [5(cos a)t] [40 - 5(cos a)t] j. The resultant velocity of the boat is given by 
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v(t) = 5(cos a) i + [5 sin a + Jg (S< cos a) (40 - 5i cos a)] j = (5 cos a) i + (5 sin a + ft cos a - ^t 2 cos 2 a) j. 
Integrating, r(f) = (5t cos a) i + (5t sin a + ft 2 cos a - cos 2 a) j (where we have again placed 

the origin at .4). The boat will reach the east bank when ht cos a = 40 



5 cos a cos a ' 



In order to land at point B(40, 0) we need 5i sin a + ft 2 cos ct — jgt 3 cos 2 a = 0 



gf-^sina + ff-^-Y 
\cosa j * \cosa J 



cosa-TS 



4 l 

3 1 

cos 2 a = 0 =* 

cos a y cos a 



a + 48 - 32) = 0 =s> 



40sina+16 = 0 sina = -f. Thus a = sin _1 (-|) w -23.6°, so the boat should head 23.6° south of 

east (upstream). The path does seem realistic. The boat initially heads 
upstream to counteract the effect of the current. Near the center of the river, 

the current is stronger and the boat is pushed downstream. When the boat o — ^ -< - -* ] 40 

nears the eastern bank, the current is slower and the boat is able to progress 
upstream to arrive at point B. 



-12 



35. Ifr'(t)=cxr(t)thenr'(t) is 



sndicular to both c and r(t). Remember that r'(t) points in the direction of motion, so if 
r'(t) is always perpendicular to c, the path of the particle must lie in a plane perpendicular to c. But r'(t) is also perpendicular 
to the position vector r(t) which confines the path to a sphere centered at the origin. Considering both restrictions, the path 
must be contained in a circle that lies in a plane perpendicular to c, and the circle is centered on a line through the origin in the 
direction of c. 

37. r(t) = (3t - t 3 ) i + 3t 2 j r'(t) = (3 - 3t 2 ) i + 6t j, 

|r'(t)| = 7(3 - 3t 2 ) 2 + (6t) 2 = V9 + 18t» + W = y/{3 - 3t 2 ) 2 =3+ 3i 2 , 
r"(t) = -8ti + 6 j, r'(t) x r"(i) = (18 + 18t 2 ) k. Then Equation 9 gives 



r'(t)-r"(t) _ (3 - 3t 2 )(-6t) + (6 
T ~ \r'(t)\ 3+3t 2 



18i + 18i 3 _ 18t(l +* 2 ) 



3 + 3t 2 3(1 +i 2 ) 



„, = 6t [or by Equation 8, 

+ t 2 ) L 



a T = v' = j t [3 + 3i 2 ] = 6tj and Equation 10 gives a N 



= l r 'W x r"(t)\ = 18 + 18t 2 = 18(1 + t 2 ) 
\r'{t)\ 3 + 3t 2 3(1 +t 2 ) 

39. r(t) = costi + sinij-Rk => r'(t) = - sinfi + cost j + k, |r'(f)| = \A»n 2 * + cos 2 t + 1 = 1/2, 
r"{t) = - cos t i - sin t j, r'(i) x r"(t) = sin i i - cos t j + k. 



= 6. 



Then ar = 



r'(t) • r"(t) sint cost - sinicost , , |r'(t) x r"(t)| _ y/.sin 2 t + cos 2 * + 1 _ s/2 _ 



~ ^2 - (r#(4)| ^ 

41. r(f) = e t i + ^<j + e- t k * r'(t) = e* i + V2j - e"' k, |r(t)| = Ve 2 '- + 2 + C - 2 < = y/(e>- + e"'-) 2 = e< +e"\ 



r"(t) = eM + k. Then a T = = (g*±ggg*_^ = e * _ e -, „ 

| % /2e- t i-2j-^e t k| y/2( e - 2t + 2 + e 2 *) ^ e'+e"' m 
™ A a " = J = y .» . — « = V2 g - e _ t = V2. 



e' + e-' 



© 2012 Ccngagc Learning. All Rights Reserved. May nol be scanned, copied, pr duplicated, nr nosted m a publicly accessible websile. in whole or in part. 

www.elsolucionario.net 



CHAPTER 13 REVIEW □ 173 

43. The tangential component of a is the length of the projection of a onto T, so we sketch 
the scalar projection of a in the tangential direction to the curve and estimate its length to 
be 4.5 (using the fact that a has length 10 as a guide). Similarly, the normal component of 
a is the length of the projection of a onto N, so we sketch the scalar projection of a in the 
normal direction to the curve and estimate its length to be 9.0. Thus a T w 4.5 cm/s 2 and 
a N W 9.0 cm/s 2 . 

45. If the engines are turned off at time t, then the spacecraft will continue to travel m the direction of v(t), so we need a t such 

1 8t 

that for some scalar s > 0, r(t) + sv(t) = (6,4,9). v(t) = r'(t) = i + -j + ... k => 

t {t 4 + \y 



y 






\\ / 

\a 










0 


X 



3 + t+«,2+!n*+ 



_8 £L _\ 
1 + (t 2 + l) 2 / 



=* 3 + t + s = 6 s = Z-t, 



m7 4 8(3 -t)t _ 24t-12t 2 -4 n 4 2 

so7 "^Ti + ^TTj2 - 9 <p + 1)a - 2 *> * + 8 ' -i2t + 3 = o. 

3—1 

It is easily seen that t = 1 is a root of this polynomial. Also 2 + In H — = 4, so t = 1 is the desired solution. 



13 Review 



CONCEPT CHECK 



1. A vector function is a function whose domain is a set of real numbers and whose range is a set of vectors. To find the derivative 
or integral, we can differentiate or integrate each component of the vector function. 

2. The tip of the moving vector r(t) of a continuous vector function traces out a space curve. 

3. The tangent vector to a smooth curve at a point P with position vector r(i) is the vector r'((). The tangent line at P is the line 

r'(t) 

through P parallel to the tangent vector r'(t). The unit tangent vector is T(t) = j 

4. (a)(a)-(f) See Theorem 13.2.3. 

5. Use Formula 13.3.2, or equivalently, 13.3.3. 

dT 



6. (a) The curvature of a curve is k = 
T'(t) 



ds 



(b) K(t) = 



r'(t) 



where T is the unit tangent vector. 

<ti , (t ) - k'W **"(«)! 

(C)K{t) - |r'(t)| 3 



(d) ^ [iX*)V 



7. (a) The unit normal vector: N(t) = $ . The binomial vector: B(t) = T(t) x N(i). 
(b) See the discussion preceding Example 7 in Section 13.3. 

8. (a) If r(t) is the position vector of the particle on the space curve, the velocity v(t) = r'(t), the speed is given by |v(t)|, 

and the acceleration a(i) = v'(t) = r"(t). 
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174 □ CHAPTER 13 VECTOR FUNCTIONS 

(b) a = a T T + ojvN where a T = v' and a N = kv 2 . 
9. See the statement of Kepler's Laws on page 892 [ET 868]. 



TRUE-FALSE QUIZ 



1. True. If we reparametrize the curve by replacing u = t 3 , we have r(tt) = u i + 2u j + 3u k, which is a line through the origin 
with direction vector i + 2 j + 3 k. 

3. False. The vector function represents a line, but the line does not pass tlirough the origin; the x-component is 0 only for t = 0 
which corresponds to the point (0, 3, 0) not (0, 0, 0). 

5. False. By Formula 5 of Theorem 13.2.3, -| [u(t) x v(t)] = u'(i) X v(t) + u(t) x v'(t). 

7. False. K is the magnitude of the rate of change of the unit tangent vector T with respect to arc length s, not with respect to t 

9. True. At an inflection point where / is twice continuously differentiable we must have f"(x) = 0, and by Equation 13.3.1 1, 
the curvature is 0 there. 

11. False. If r(t) is the position of a moving particle at time t and |r(t)| = 1 then the particle lies on the unit circle or the unit 
sphere, but this does not mean that the speed |r'(t)| must be constant. As a counterexample, let r(t) = (t, %/l - t 2 ), then 



r'(t) = (1, -t/VT~~^) and |r(t)| = Vi 2 + 1 - * 2 = 1 but |r'(t)| = ^/l + * 2 /(l - i 2 ) = which is not 

constant. 

13. True. See the discussion preceding Example 7 in Section 13.3. 

EXERCISES 

1. (a) The corresponding parametric equations for the curve are x = t, 

y = cos 7rt, z = sin nt. Since y 2 + z 2 = 1, the curve is contained in a 
circular cylinder with axis the x-axis. Since x = t, the curve is a helix. 

(b) r(£) = t i + cos 7rt j + sin -nt k => 
r' (t) = i — 7r sin 7rt j + 7r cos 7rt k => 
r"(t) = — rr 2 cos 7rt j — 7r 2 sin 7ri k 

3. The projection of the curve C of intersection onto the Z2/-plane is the circle x 2 + y 2 = 16, z = 0. So we can write 
x = 4 cos t, y = 4sint, 0 < t < 2ir. From the equation of the plane, we have z = 5 - x = 5 - 4 cos t, so parametric 
equations for C are x = 4 cos t, t/ = 4 sin t, z = 5 - 4 cos £, 0 < t < 2tt, and the corresponding vector function is 
r(t) = 4cos* i + 4sint j + (5 - 4cosi)k, 0 < t < 2tt. 
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5. g (t 2 i + t cos -Ktj + sin Trf k) dt = t 2 dt) i + (/ 0 X t cos nt dt) j + sin let dt) k 

= [I* 3 ] J » + ( i si * **] % g - i sin TTt dt) J + [-1 cos "*] o k 



Jo 

where we integrated by parts in the i/-component. 



ii+[^cos ^j+ak^H-JSrj+fk 



7. r(t) = (t 2 ,t 3 ,t 4 ) =► r'(t) = (2t,3( 2 ,4t 3 ) => KCOI- V4t 2 +9t* + 16t« and 

L = / Q 3 |r'(t)| dt = J 3 Vlt 2 + W + 16t 6 dt. Using Simpson's Rule with /(t) = V4t 2 + 9f + 16t B and n = 6 we 



have At = *=2 = \ and 



£ « ¥ [/(0) + + 2/(1) + 4/(f) + 2/(2) + 4/(f ) + /(3)] 

= 1^0 + 0 + 0 + 4- ^(i) 2 + 9(i)" + 16(i) 6 + 2 • v^lja + 9(1) 4 + 16(1)6 

+ 4 • ^4(1 ) 2 + 9(f) 4 + 16(f) 6 + 2 • ^4(2)3 + 9(2)« + 16(2)« 
+ 4 • fiftf + 9(f) 4 + 16(f) 6 + y/m 2 + 9(3)4 ; 16(3)6 j 

ra 86.631 

9. The angle of intersection of the two curves, 6, is the angle between their respective tangents at the point of intersection. 
For both curves the point (1,0, 0) occurs when t = 0. 

ri(t) = -sinti + costj + k * r'^0) = j + k and r' 2 {t) = i + 2t j + 3t 2 k =» r' a (Q) = i. 
r' a (0) • r 2 (0) = (j + k) • i = 0. Therefore, the curves intersect in a right angle, that is, $ = f . 

fl (f) r'(t) (t 2 ,t,l) (t 2 ,t,l) 

(b) T'(t) = -|(f' + t 2 + l)" 3 / 2 (4t 3 + 2t) (f 2 , t, 1) + (t 4 + t 2 + l)" 1/2 (2t, 1, 0) 

= ( t 4 + rt + i)3/2 *> X ) + ( t 4 + t 2 + xji/a < 2 '' *< °) 

(-2t 5 - t 3 , -2t 4 - t 2 , -2t 3 - t) + (2t 5 + 2t 3 + 2t, t 4 + 1 2 + 1, 0) (t 3 + 2t, -t 4 + 1, -2t 3 - t) 
(t< + i 2 + 1)3/ 2 " (t 4 + t 2 + 1)V2 

, _ y/t 6 + 4t 4 + 4t 2 + t» - 2f + 1 + 4t" + 4t 4 ~+F Vt B + 5t 6 + 6f + 5t 2 + 1 

1 W '~ (t 4 + t 2 + l) 3 / 2 (i4 +t 2 + 1) 3/2 

= (t 3 + 2t,l-t 4 ,-2t 3 -t) 
v/f 8 + 5t« + 6f* + 5t 2 + l' 



/ * m |T'(t)l yg + 5g + 6t 4 + 5t 2 + 1 yg + 4t 2 + 1 



(f + t 2 + l) 2 (t" + ( 2 + 1)3/2 



13. y> = 4x3, ^ = 12z 2 md w(x) = fi - ^j 2]3/2 = (i ; i6 J )3/2 . so «(!) = ^ 
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176 □ CHAPTER 13 VECTOR FUNCTIONS 

15. r(t) = <sin2M,cos2t) => r'{t) = (2cos2t, 1, -2sin2t) T(t) = -j. (2cos2i, 1, -2sin2i) =» 

T'(i) = ^ (-4sin2t,0, -4cos2t) => N(t) ■ (-sin2t,0, -cos2t). SoN = N(tt) = (0,0, -1) and 
B = T x N = (-1, 2, 0). So a normal to the osculating plane is (-1, 2, 0) and an equation is 
-l(x - 0) + 2(y - 7I-) + 0(z - 1) = 0 or x - 2y + 2tt = 0. 

17. r(t) - t In t i + t j + e-« k, v(t) = r'(t) = (1 + Int) i + j - e~ l k, 

|v(*)| = y/{\ + In*) 2 + l 2 + (-e- 4 ) 2 = ^2 + 21nt + (Inf.) 2 + e" 2 ', a(i) = v'(t) = j i + c"' k 

19. We set up the axes so that the shot leaves the athlete's hand 7 ft above the origin. Then we are given r(0) = 7j, 

|v(0)| = 43 ft/s, and v(0) has direction given by a 45° angle of elevation. Then a unit vector in the direction of v(0) is 
-i-(i + j) => v(0) = ^(i + j). Assuming air resistance is negligible, the only external force is due to gravity, so as in 

Example 13.4.5 we have a = -g j where here g W 32 ft/s 2 . Since v'(t) = a(i), we integrate, giving v(t) = -gt j + C 

where C = v(0) = $ (i + j) =* v (t) = 4| i + - gt) j. Since r'(t) = v(t) we integrate again, so 

r(t) = ^i + (^i-^ 2 )j + D.ButD = r(o) = 7j * + 

(a) At 2 seconds, the shot is at r (2) = 4| (2) i + ( ^ (2) - ± 5 (2) 2 + 7) j « 60.8 i + 3.8 j, so the shot is about 3.8 ft above 

the ground, at a horizontal distance of 60.8 ft from the athlete. 

(b) The shot reaches its maximum height when the vertical component of velocity is 0: — gt = 0 => 

43 

t = —=- « 0.95 s. Then r(0.95) ss 28.9 i + 21.4 j, so the maximum height is approximately 21.4 ft. 
V2g 

(c) The shot hits the ground when the vertical component of r(t) is 0, so $jt - \gt 2 +7 = 0 =S> 

— 16* 2 + ^-t + 7 = 0 =» t K 2.11 s. r(2.11) « 64.2 i - 0.08 j, thus the shot lands approximately 64.2 ft from the 
athlete. 

21. (a) Instead of proceeding directly, we use Formula 3 of Theorem 13.2.3: r(t) = t R(£) => 
v = r'(t) = R(t) + tR'(t) = coswti + sinaiij + tv d . 

(b) Using the same method as in part (a) and starting with v = R(t) + t R'(t), we have 
a = v' m R'(t) + R'(t') + tK"(t) = 2R'(t) + tK"(t) = 2 v rf + i a d . 

(c) Here we have r(t) = e _£ coswt i + e _i sina>i j = e _t R(<). So, as in parts (a) and (b), 
v = r'(t) = e-' R'(t) - e" e R(t) = e _t [R'(t) - R(t)] => 

a = v' = e- £ [R"(t) - R'(t)] - e-'[R'(t) - R(t)] = e^fR"® - 2R'(t) + R(i)] 

= e _t a d - 2e _t v d + e _t R 
Thus, the Coriolis acceleration (the sum of the "extra" terms not involving a,/) is -2e~ L v d + e~ l R. 
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23. (a) r(i) = Rcoswti + Rsinutj => v = r'(t) = -u>R sinwt i + ujRcosujt j, so r = i?(coswt i + sin wt j) and 
v = wR(- slnuiti + cosut j). v • r = uR 2 (- coswisinwt + smut coswt) = 0, so v _L r. Since r points along a 
radius of the circle, and v _L r, v is tangent to the circle. Because it is a velocity vector, v points in the direction of motion. 

(b) In (a), we wrote v in the form uR u, where u is the unit vector - sin ait i + cosut j. Clearly |v| = ujR |u| = uR. At 

%7rR 27T 

speed uiR, the particle completes one revolution, a distance 2nR, in time T = = — . 

uiR u 

(c) a = S|» a -w 2 Rcosuti - w 2 /esinwij = -u 2 R(cosuti + sin ut j), so a = -w 2 r. This shows that a is proportional 
to r and points in the opposite direction (toward the origin). Also, |a| = w 2 |r| = u> 2 R. 

(d) By Newton's Second Law (see Section 13.4), F = ma, so |F| = m ja| = mRu 2 = m ( uR ) 2 - mjjvf 
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1. (a) The projectile reaches maximum height when 0 = — = -jj [(vo sin a)t - \gf\ = v 0 sin q - gt; that is, when 

no sin a . . / Vo sin a \ If vo sin a \ 2 v 2 sin 2 a _ . . , 

* = — - — and y = («o sin a) [ — - — I - -p^ — - — I = -^-^ — . This is the maximum height attained when 

the projectile is fired with an angle of elevation a. This maximum height is largest when a = | . In that case, sin a = 1 
v 2 

and the maximum height is -2-. 

2<? 

(b) Let R - v 2 /g. We are asked to consider the parabola x 2 + 2Ry - R 2 = 0 which can be rewritten as y ~ — — - x 2 H . 

2ix 2 



-i » . M 



The points on or inside this parabola are those for which -R < x < R and 0 < y < — x + — . When the projectile 



is 



fired at angle of elevation a, the points (x, y) along its path satisfy the relations x = (v 0 cos a) t and 
y = (v 0 sin a)t - \gt 2 , where 0 < t < (2v 0 sm.a)/g (as in Example 13.4.5). Thus 



W< 



(2u 0 sina\| \vl . I 
= — sin 2a 
9 /I |S 



= This shows that -R < x < R. 



For t in the specified range, we also have y = t(v 0 sinor - \gt) = ±gt( 2v ° S * na - t^j > 0 and 

X Q ( X \ (1 1 

y = (v 0 sin a) ^ = (tan a) x - J x 2 = - — — x 2 + (tan at) x. Thus 

'uocosa 2\v 0 cosa/ 2d 2 , cos 2 a 2 R cos 2 a v ' 

-a (' - sk) - " - - - f - ^ — + ™ ( '° n ' - R ' 

-(tan 2 q) x 2 + 2R (tan a) x - R 2 - [(tana) x - R} 2 

2R 2R - ° 

1 /? 

Wc have shown that every target that can be hit by the projectile lies on or inside the parabola y = -— x 2 + 

Now let (a, b) be any point on or inside the parabola y = -5L x 2 + 2 . Then — H <a<jRandO<6< — — a 2 + — . 

2x1 2 2ii 2 

We seek an angle a such that (o, b) lies in the path of the pro jectile; that is, we wish to find an angle a such that 

1 —1 
b = ~ 2Rcos 2 a fl2 + ( tan Q ) a or equivalents b = — (tan 2 a + l)a 2 + (tan a) a. Rearranging this equation we get 

* 

|^ tan 2 a - a tan a + ( |^ + 6 J = 0 or a 2 (tan a) 2 - 2aft(tana) + (a 2 + 26.R) = 0 (*) . This quadratic equation 
for tan a has real solutions exactly when the discriminant is nonnegative. Now B 2 — AAC > 0 <=*• 
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{-2aRf - 4a 2 (a 2 + 2bR) > 0 <s> 4a 2 (K 2 - a 2 - 2bR) > 0 -a 2 - 26i? + fl 2 > 0 «* 

1 —1 i? 

b < — (J? 2 - a 2 ) o 6 < — a 2 + — . This condition is satisfied since (a, b) is on or inside the parabola 

y = -~ x 2 + — . It follows that (a, b) lies in the path of the projectile when tan a satisfies (*), that is, when 
2aR±J4a 2 (R 2 -a 2 -2bR) R±VR 2 -2bR-a? 

(c) ^ If the gun is pointed at a target with height h at a distance D downrange, then 

tan a = h/D. When the projectile reaches a distance D downrange (remember 
we are assuming that it doesn't hit the ground first), we have D = x = (v 0 cos a)t, 




so i = and y = (vo sin a)t — ^gt = D tana — 



"" u y — t"w ***** «j» — *.****»-* _ 2 9 

Vocosa 1 2v$ j cos? a 

Meanwhile, the target, whose x-coordinate is also D, has fallen from height h to height 

h - ±gt 2 = D tan a - ~ ■ Tlllls ,he projectile hits the target. 

3. (a)a = -tfj => v = v 0 - gt j = 2i - gtj s = s 0 + 2ii - i</t 2 j = 3.5j + 2t i - i<yt 2 j =*> 

s = 2t i + (3.5 - 55t 2 ) j. Therefore y = 0 when t = s/TJg seconds. At that instant, the ball is 2 y/f/g m 0.94 ft to the 
right of the table top. Its coordinates (relative to an origin on the floor directly under the table's edge) arc (0.94, 0). At 
impact, the velocity is v = 2 i - y/Tg j, so the speed is |v| = ^4 + 7g M 15 ft/s. 

(b) The slope of the curve when t = . F- is & = ^ = = = *=£!. Thus cot 0 = ^ 

V g ax ax/at 2 2 2 2 

and 0« 7.6°. 

(c) From (a), |v] = i/l + Ig. So the ball rebounds with speed 0.8 ^4 + 7g « 12.08 ft/s at angle of inclination 

90° - 9 « 82.3886°. By Example 13.4.5, the horizontal distance traveled between bounces is d = "p 8 "* 2 " , where 

.9 

u 0 » 12.08 ft/s and a w 82.3886°. Therefore, d « 1.197 ft. So the ball strikes the floor at about 
2 y/fjg + 1.197 » 2.13 ft to the right of the table's edge. 

5. The trajectory of the projectile is given by r(t) = (ucosa:)ii+ [(usina)i - %gt 2 } j, so 
v(t) = r'(i) = ucosai+ (usina - gt) j and 



|v(t)| = y^cosa) 2 + (vsma-gt) 2 = ^v 2 - {2vg sin a) t + gH 2 = ^Jg 2 (t 2 - ^ (sin a)t+^j 
= g^j(t - ^ina) 2 + ^ - ^ sin 2 a = fl ^(t ~ sin rv) + V - cos 2 a 
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The projectile hits the ground when (v sin a)t - \gt 2 =0 => t = ^ sin a, so the distance traveled by the projectile is 

M2v/g) sin a /•(2«/g) sin nt ft y \ 2 y 2 

L(a) = J \v(t)\dt = J^ g y \t - - sin a J + cos 2 a dt 



= 9 



t- (v/.g)sina \( v . \ 2 (v \ 2 
'^-LZJ. . [t sin a + - cos a 

2 \\ 9 ) \9 ) 

at, I v . 17 7T. v Tv V 

— — In I t - - sma+ J I t - -sina J H-l-cosal 



[(v/g)cosc 
2 

[using Formula 21 in the Table of Integrals] 



- (2u/o)sina 



%in 8^ sinaj + (| cos «) + Q«*a) In ^ sina + ^/ (j sin aj + Qcosa) j 
+ — sinaW ( - sin ct ) + (-cosa) — (-cos a] lnl— -sin a + WI- sin a) + (— cos a] 

.9 yvs y v<? / vs / l * V Vf / Vfl / 

g\v . v v 2 o i ( v ■ , v \ , v ■ v v * 2 i ( v . , tAl 
= - -sina - — I — r cos a In - sin a + - M — sin a • - cos a In — sinaH — 

2 U g g 2 \g gj g g g 2 \ g g)\ 

v 2 . . v 2 2 / (u/p) sin a + v/g \ v 2 . v 2 2 /l + sina\ 

= — sina + — cos" aln / /, . — —r- = — sina + — cos" aln ; 

g 2g \-(v/g)sma + v/gJ g 2g \l-smaj 

We want to maximize L(a) for 0 < a < n/2. 

Tll . v 2 , v 2 \ 2 1-sina 2cosa /l+sina\] 

L'(a) = — cosa + — cos" a • — — ; — ■ -x -2cosa sina In ■ 

g 2g[ 1 + sma (1-sina) 2 V 1 -^ 110 /] 

v 2 , v 2 \ 2 2 . . . / 1 +sina\] 

= — cos a + — cos a • 2 cos a sin a In : 

g 2g[ cos a \ 1 - sin a / J 

v 2 v 2 T , A+sinaA] v 2 \ ■ /l+since\l 

= — cos a H cos a 1 - sin a In : = — cos a 2 - sin a In 

g g [ \l-smaj] g [ \l-smaj] 

L(a) has critical points for 0 < a < 7r/2 when L'(a) = 0 => 2-sinaln Q ~ =0 [since cos a ^ 0]. 

Solving by graphing (or using a CAS) gives a « 0.9855. Compare values al the critical point and the endpoints: 
1,(0) = 0, L(ir/2) = v 2 /g, and £(0.9855) w l.20v 2 /g. Thus the distance traveled by the projectile is maximized 
for a f« 0.9855 or a* 56°. 

7. We can write the vector equation as r(t) = at 2 + bt + c where a = (ai , 02, 03), b = (61 , 62, 63), and c = (ci , C2, C3). 
Then r'(t) = 2t a + b which says that each tangent vector is the sum of a scalar multiple of a and the vector b. Thus the 
tangent vectors are all parallel to the plane determined by a and b so the curve must be parallel to this plane. [Here we assume 
that a and b are nonparallel. Otherwise the tangent vectors are all parallel and the curve lies along a single line.] A normal 
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vector for the plane is a x b = (0263 - 0362, 0361 - 0163, ai& 2 - a 2 6i). The point (ci, c 2 , c 3 ) lies on the plane (when 
t = 0), so an equation of the plane is 

(a 2 6 3 - a 3 6 2 )(x - d) + (a 3 6i - ai6 3 )(y - c 2 ) + (aife - a 2 6i)(2 - c 3 ) = 0 

or 

(a 2 i 3 — a 3 £>?.):E + (o 3 6i — aife 3 )i/ + (ai6 2 — a 2 6i).z = a 2 b 3 ci — a 3 &2Ci + a 3 6ic 2 — ai& 3 c 2 + ai& 2 c 3 — a 2 J>ic 3 
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14.1 Functions of Several Variables 

1. (a) From Table 1, /(-15, 40) = -27, which means that if the temperature is -15°C and the wind speed is 40 km/h, then the 
air would feel equivalent to approximately -27°C without wind. 

(b) The question is asking: when the temperature is -20°C, what wind speed gives a wind-chill index of -30° C? From 
Table 1 , the speed is 20 km/h. 

(c) The question is asking: when the wind speed is 20 km/h, what temperature gives a wind-chill index of -49°C? From 
Table 1 , the temperature is -35°C. 

(d) The function W = /(-5, v) means that we fix T at -5 and allow v to vary, resulting in a function of one variable. In 
other words, the function gives wind-chill index values for different wind speeds when the temperature is -5°C. From 
Table 1 (look at the row corresponding to T = -5), the function decreases and appears to approach a constant value as v 
increases. 

(e) The function W = f(T, 50) means that we fix v at 50 and allow T to vary, again giving a function of one variable. In 
other words, the function gives wind-chill index values for different temperatures when the wind speed is 50 km/h . From 
Table 1 (look at the column corresponding to v = 50), the function increases almost linearly as T increases. 

3. P(120, 20) = 1.47(120)° 85 (20)° 35 rs 94.2, so when the manufacturer invests $20 million in capital and 120,000 hours of 
labor are completed yearly, the monetary value of the production is about $94.2 million. 

5. (a) /(160, 70) = 0.1091(160)°- 425 (70) 0 - 725 « 20.5, which means that the surface area of a person 70 inches (5 feet 10 
inches) tall who weighs 160 pounds is approximately 20.5 square feet. 

(b) Answers will vary depending on the height and weight of the reader. 

7. (a) According to Table 4, /(4'0, 15) = 25, which means that if a 40-knot wind has been blowing in the open sea for 15 hours, 
it will create waves with estimated heights of 25 feet. 

(b) h = /(30, t) means we fix v at 30 and allow t to vary, resulting in a function of one variable. Thus here, h = /(30, t) 
gives the wave heights produced by 30-knot winds blowing for t. hours. From the table (look at the row corresponding to 

v = 30), the function increases but at a declining rate as t increases. In fact, the function values appear to be approaching a 
limiting value of approximately 19, which suggests that 30-knot winds cannot produce waves higher than about 19 feet. 

(c) h = f(v, 30) means we fix t at 30, again giving a function of one variable. So, h = f(v, 30) gives the wave heights 
produced by winds of speed v blowing for 30 hours. From the table (look at the column corresponding to t = 30), the 
function appears to increase at an increasing rate, with no apparent limiting value. This suggests that faster winds (lasting 
30 hours) always create higher waves. 
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9. (a) .g(2, -1) m co S (2 + 2(-l)) = cos(O) = 1 

(b) x + 2y is defined for all choices of values for x and y and the cosine function is defined for all input values, so the domain 
ofg is K 2 . 

(c) The range of the cosine function is [—1,1] and x + 2y generates all possible input values for the cosine function, so the 
range of cos(x + 2y) is [-1, 1]. 

11. (a) /(I, 1,.1J = VT+yt+Vi+ ta(4 - l 2 - l 2 - l 2 ) = 3 + In 1 = 3 

(b) y/x, y/y, yfz are defined only when x > 0, y > 0, z > 0, and ln(4 - x 2 - y 2 - z 2 ) is defined when 
4 - x 2 - y 2 - z 2 > 0 m x 2 + y 2 + z 2 < 4, thus the domain is 

{(x, y, z) | x 2 + y 2 + z 2 < 4, x > 0, y > 0, z > 0}, the portion of the interior of a sphere of radius 2, centered at the 
origin, that is in the first octant. 

13. y/2x - y is defined only when 2x - y > 0, or y < 2x. 15. ln(9 - x 2 - 9iy 2 ) is defined only when 

So the domain of / is {(x, y)\y < 2x}. 9 - x 2 - 9y 2 > 0, or |x 2 + y 2 < 1. So the domain off 






17. y/l - x 2 is defined only when 1 - x 2 > 0, or 



19. y/y - x 2 is defined only when y - x 2 > 0, or y > x 2 . 



x 2 < 1 -1 < x < 1, and y/\ - y 2 is defined 





x = ±1. Thus the domain of / is 



Thus the domain of / is 

{(x,y)\-l<x<l, -1 <»<!}. 



{{x,y)\y>x 2 , x^±l}. 



—i 




X 




-1 
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21. We need 1 - x 2 - y 2 - z 2 > 0 or x 2 + y 2 + z 2 < 1, 
so D = {(x, y, z) | x 2 + y 2 + z 2 < 1 } (the points inside 
or on the sphere of radius 1, center the origin). 




25. z = 10 - 4x - 5y or 4a: + 5y + z = 10, a plane with 
intercepts 2.5, 2, and 10. 




(2.5.0,0) 



23. z = 1 + y, a plane which intersects the yz-plane in the 
line z = 1 4- y, x = 0. The portion of this plane for 
x > 0, z > 0 is shown. 




27. 2 = y 2 + 1, a parabolic cylinder 




29. z = 9 — x 2 — 9y 2 , an elliptic paraboloid opening 
downward with vertex at (0, 0, 9). 



(0. 0. 9) 




31. z = v/4 - 4x 2 - y 2 so Ax 2 +y 2 + z 2 =4 or 

x 2 + ^ + j = 1 and 2 > 0, the top half of an 
ellipsoid. 



(0, 0.2 1 




33. The point (-3, 3) lies between the level curves with 2-values 50 and 60. Since the point is a little closer to the level curve with 
2 = 60, we estimate that /(-3, 3) « 56. The point (3, -2) appears to be just about halfway between the level curves with 
2-values 30 and 40, so we estimate /(3, -2) sa 35. The graph rises as we approach the origin, gradually from above, steeply 
from below. 
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35. The point (160, 10), corresponding to day 160 and a depth of 10 m, lies between the isothermals with temperature values 
of 8 and 12°C. Since the point appears to be located about three-fourths the distance from the 8°C isothermal to the 12°C 
isothermal, we estimate the temperature at that point to be approximately 11°C. The point (180, 5) lies between the 16 and 
20°C isothermals, very close to the 20°C level curve, so we estimate the temperature there to be about 19.5°C. 

37. Near A, the level curves are very close together, indicating that the terrain is quite steep. At B, the level curves are much 
farther apart, so we would expect the terrain to be much less steep than near A, perhaps almost flat. 

41. 




43. The level curves are {y - 2x) 2 = k or y = 2x ± 
k > 0, a family of pairs of parallel lines. 





45. The level curves are sfx + y 
family of vertical translations 
function y = — -Jx. 



= koty 
of the 



-sfx + k, a 
root 



4321 0 1234 




47. The level curves are ye x = k or y - ke x , a family of 
exponential curves. 




49. The level curves are yV - x2 = kory 2 -x 2 = fe 2 , 
k > 0. When k = 0 the level curve is the pair of lines 
y = ±x. For k > 0, the level curves are hyperbolas 
with axis the y-axis. 
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51. The contour map consists of the level curves k = x 2 + Qy 2 , a family of 
ellipses with major axis the a>axis. (Or, if k = 0, the origin.) 
The graph of f(x, y) is the surface z = x 2 + 9i/ 2 , an elliptic paraboloid. 




If we visualize lifting each ellipse k = x 2 + 9y 2 of the contour map to the plane 
z = k, we have horizontal traces that indicate the shape of the graph of /. 

53. The isothermals are given by k = 100/(1 + x 2 + 2y 2 ) or 
x 2 + 2y 2 = (100 - k)/k [0 < k < 100], a family of ellipses. 



55. f(x, y) sa xy 2 - x 3 





The traces parallel to the yz-plane (such as the left-front trace in the graph above) are parabolas; those parallel to the xz-plane 
(such as the right-front trace) are cubic curves. The surface is called a monkey saddle because a monkey sitting on the surface 
near the origin has places for both legs and tail to rest. 



57. /(*,») = e -<* 2+ " 2 >/ 3 (sin(x 2 ) +cos( 2 / 2 )) 
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59. z = s\n{xy) (a) C (b) II 

Reasons: This function is periodic in both x and y, and the function is the same when x is interchanged with y, so its graph is 
symmetric about the plane y = x. In addition, the function is 0 along the x- and y-axes. These conditions arc satisfied only by 
C and 11 

61. z = sin(x - y) (a) F (b) 1 

Reasons: This function is periodic in both x and y but is constant along the lines y = x + k, a condition satisfied only 
by F and I. 

63. z = (1 - x 2 )(l - y 2 ) (a) B (b) VI 

Reasons: This function is 0 along the lines x = ±1 and y = ±1. The only contour map in which this could occur is VI. Also 
note that the trace in the xz-plane is the parabola z = 1 - x 2 and the trace in the yz-plane is the parabola z = 1 - y 2 , so the 
graph is B. 

65. k = x + 3y + 5z is a family of parallel planes with normal vector (1,3, 5). 

67. Equations for the level surfaces are k = y 2 + z 2 . For k > 0, we have a family of circular cylinders with axis the x-axis and 
radius Vk. When k = 0 the level surface is the x-axis. (There are no level surfaces for k < 0.) 

69. (a) The graph of g is the graph of / shifted upward 2 units. 

(b) The graph of g is the gTaph of / stretched vertically by a factor of 2. 

(c) The graph of g is the graph of / reflected about the xy-plane. 

(d) The graph of g(x, y) = -f{x, y) + 2 is the graph of / reflected about the xy-plane and then shifted upward 2 units. 



71. f(x,y) = 3x - x 4 - 4y 2 - Wxy 




Three-dimensional view Front view 



It does appear that the function has a maximum value, at the higher of the two "hilltops." From the front view graph, the 
maximum value appears to be approximately 15. Both hilltops could be considered local maximum points, as the values of/ 
there are larger than at the neighboring points. There does not appear to be any local minimum point; although the valley shape 
between the two peaks looks like a minimum of some kind, some neighboring points have lower function values. 
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f{x, y) = x 2 + y2 - As both xandy become large, the function values 

appear to approach 0, regardless of which direction is considered. As 
{x, y) approaches the origin, the graph exhibits asymptotic behavior. 
From some directions, f{x,y) — * oo, while in others /(x, y) — > -co. 
(These are the vertical spikes visible in the graph.) If the graph is 
examined carefully, however, one can see that f(x, y) approaches 0 
along the line y = -x. 



75. f(x, y) = e a2+ » ! . First, if c = 0, the graph is the cylindrical surface 

z = e v (whose level curves are parallel lines). When c > 0, the vertical trace 
above the y-ax\s remains fixed while the sides of the surface in the x-direction 
"curl" upward, giving the graph a shape resembling an elliptic paraboloid. The 
level curves of the surface are ellipses centered at the origin. 



For 0 < c < 1, the ellipses have major axis the a-axis and the eccentricity increases as c -» 0. 






c = 0.5 (level curves in increments of 1) 
For c = 1 the level curves are circles centered at the origin. 



z 10 




-1.2 



1.2 



-1.2 



1.2 



-1.2 



c = 1 (level curves in increments of 1) 



[continued] 
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When c> 1, the level curves are ellipses with major axis the y-axis, and the eccentricity increases as c increases. 




c = 2 (level curves in increments of 4) 
For values of c < 0, the sides of the surface in the z-direction curl downward and approach the ary-plane (while the vertical 
trace x = 0 remains fixed), giving a saddle-shaped appearance to the graph near the point (0, 0, 1). The level curves consist of 
a family of hyperbolas. As c decreases, the surface becomes flatter in the x-direction and the surface's approach to the curve in 
the trace x - 0 becomes steeper, as the graphs demonstrate. 




c = -0.5 (level curves in increments of 0.25) 

1.2 




77. z = x 2 + y 2 + cxy. When c < -2, the surface intersects the plane z = k ■ + 0 in a hyperbola. (See the following graph.) 
It intersects the plane x = y in the parabola z = (2 + c)x 2 , and the plane as = -y in the parabola z = (2 - c)x 2 . These 
parabolas open in opposite directions, so the surface is a hyperbolic paraboloid. 

When c = -2 the surface is z = x 2 + y 2 - 2xy = (x - y) 2 . So the surface is constant along each line x-y = k. That 
is, the surface is a cylinder with axis x - y = 0, z = 0. The shape of the cylinder is determined by its intersection with the 
plane x + y = 0, where z = 4a: 2 , and hence the cylinder is parabolic with minima of 0 on the line y = x. 
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-2 



■ 


1 


1 1 





-2 

c = -5, z = 2 





c= -10 



c=-2 



When -2 < c < 0, z > 0 for all x and y. If x and ?/ have the same sign, then 
x 2 + y 2 + cxj/ > x 2 + ?y 2 - 2x?/ = (x - yf > 0. If they have opposite signs, then cxy > 0. The intersection with the 
surface and the plane z = k > 0 is an ellipse (see graph below). The intersection with the surface and the planes x = 0 and 
y = 0 are parabolas z - y 2 and z = x 2 respectively, so the surface is an elliptic paraboloid. 

When c > 0 the graphs have the same shape, but are reflected in the plane x = 0, because 
x 2 +y 2 + cxy = (-x) 2 +y 2 + (-c)(-x)y. That is, the value of z is the same for cat (x,y) as it is for -cat (-x,y). 

2 






-2 Oj, 

c= -l,a = 2 c = 0 c=10 

So the surface is an elliptic paraboloid for 0 < c < 2, a parabolic cylinder for c = 2, and a hyperbolic paraboloid for c > 2. 



79. (a) P = b^K 1 



ln£ =ln6 + 



(b) We list the values for ln(L/A') and ]n(P/K) for the years 1 899-1 922. (Historically, these values were rounded to 
2 decimal places.) 



Year 


x = \n(L/K) 


,/ = ln(P/A-) 




Year 


x = ln(L//C) 


y = \n{P/K) 


1899 


0 


0 




1911 


-0.38 


-0.34 


1900 


-0.02 


-0.06 




1912 


-0.38 


-0.24 


1901 


-0.04 


-0.02 




1913 


-0.41 


-0.25 


1902 


-0.04 


0 




1914 


-0.47 


-0.37 


1903 


-0.07 


-0.05 




1915 


-0.53 


-0.34 


1904 


-0.13 


-0.12 




1916 


-0.49 


-0.28 


1905 


-0.18 


-0.04 




1917 


-0.53 


-0.39 


1906 


-0.20 


-0.07 




1918 


-0.60 


-0.50 


1907 


-0.23 


-0.15 




1919 


-0.68 


-0.57 


1908 


-0.41 


-0.38 




1920 


-0.74 


-0.57 


1909 


-0.33 


-0.24 




1921 


-1.05 


-0.85 


1910 


-0.35 


-0.27 




1922 


-0.98 


-0.59 
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After entering the (*, y) pairs into a calculator or CAS, the resulting least squares regression line through the points is 
approximately y = 0.75136a; + 0.01053, which we round to y = 0.75a; + 0.01. 

(c) Comparing the regression line from part (b) to the equation y — In b + ax with x = la{L/K) and y = ln(P/K), we have 
a = 0.75 and In b = 0.01 => b= c 0 01 « 1.01. Thus, the Cobb-Douglas production function is 

p = bL a K x ~ a = i.oil 0 - 75 k 0 - 25 . 
14.2 Limits and Continuity 

1. In general, we can't say anything about /(3, 1)! lim f(x, y) = 6 means that the values of /(as, y) approach 6 as 

(x,j/)-.(3,l) 



but is not equal to, (3, 1). If / is continuous, we know that lim f(x, y) = f(a, b), so 

(a;,v)-»(a,i)) 



lim /(*,?,) = /(3,l)= 6. 

(*,!/)-(3,l) 



3. We make a table of values of 
2-xy 

of (as, y) points near the origin. 



x \_ 


-0.2 


-0.1 


-0.05 


0 


0.05 


0.1 


0.2 


-0.2 


-2.551 


-2.525 


-2.513 


-2.500 


-2.488 


-2.475 


-2.451 


-0.1 


-2.525 


-2.513 


-2.506 


-2.500 


-2.494 


-2.488 


-2.475 


-0.05 


-2.513 


-2.506 


-2.503 


-2.500 


-2.497 


-2.494 


-2.488 


0 


-2.500 


-2.500 


-2.500 




-2.500 


-2.500 


-2.500 


0.05 


-2.488 


-2.494 


-2.497 


-2.500 


-2.503 


-2.506 


-2.513 


0.1 


-2.475 


-2.488 


-2.494 


-2.500 


-2.506 


-2.513 


-2.525 


0.2 


-2.451 


-2.475 


-2.488 


-2.500 


-2.513 


-2.525 


-2.551 



As the table shows, the values Of /(as, y) seem to approach -2.5 as (x,y) approaches the origin from a I 
directions. This suggests that lim /(as, y) = -2.5. Since / is a rational function, it is continuous on its domain. / is 

(avj/)->(0,0) 

0 2 0 3 -f 0 3 0 2 — 5 5 

defined at (0, 0), so we can use direct substitution to establish that lim /(as, y) = ^ — ^ = — , verifying 

our guess. 



2-0-0 



2' 



5. f(x,y) =5x 3 -x 2 y 2 is a polynomial, and hence continuous, so lim f{x,y) = /(1,2) = 5(1) 3 - (1) 2 (2) 2 = 1. 

(a;,!/) — (1.2) 

7. f(x, y) = s - is a rational function and hence continuous on its domain. 

(2, 1) is in the domain of /, so / is continuous there and ^ Jim ^ f(x, y) = /(2, 1) = ^)2 + = f ' 

9. /(*, y) = (x 4 - 4y 2 )/(x- +2y 2 ). First approach (0, 0) along the x-axis. Then /(x, 0) = x 4 /i 2 = x 2 for x / 0, so 
/(x, y) -* 0. Now approach (0, 0) along the y-axis. For y ^ 0, /(0, y) = — 4y 2 /2y 2 = -2, so f(x, y) -4 -2. Since / has 
two different limits along two different lines, the limit does not exist. 
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11. f(x, y) = (y 2 sin 2 x)/(x 4 + y 4 ). On the x-axis, f(x, 0) = 0 for x # 0, so /(x, y) -» 0 as (x, y) -» (0, 0) along the 

, , ... ,, > x 2 sin 2 x sin 2 x 1 /sinx\ 2 

x-axis. Approaching (0, 0) along the line y = x, f(x, x) = ^ +a , 4 = = j ( ) for 1 # 0 and 

lim = 1, so /(x, y) -* \. Since / has two different limits along two different lines, the limit does not exist. 

13. /(x, y) - Xy We can see that the limit along any line through (0, 0) is 0, as well as along other paths through 

\Jx 2 + y 2 



(0, 0) such as x = y 2 and y = x 2 . So we > 



; we use the Squeeze Theorem to prove our 



assertion. 0 < 



xy 



\/x 2 +y 2 
x 2 ye 



< |x| since |y| < y/x 2 + y 2 , and |x| -» 0 as (x, y) -» (0, 0). So lim f(x,y)=0. 

(x.l/)— •CiO) 



15. Let f(x, y) = ^ . Then /(x, 0) = 0 for x # 0, so /(x, y) -> 0 as (x, y) -» (0, 0) along the x-axis. Approaching 

x 2 x 2 e*~ x'e* 2 e l2 

(0, 0) along the y-axis or the line y = x also gives a limit of 0. But /(x, x 2 ) = ^ +4 ^ 2 )2 = = ~ for x # °> so 

/(x, !/) -» e°/5 = \ as (x, j/) -» (0, 0) along the parabola y = x 2 . Thus the limit doesn't exist. 



17. lim 



2 i 2 
X + J/ 



= lim 



x +y 



sjx 2 + y 2 + 1 + 1 

(x,2,)'"(o,o) ,/x 2 + ?7 2 + 1 - 1 t«*»)-»(«.0) ,/x 2 + y 2 + 1 - 1 \/x 2 + y 2 + 1 + 1 



(* a +l/ a )(>/* a + I/ a + l + l) , . N 

= lim — 5— — 5 ^= lim ( \/x 2 + y 2 + 1 + 1 ) =2 

(x,„)-. ( o,o) x 2 +y 2 (*,2,)-(o,o) V v * J 

19. e" 2 is a composition of continuous functions and hence continuous, xz is a continuous function and tan t is continuous for 
t ^ f + nn (n an integer), so the composition tan(xz) is continuous for xz j* | + n7r. Thus the product 

/(x, y, z) = e" 2 tan(xz) is a continuous function for xz ^ f + nw. If x = tt and z = | then xz jS f 4- mr, so 

lim /(x, y,z) = f (tt, 0, 1/3) = e 0 ' tan(7r • 1/3) = 1 • tan(?r/3) = 

(*,I/,*)-(ir,0,l/3) 

2 2 

21. f(x,y,z) = Xy ? yZ 0 I ■ Then /(x, 0,0) = 0/x 2 =0forx £ 0, so as (x,y, z) - (0,0,0) along the x-axis, 
x + y + ^ 

/(x, y, z) -» 0. But /(x, x, 0) = x 2 /(2x 2 ) = § for x ft 0, so as (x, y, z) -» (0, 0, 0) along the line y = x, z = 0, 
/(x, y, z) —> §. Thus the limit doesn't exist. 




(*i 2/) -» (0, 0) along the 
lines under the two ridges, /(x, y) approaches different values. So the 
limit does not exist. 
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25. h{x, y) == g{f{x,y)) = (2x + 3y - 6) 2 + ^2x + 'iy - 6. Since / is a polynomial, it is continuous on I 2 and g is 
continuous on its domain {t \ t > 0}. Thus h is continuous on its domain. 

D = {(x,y) | 2x + 3y - 6 > 0} = {(x,y) \ y > -fx + 2}, which consists of all points on or above the Uney = -fx + 2. 

From the graph, it appears that / is discontinuous along the line y = x. 
If we consider f(x, y) = e 1/(!E_!/) as a composition of functions, 
g(x, y) = l/(x - y) is a rational function and therefore continuous except 
where x - y — 0 => j/ = x. Since the function h(t) = e' is continuous 
everywhere, the composition h(g(x, y)) = = f(x, %j) is 

continuous except along the line y = x, as we suspected. 




29. The functions xy and 1 + e x * are continuous everywhere, and 1 + e x " is never zero, so F(x, y) = 
on its domain R 2 . 



xy 



1 + e x -y 



is continuous 



31. F(x,y) = 



l+x 2 +2 / 2 . 



is a rational function and thus is continuous on its domain 



1 - x 1 - y 2 

{(x, y) | 1 - x 2 - y 2 f 0} = {(x, y) | x 2 + y 2 # l}. 

33. G(x, ?/) = ln(x 2 + y 2 - 4) = g(/(x, i/)) where /(x, y) = x 2 + y 2 - 4, continuous on K 2 , and g[t) = \nt, continuous on its 
domain {t \ t > 0}. Thus G is continuous on its domain {(x, y) \ x 2 + y 2 - 4 > 0} = {(x, y) \ x 2 + y 2 > 4}, the exterior 
of the circle x 2 +y 2 = 4. 

35. f(x, y, z) = h(g(x, y, z)) where g{x, y, z) = x 2 + y 2 + z 2 , a polynomial that is continuous 
everywhere, and h(t) = arcsini!, continuous on (-1, 1]. Thus / is continuous on its domain 
{(x,y,z) | -1 < x 2 +y 2 + z 2 < 1} = {(x,y,z) \ x 2 + y 2 + z 2 < l}, so / is continuous on the unit ball. 



37. /(x,i/) = i 



2x , + y , if (--2/)/ (0,0) 
1 if (*,») = (0,0) 



The first piece of / is a rational function defined everywhere except at the 



origin, so / is continuous on R 2 except possibly at the origin. Since x 2 < 2x 2 + y 2 , we have \x 2 y 3 /(2x 2 +y 2 )\ < |» a |. We 



x 2 ?/ 3 

know that \y 3 \ — > 0 as (x, y) — > (0,0). So, by the Squeeze Theorem, lim fix, y) — lim — r 

But /(0, 0) = 1, so / is discontinuous at (0, 0). Therefore, / is continuous on the set {(x, y) \ (x, y) ^ (0, 0)}. 

i- x 3 +2/ 3 ,. (r cos 9f + {r smOf ,. . 3 . . 3 n . n 

39. lim " = hm ^ ^ — r-i '— = lim (r cos 3 9 + r sin 3 9) = 0 

(*,»)— (0,0) x 2 + y 2 r-.0+ r 2 r-0+ 



= 0. 



41. 



lim 



-r 2 - y 2 _ J -r 2 _ , 

-= lim 



(=,,j/)-.(0,0) X 2 +J/ 2 r-0+ r 2 0+ 



2r 



[using I' Hospital's Rule] 



= lim -e~ r2 = -e° = -1 

r—0+ 
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43. f(x,y) = 



^ xy 

U if (x,y) = (0,0) 



From the graph, it appears that / is continuous everywhere. We know 
xy is continuous on E 2 and sin t is continuous everywhere, so 



sin 



(xy) is continuous on R 2 and s ' n ( ,cy ) j s continuous on R 2 

xy 




except possibly where xy = 0. To show that / is continuous at those points, consider any point (a, b) in R 2 where ab = 0. 
Because xy is continuous, xy -» afc == 0 as (x, y) -» (a, b). If we let t = xy, then * -> 0 as (x, y) -» (a, 6) and 

sin(xy) _ ]im sin(t) _ ( £ tion 2 4 j [gj 3 3 2] ^ j _ ^ « ^ * ^ continuous 

(l, U )-.(a,6) XJ/ '^0 t (*,j,)-.(a,6) 

onR 2 . 

45. Since |x - a| 2 m |x| 2 + |a| 2 - 2 |x| |a| cos0 > |x| 2 + |a| 2 - 2 |xj |a| = (}x| - |a|) 2 , we have ||x| - |a|| < |x- a|. Let 
e > 0 be given and set 5 = e. Then if 0 < |x - a| < 8, ||x| - |a|| < |x - a| < 5 = t. Hence lim x _ a |x| = |a| and 
/ (x) = |x| is continuous on R". 



14.3 Partial Derivatives 



1. (a) dT/dx represents the rate of change of T when we fix y and t and consider T as a function of the single variable x, which 
describes how quickly the temperature changes when longitude changes but latitude and time are constant. dT/dy 
represents the rate of change of T when we fix x and t and consider T as a function of-y, which describes how quickly the 
temperature changes when latitude changes but longitude and time are constant. dT/dt represents the rate of change of T 
when we fix x and y and consider T as a function of i, which describes how quickly the temperature changes over time for 
a constant longitude and latitude. 

(b) /x(158, 21, 9) represents the rate of change of temperature at longitude 158° W, latitude 21°N at 9:00 am when only 
longitude varies. Since the air is warmer to the west than to the east, increasing longitude results in an increased air 
temperature, so we would expect /x(158, 21, 9) to be positive. /„(158, 21, 9) represents the rate of change of temperature 
at the same time and location when only latitude varies. Since the air is warmer to the south and cooler to the north, 
increasing latitude results in a decreased air temperature, so we would expect / v (158, 21,9) to be negative. /t(158, 21,9) 
represents the rate of change of temperature at the same time and location when only time varies. Since typically air 
temperature increases from the morning to the afternoon as the sun warms it, we would expect / t (158, 21, 9) to be 
positive. 

3. (a) By Definition 4, /t(-15, 30) = lim /( ~ 15 + / '' 3 °, ) ~ /( ~ 15 ' 30) , which we can approximate by considering h = 5 

»o ti 

and h = — 5 and using the values given in the table: 
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m-15,30) - /( - 10 - 30) : /( - 15 ' 30) = - 2 °-(- 26 ) = $ = L2> 

5 5 5 

.{ tK am ej /(-20, 30) - /(-15, 30) -33 - (-26) 7 

M-15,30) as ; — = — '- = — = 1.4. Averaging these values, we estimate 

i 

/r(-15, 30) to be approximately 1.3. Thus, when the actual temperature is -15°C and the wind speed is 30 km/h, the 
apparent temperature rises by about 1.3°C for every degree that the actual temperature rises. 

Similarly, /„(-15, 30) = lim /(~ 15 - 30 + /i) - /(-15, 30) which we ^ approximate by considcring h = 10 

h—*0 fl 

and h = -10: /.(-15.30) * /(-15.40) - /(-15.30) = -27-f-26) = _1 = _^ 

M-15,30) * /( " 15 ' 20) _~ 10 /( ~ 15 ' 30) = ~ 24 : 1 ( 0 " 26) = = -0.2. Averaging these values, we estimate 

/ t ,(-15, 30) to be approximately -0.15. Thus, when the actual temperature is -15°C and the wind speed is 30 km/h, the 
apparent temperature decreases by about 0.15°C for every km/h that the wind speed increases. 

(b) For a fixed wind speed v, the values of the wind-chill index W increase as temperature T increases (look at a column of 

a 

dW 

the table), so -==r is positive. For a fixed temperature T, the values of W decrease (or remain constant) as v increases 
ox 

dW 

(look at a row of the table), so is negative (or perhaps 0). 

av 

(c) For fixed values of T, the function values f(T, v) appear to become constant (or nearly constant) as v increases, so the 
corresponding rate of change is 0 or near 0 as v increases. This suggests that lim (dW/dv) = 0. 

v — »oo 

5. (a) If we start at (1, 2) and move in the positive x-direction, the graph of / increases. Thus 2) is positive, 
(b) If we start at (1, 2) and move in the positive j/-direction, the graph of / decreases. Thus /„(1, 2) is negative. 

7. (a) /*, = £(/*), so /xx is the rate of change of f x in the x-direction. f x is negative at (-1, 2) and if we move in the 

positive x-direction, the surface becomes less steep. Thus the values of f x are increasing and /*«(— 1, 2) is positive. 

i 

(b) f n is the rate of change of /„ in the ^-direction. /„ is negative at (-1, 2) and if we move in the positive y-direction, the 
surface becomes steeper. Thus the values of /„ are decreasing, and f, JV {-l, 2) is negative. 

9. First of all, if we start at the point (3, —3) and move in the positive ^/-direction, we see that both b and c decrease, while a 
increases. Both b and a have a low point at about (3, —1.5), while a is 0 at this point. So a is definitely the graph of /„, and 
one of b and c is the graph of /. To see which is which, we start at the point (—3, —1.5) and move in the positive x-direction. 
b traces out a line with negative slope, while c traces out a parabola opening downward. This tells us that b is the x-derivative 
of c. So c is the graph of /, b is the graph of f m and a is the graph of /„. 
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11. f(x,y) = 16 -4x 2 -y 2 => f x (x,y) = -8x and f y {x,y) = -2y => f x (l, 2) = -8 and f y (l, 2) = -4. The graph 
off is the paraboloid z - 16 - 4a; 2 - y 2 and the vertical plane y - 2 intersects it in the parabola 2 = 12 - 4x 2 , y = 2 
(the curve & in the first figure). The slope of the tangent line 
to this parabola at (1, 2, 8) is f x (l, 2) = -8. Similarly the 
plane x = 1 intersects the paraboloid in the parabola 
2 '= 12 — y 2 ,x= 1 (the curve Ci in the second figure) and 
the slope of the tangent line at (1, 2, 8) is / w (1,2) = -4. 





(1.2) 



2, .3 



13. f(x, y) = x'y 



f x = 2xy 3 , f v =3x 2 y 2 





Note that traces of / in planes parallel to the xz-plane are parabolas which open downward for y < 0 and upward for y > 0, 
and the traces of f x in these planes are straight lines, which have negative slopes for y < 0 and positive slopes for y > 0. The 
traces of / in planes parallel to the 1/2-plane arc cubic curves, and the traces of /„ in these planes are parabolas. 

15. f(x, y)=y 5 - 3xy f x {x, y)=0-3y= -3y, f y (x, y) = 5y 4 - 3x 

17. f(x,t) = e _£ cos7rx =S> f x (x,t) = e~* (-simrx) (7r) = -7re"'sin7rx, ft(x,t) = e~'(-l) cos7rx = -e -t costtx 
19. z = (2x + 3j/) 10 =>• |^ = 10(2x + 3j/) 9 • 2 = 20(2x + 3y) 9 , |^ = 10(2x + 3yf ■ 3 = 30(2x + 3yf 

21. /(x, |r) = x/y = xy" 1 y) = y' 1 = 1/y, „) = -xy" 2 = -x/y 2 

~~ ci \ o.x + by . . (cx + dy)(a) - (ax + by)(c) (ad-bc)y 

_ (cx + dy)(b)-(ax+^ )(d) _ (bc-ad)x 
( C x + dj/)2 ~(c.r + dy)2 
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25. g(u, v) = (u 2 v - v 3 ) 5 =» g„(u, w) = 5(u 2 t> - i> 3 ) 4 • 2uv = 10uu(ti a t, - v 3 ) 4 , 
g v (u,v) = 5(u 2 v - v 3 ) 4 (u 2 - 3v 2 ) = b(u 2 - 3v 2 )(u 2 v - v 3 ) 4 

1 1 2oq 

27. fl(p, 9 ) = tan" 1 (p, 2 ) => R p (p, <?) = 1 + {pq2) 2 ' = «.CP. 9) = 1 + {pq2)2 ■ 2p<7 = 

29. F(«, 2/) = j cos(e') <ft F*(fc v) = ^ J cos(e') dt = cos(e x ) by Ihe Fundamental Theorem of Calculus, Part I ; 

V) = I jT -s(e') dt = | [- £ cos(c') [ cos(e ( ) dt = - cos(e*). 

31. f{x,y,z) = xz-5x 2 y 3 z 4 =* f x (x,y,z) = z - lOxyV, /„(x, y, (?) = -15x 2 yV- /*(x, y, z) = x - 20x 2 yV 
33. w = \n(x + 2y + 3z) => 



9x x + 2y + 3z' 9y x + 2y + 3z' 9z x + 2y + 3z 
35. u = xysm- l (yz) =* |^ - ysin^yz), ^ = xy • -j== (z) + ttT^z) ■ x = -^== +x sin" 1 (yz), 
du _ 1 , . _ xy 2 

37. h(x,y,z,t) = x 2 ycos(z/t) /ia;(x,y,z,t) = 2xycos(z/t), h y (x,y,z,t) = x 2 cos(z/t), 

h.(x,y,z,t) = -x 2 ysin(z/t)(l/t) = (-x 2 y/t)sm(z/t), h t (x,y,z,t) = -x 2 y sin(z/t)(-zt- 2 ) =a (x 2 yz/t 2 )sin(z/t) 

39. u = ^/x 2 +xl + -'-+xl. For each i = 1, . . ., n, u XJ = § (x? + xi + • • ■ + x 2 )" 1/2 (2x,) = -^= f =p===. 
41. /(x,y) =la(*+ v/x^+y 2 ) => 

*** - 1 1 + 4(11 + -^"H " wb? (' + to) 



2/ x/ \ l(x + y + z) -y(l) x + z 

43. /(»,»,*) = — — f v (x,y,z) = , / -3 = 7 — ■ ■ — rr, 

'* x + y + z " v ' (x + y + z) 2 (x + y + z) 2 

so / !; (2, 1, -1) . (2 ^+| ( _ } 1))2 = -. 

45- fl*i y) - *v 2 - * 3 y =* 

£ (sB>y) = lim /(x + ft,y)-/(«,y) = Um (x + /Qy 2 -(x + yy-(xy 2 -.x 3 y) 

= ^ ^ 2 -3* 2 y-3xy/i-yft 2 ) = ,.^ (y2 _ ^ _ ^ _ ^ = ?/ _ ^ 

f fa tri = lim f( x >V + h )-f( x iV) = l im *(» + /t ) 2 - ^'(^ + h ) ~ ~ = l im fe (2xy + xh - x 3 ) 
= lta (2xy + xh - x 3 ) = 2xy - x 3 
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47. x 2 + 2y 2 + 3z 2 = 1 =* V +3* a ) = £ (1) * 2 * + 0 + 6* g = 0 => 6z g = -2x => 

| = ^=-^|^+^ + ^|W - 0 + 4y + 6z|=0 * 6z| = -4y * 

dz _ -4y = _2y ■ 
dy 6z 3z' 

, . > dz dz yz 

{e -- X y)-=y Z ,SO- = 7 —^. 

-(e) = -(xyz) =* e _=x^-+z.lj * c __ a: j / _ =3; , => (e -_ a;y )_ =a;2)S0 
<3z arz 



dy e* - xy' 

(b) z = f{x + y). Let u - x + y. Then g - jig - £fl) . /» = /'(x + y), 

53. /(as, y) = x 3 y 5 + 2x' l y => /.(a?, y) = 3x 2 y 5 + 8x 3 y, f y (x, y) = 5x 3 y 4 + 2x 4 . Then /«(*, y) = 6xy 5 + 24x 2 y, 
fxy(x,y) = 15xV +8x 3 , f yx (x,y) = 15a: V + 8x 3 , and /„„(af,y) = 20x 3 y 3 . 

55. w = V^+^ => tUu = £(i. a -2ti = " a ,tg, = §(i» a +i; 2 )- 1 /'-2i;= " .Then 

V w 2 + 1) 2 Vu 2 + u 2 



lVn 2 +» 2 -«- |(n 2 + v 2 )- 1/2 {2u) _ y/ u 2 + ^ - u 7yV + v* _ u 2 +v 2 ~u 2 _ v 2 



(Vu 2 +« 2 ) 2 u2 + v2 ' (« 2 + « 2 ) 3/2 (u 2 + f 2 ) 3 / 2 ' 

1 ■v/»^+^-t.-l( U 2 +Tr')- 1 / 2 (2i;) _ y/g + ,/» - „ 2 /y^ + ?; 2 it 2 + v 2 - v 2 u 2 

(v^-T-2) 2 _ U 2 +V 2 - ( w 2 +v 2 )3 /2 - (u 2 +l) 2)3/ 2 - 

X + w 

57. z = arctan ■ 



1 - xy 



1 (1)(1 - xy) - (x + y)(-y) _ 1+y 2 1 + y 2 

1 l + (jE±a.) 2 (l-xy) 2 + (x + y) 2 1 + ^+^2+^2 



l + I/ 2 



(l + x 2 )(l+y 2 ) 1 + x 2 



© 2012 Ccngagc Learning. All Rights Reserved. May not be scanned, copied, or duplicated, or posted to a publicly accessible website, in whole or in part. 

www.elsolucionario.net 



200 □ CHAPTER 14 PARTIAL DERIVATIVES 

1 - xy) - (x + y)(-x) l + x 2 l + x 2 1 

l+(f±^) 2 ' ^- xy ) 2 ~ (l-xyy+{x + y)> (l + x*)(l + y*) l + y 2 ' 

Then z xx = -(1 + x 2 )- 2 • 2x = -—M^, z xy = 0, z yx = 0, = -(1 + y 2 )" 2 • 2y = - (1 _^ 2)2 - 

59. it = a:V - y 4 tit* = 4xV> «*» = 12a:V and u v = Zx\j 2 - 4y 3 , u yx = 12x 3 y 2 . 

Thus w ly ~ u yx . 

61. m = cos(x 2 y) => u x = -s\n(x 2 y) ■ 2xy = -2xysm(x 2 y), 

u xy = -2xy ■ cos{x 2 y) ■ x 2 + sm(x 2 y) • (-2x) = -2x 3 y cos{x 2 y) - 2xsin(x 2 y) and 

u y = - sm(x 2 y) ■ x 2 = -x 2 sin(x 2 y), u yx = -x 2 -cos(x 2 y) ■ 2xy + sm(x 2 y) ■ (-2x) = -2x 3 ycos(x 2 y)-2xsin{x 2 y). 

Thus V>xy — UyX' 

63. f{x, y) = x 4 y 2 - x 3 y =* f x = 4x 3 y 2 - 3x 2 y, f xx = 12x 2 y 2 - 6xy, f xxx = 21xy 2 - 6y and 
fxy = Sx 3 y - 3x 2 , f xyx = 2Ax 2 y - 6x. 

65. f[x, y, z) = e**=* fc = ■ yz 2 = yz 2 e x » z \ f xy = yz 2 • e x " z ' (xz 2 ) + e*^ ■ z 2 = (xyz 4 + z 2 )e x » z \ 

hyz = (xyz 4 + z 2 )- e xv ' 2 (2xyz) + e xyz * ■ (4xyz 3 + 2z) = (2s V* 5 + 6xyz 3 + 2z)e""' . 

s 

67. u = e rl> sin 8 =* » e rB cos 9 + sin 9 ■ e T<> (r) = e' fl (cos 0 + r sin 6), 



1 =e re {sin9) + (cosO + rsm6)e TS {0) = e r °{ S me + ecose + r9sw.e), 



drd6 

■ = e T " (9 sin 9) + (sin 6 + 9 cos 6 + r9 sin 0) ■ e'' 9 (0) = 0e r<> (2 sin 9 + 0 cos 0 + rfl sin 9) . 



dr 2 d9 



= -(- 2 ><» + 2z)_3 < 2) = 4(y + 2z) ~ 3 - wrw and 5 = + 2z) (1) = _a;(2/ + 2zr> 

=- (l/ + 2,)- 2 , ^=0. 



71. Assuming that the third partial derivatives of / are continuous (easily verified), we can write f x - y = f yxz . Then 
f{x, y, z) = xy 2 z 3 + aicsin(s =* f y = 2xyz 3 + 0, / VI = 2yz 3 ', and /,„ = 6yz 2 = f xzy . 



73. By Definition 4, / x (3, 2) = lim /( 3 + 2 ) — ffi'^? w hich we can approximate by considering /i = 0.5 and h = -0.5: 

h— >o n 

/l(3)2 ) „ ^ 5 ' 2 )-^ 2 > = 22 - 4 - 17 - 5 = 9.8, /l( 3,2) M »^ = = w waging 

0.5 0.5 — 0.5 — O.o 

f (3 + h 2 2) — f (3 2 2) 

these values, we estimate / x (3, 2) to be approximately 12.2. Similarly, ^(3, 2.2) = lim '—^ — ' which 
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) - /(3,2.2) _ 26.1 - 1 
0.5 ~ 0.5 



/«(3, 2.2) « /(2 5,2 - 2) n /t3,2.2) = 9-3 15.9 = ^ Averaging these va|ueSt we haye f ^ 2 2) w lg g 

To estimate / TO (3, 2), we first need an estimate for / x (3, 1.8): 

^ /(3.5,1.8)-/(3,1.8) _ 20.0-18.1 . /(2:5, 1.8) - /(3, 1.8) _ 12.5-18.1 

■^ 3 ' L8) * 05 05 " 3 ' 8, /l(3, 8) =05 " -0.5 ~ U ' 2 - 

Averaging these values, we get /,.(3, 1.8) « 7.5. Now f xy (x, v) = ^ [fx{x, y)] and f x (x, y) is itself a function of two 

variables, so Definition 4 says that f xy (x, y) = £ [/*(x, y)] = lim MhM±MpM^S. rt 

ay /i-»o /i 

f xy (3, 2) = lim ^ x ^ 3 ' 2 i h } — Mlt^i. , We can estimate this value using our previous work with /i = 0.2 and ft = -0.2: 

f 0 , m /,(3,2.2)-/ x (3,2) _ 16.8 - 12.2 / a (3, 1.8) - f w (3, 2) _ 7.5-12.2 
/-»(3,2) ~ 5^ 53 23, /, ; ,(3,2) -p _ _ Q 2 = 23.5. 

Averaging these values, we estimate f x „(3, 2) to be approximately 23.25. 
75. u = e~ a ~ k ~ l sinfcx => u x — ke~ n " k "' cos/ex, = -fc 2 e _a2fe2 * sinfcx, and u t = ~a 2 k 2 e~ a " k2t sin/cx. 

Thus a 2 Mxa: = Ut. 

Tl.u= f _ o 1 1 9 , => «, = (-^)(x 2 + 2/ 2 + 2 2 )- 3/2 (2x) = - 3: (x 2 + 2/ 2 + a 2 )- 3 / 2 and 



\/x 2 + y 2 + z 2 

2x 2 - y 2 - z 2 



«. = -(x 2 + y 2 + , 2 )- 3 ' 2 - *<-§ )(* 2 + y 2 + 2 2 )"^ 2 (2x) = ( ^ + 7 + ^ B/fl - 



2y 2 - x 2 - z 2 2z 2 - x 2 - y 2 

By symmetry, u mi = ^ + y2 - ^ and = (ga +y8 + ga)B/!l ■ 

2x 2 - y 2 - z 2 + 2y 3 - x 2 - z 2 + 2z 2 - x 2 - y 2 

Thus «,,.+ Uyy + U ZZ = (3.2+^2+^)5/2 = 0 - 

79. Let v = x + at, a = x - at. Then » = g^^3 = <£M g + *1 §J = «,<(„) _ ^ and 

U* s a[a/,( ^ ag,(W)l = a[af"(v) + ag"(w)] = a 2 [/» + g"(w)]. Similarly, by using the Chain Rule we have 
id = /'(») + .r/(» and Ut. = /"(w) + g"(w). Thus w tt = 

81. 2 = Iafe" + e ?/ ) => 5- = and -- = , so — + = = = 1. 

v ' dx e x + ev dy e x + e» Ox dy e x + e» e x + e" e x + eV 

tfz _ e*(e w +e*) -e x (e a: ) _ e x+ « d 2 z _ 0-e»(e a ) _ tr*^ 

9x 2 {e'+evy ( e * + e v)2> d x Qy ( e * + e w) 2 (e^+ew) 2 ' a " 

^ _ e »(e*+e»)-e»(e") _ e - + " 
5y 2 (e*+e«O a (e-+e») 2 



9 2 2 a 2 z / d 2 z V 2 e" + " / e x+ " \ 2 (e J+ ") 2 

9x 2 5y 2 \dxdy) (e* + e") 2 ' (e 35 + e'«) 2 V ( ea: + e ") 2 / &T" + 



(e } =0 
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83. By the Chain Rule, taking the partial derivative of both sides with respect to JJj gives 

dp p 

85. If we fix K = Ko, P(L, K 0 ) is a function of a single variable L, and — = a — is a separable differential equation. Then 

^=<Jj- s* f^P~^f a ^T ln ' jP ' = aln l i l + C(ifo), where C*(/sT 0 ) can depend on /£" 0 . Then 
|P| =e ailn l L l + c < K ^ > andsinceP>OandI,>0,wehaveP = e Qlni -e c ^) = e c ( K »>e lnl< " = Ci(/<T 0 )L a where 



= e c(K 0 ). 



87 - (^+^)(V-n6) = n J RT * T = ± (p + SjfJ (V - r*S), so g = X (i)(y _ „fr) = 



nil 



We can also write P + 



ap 



rt 2 a _ nRT 
V 2 ~ V-nb 



=> P = 



n 2 o 



nPT 



V - nb V 2 
nRT 



= nRT(V - raft)" 1 - n 2 aV- a , so 



- = -nRT(V - nb)- 2 (l) + 2n»«V- = 2j* - 



By Exercise 88, PV = mPT 



_ mPT dP TTtR/ j __ „ mPT . aV mP 

P=-| 7 -,so— = — .Also, PV = m«T V = -^and — = — . 



_ PV aP dV PV mR mR 

Smcer - ^r' wehaveT ar ar = ml ' ~ ' ~F = mR - 
91 - a^ 2 *' ar™- a^= ro - Thus a^ ' = 2V m = * 

93. f x {x, y) = x + 4y => f xy (x, y) - 4 and ^(z, y) = 3x - y =*• /^(as, y) = 3. Since f xy and /„* are continuous 
everywhere but f xv (x, y) £ f yx (x, y), Clairaut's Theorem implies that such a function f(x, y) does not exist. 

95. By the geometry of partial derivatives, the slope of the tangent line is f x (l, 2). By implicit differentiation of 
4a; 2 + 2y 2 + z 2 = 16, we get 8a; + 2z (dz/dx) =0 =>• dz/dx = —Ax/z, so when x = 1 and z = 2 we have 
dz/dx = -2. So the slope is f x (l, 2) = -2. Thus the tangent line is given by z — 2 = — 2(a: — 1), y — 2. Taking the 
parameter to be t = x - 1, we can write parametric equations for this line: x = l + t, y = 2, z = 2 - 2t. 

97. By Clairaut's Theorem, f xyv = (/^ = {f yx ) y = f yxy = (/j,)^ = (f v ) yx = f yyx . 

99. Let g{x) = f(x, 0) = x{x 2 )~ 3/2 e° = x \x\~ 3 . But we are using the point (1, 0), so near (1, 0), g(x) = a; -2 . Then 

g'(x) = -2a;" 3 and g'(l) = -2, so using (1) we have 0) = g'(l) = -2. 

101- (a) (b) For (x, y) ± (0,0), 

(3x 2 y-y 3 )(x 2 + y 2 )-(x 3 y-xy 3 )(2x) 
(x 2 +2/ 2 ) 2 

_ x 4 y + 4a: V - y 5 
(a;=+^)2 




and by symmetry j/) 



a; 5 - 4a 3 y 2 - xy 4 
(x 2 + y 2 ) 2 
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«, b, «,, ,„(o,o> -%= te ^™ . & t!l_M± . ^ (2) , 

(e) For (x, y) ^ (0, 0), we use a CAS to compute 



A.4 _ .,6 



, , , x" + 9xV - toy - y" 

Now as (x, y) —> (0, 0) along the x-axis, f xy {x, y) -» 1 while as 
(a;. J/) — ► (0, 0) along the y-axis, /i„(a;, y) — ► — 1. Thus f xv isn't 
continuous at (0, 0) and Clairaut's Theorem doesn't apply, so there is 
no contradiction. The graphs of f xy and f yx are identical except at the 
origin, where we observe the discontinuity. 



« o 




14.4 Tangent Planes and Linear Approximations 



1. z = /(x,y) = 3y 2 -2x 2 + x => f x {x, y) = -Ax + 1, /„(x, y) = 6y, so f x (2, -1) = -7, /„(2, -1) = -6. 
By Equation 2, an equation of the tangent plane is z - (-3) = ^(2, -l)(x - 2) + f y (2, -l)[y - (-1)] => 
z + 3 = -7(x - 2) - 6(y + 1) or z = -7x - 6y + 5. 

3. z = f(x, y) = ^/x~y~ =* /*(*, y) = £(xy)- 1/2 ■ V = Jv9^ /»(*. 2/) = l{w)~ m ■ * = so /•(!, 1) = \ 

and 1) = \. Thus an equation of the tangent plane is z - 1 = /.(l, l)(x - 1) + f y (l, l)(y - 1) 
z - 1 = |(a - 1) + £(y - 1) or x + y - 2z = 0. 

5. z = /(x,y) = xsin(x + y) =>• f x (x,y) = x ■ cos(x + y) + sin(x + y) • 1 = xcos(x 4- y) + sin(x + y), 

fv{ x ,v) = xcos(x + y), so f x (-l, 1) = (-l)cosO + sin0 = -1, /„(— 1, 1) = (-1) cosO = -1 and an equation of tlie 
t plane is z - 0 = (-l)(x + 1) + (-l)(y - 1) or x + y + z = 0. 



7. z = /(x,y) =x 2 +xy + 3y 2 , so /*(x,y) = 2x + y => 1) = 3, / y (x, y) = x + 6y b» 1) = 7 and an 

equation of the tangent plane is z - 5 = 3(x - 1) + 7(y - 1) or z = 3x + 7y - 5. After zooming in, the surface and the 
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tangent plane become almost indistinguishable. (Here, the tangent plane is below the surface.) If we zoom in farther, the 
surface and the tangent plane will appear to coincide. 




substitute the results into Equation 2 to compute an equation of the tangent plane: z = |a; — The surface and tangent 
plane are shown in the first graph below. After zooming in, the surface and the tangent plane become almost indistinguishable, 
as shown in the second graph. (Here, the tangent plane is shown with fewer traces than the surface.) If we zoom in farther, the 
surface and the tangent plane will appear to coincide. 




5) 



xy > 5, so by Theorem 8, / is differentiable at (2, 3). By Equation 3, the linearization of / at (2, 3) is given'by 
H*, V) = /(2, 3) + f x (2, 3) (x - 2) + /„ (2, 3) (y - 3) = 1 + 6(x - 2) + 4 {y - 3) = 6a: + 4y - 23. 



13. f{x, y) = The partial derivatives are f x (x, y) = + ^ f l) = y/(x + yf and 

f v (x, y) = x{-l){x + y)~ 2 ■ 1 = -x/(x + y) 2 , so / x (2, 1) = | and /„(2, 1) = -§. Both /. and f y are continuous 
functions for y £ -x, so / is differentiable at (2, 1) by Theorem 8. The linearization of / at (2, 1) is given by 
L(x,y) = /(2, 1) + U(2, l)(x - 2) + f y (2, l)(y - 1) = | + I(x - 2) - \{y - 1) = §4 - & + f. 
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15. f(x,y) = e~ xy casy. The partial derivatives are f x {x,y) = e~ xv {-y)cosy = -ye~ xy cos y and 

fifaV} = e- xv (-8iny) + (cosy)e- xy (-x) = - e - xv (siny + xcosy), so /*(7r,0) = 0 and /„(*-, 0) = -tt. 
Both f x and /„ are continuous functions, so / is differentiable at (tt, 0), and the linearization of / at (tt, 0) is 
L(x, y) = /(tt, 0) + /.(tt, 0)(x - tt) + /„(*, 0)(j; - 0) = 1 + 0(x - tt) - w(y - 0) = 1 - ny. 

17. Let f(x, y) = g±|. Then f x (x, y) = ^ and /„(x, y) = (2x + 3)(-l)(4y + 1)" 2 (4) . =^f^- Both f x and /„ 

are continuous functions for y -\, so by Theorem 8, / is differentiable at (0, 0). We have f x (0, 0) = 2, /„(0, 0) = -12 
and the linear approximation off at (0, 0) is f(x, y) M /(0, 0) + /*(0, 0)(x - 0) + /„(0, 0)(j/ - 0) = 3 + 2x - 12y. 

19. We can estimate /(2.2, 4.9) using a linear approximation of / at (2, 5), given by 

/{*, V) m f(2, 5) + f x (2, 5)(x - 2) + f v (2, 5)(y-5) =6 + l(x - 2) + (-l)(y - 5) = x - y + 9. Thus 
/(2.2,4.9)«2.2-4.9 + 9 = 6.3. 

21. f(x,y,z) = ^ + y^z 2 => f x (x,y,z) = -j=J==, f v{x ,y, z ) = and 

fz(x, y, z) — , n Z „ ==, so / x (3, 2, 6) = f , /„(3, 2, 6) = f , ^(3, 2, 6) = f . Then the linear approximation of / 
v/x 2 +y 2 + z 2 

at (3, 2, 6) is given by 

/(x, 2/, z) * /(3, 2, 6) + /* (3, 2, 6)(x - 3) 4- /„(3, 2, 6)(y - 2) + /,(3, 2, 6)(* - 6) 
= 7 + f(x-3) + f(y-2) + f(*-6) = fx + fy+f 2 



Thus 7(3.02)2 + (1.97)2 + (5.99)2 = / ( 3 0 2 ! 1.97,5.99) « f (3.02) + 3(1.97) + f (5.99) M 6.9914. 
23. From the table, /(94, 80) = 127. To estimate /t(94, 80) and / w (94, 80) we follow the procedure used in Section 14.3. Since 
/r(94, 80) = lim Z( 94 + h ' 80 ) ~ Z( 94 ' 80 ) f we approximate this quantity with h = ±2 and use the values given in the 
table: 

/r(94, 80) - 8 °> - f ^ 80) = 135 - 127 = 4, /r (94, 80) m /(92 ' "» = /(94 ' 80) = 119 " 127 = 4 
2 2 — 2 —2 

Averaging these values gives /r (94, 80) « 4. Similarly, //, (94, 80) = lim /( 94 . 80 + ^ ~ /(94,80) ^ ^ we ^ fc = ±5 _ 

M94, 80) N /(H 86) -/(04.80) = 132-127 = ^ ^ ^ ^ /(94, 75) - /(94, 80) = 122 - 127 = , 
5 5 —5 —5 

Averaging these values gives /h (94, 80) «s 1. The linear approximation, then, is 

/(T, S3 w /(94, 80) + /t(94, 80)(T - 94) + JW(94, 80) (ff - 80) 
« 127 + 4(T - 94) + l(Jf - 80) [or 4T + H - 329] 
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Thus when T = 95 and H = 78, /(95, 78) « 127 + 4(95 - 94) + 1(78 - 80) = 129, so we estimate the heat index to be 
approximately 129°F. 



25. z - e~' x zos2-wt 

dz = —dx+—dt = e~ 2x {-2) cos 2irt dx + e~ 2x {- sin 27ri)(27r) dt = -2e~ 2x cos 2irt dx - 2ne~ 2x sin 2-nt dt 

27. m = pV => d,m=^-dp + ^dq = 5pV dp + 3pV dq 
op oq 

dR dR dR 

29. fl = a/3 2 cos 7 => dR = — da + — dp + — ety = 0 1 cos 7 da + 2af3 cos 7 d/? - a/3 2 sin 7 ^7 

31. dx = Ax = 0.05, dy = Ay = 0.1, z = 5x 2 + j/ 2 , 3* = Wx, z y = 2y. Thus when x = 1 and y = 2, 
dz = 2) dx + z„(l, 2) dy = (10)(0.05) + (4) (0.1) = 0.9 while 
Az = /(1.05, 2.1) - /(l, 2) = 5(1.05) 2 -I- (2.1) 2 - 5 - 4 = 0.9225. 

dA dA 

33. dA = —d,x+—dy = ydx + xdy and |Ax| < 0.1, \Ay\ < 0.1. We use dx = 0.1, dy = 0.1 with x = 30, y = 24; then 

the maximum error in the area is about dA = 24(0.1) + 30(0.1) = 5.4 cm 2 . 

35. The volume of a can is V = irr 2 h and AV « dV is an estimate of the amount of tin. Here dV = 2nrh dr + irr 2 dh, so put 
dr = 0.04, dh = 0.08 (0.04 on top, 0.04 on bottom) and then AV ss dV = 2tt(48)(0.04) + tt(16)(0.08) « 16.08 cm 3 . 
Thus the amount of tin is about 16 cm 3 . 

37. T = n ™ gJ L SQ the differentia | of T is 
2r 2 + R 2 

8T 8T (2r 2 + R 2 )(mg) - m.gR(2R) (2r 2 + R 2 )(0) - mgR(4r) 
dT - dR dR+ dr- dr - (2r 2 +fl 2 ) 2 dR+ (2r 2 + /i 2 ) 2 * 

mg(2r 2 - R 2 ) AmgRr 
~ (2r 2 + i? 2 ) 2 {2r* + R?Y 

Here we have AR = 0.1 and Ar = 0.1, so we take dR = 0.1, dr = 0.1 with R = 3, r = 0.7. Then the change in the 
tension T is approximately 

mg[2(0.7) 2 - (3) 2 ] 47n.ff(3)(0.7) 
Hi ~ [2(0.7)2 + (3) 2 ] 2 [2(0.7) 2 + (3) 2 ] 2 ^ ; 

0.802mg 0.84mg 1-642 _ ...... 

= -(g^s) 2 - " T9W = "^oooi 7715 w -°- 0165rn5 

Because the change is negative, tension decreases. 
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39. First we find - — implicitly by taking partial derivatives of both sides with respect to Ri: 
oR\ 

0 fl\ d[( l/R i ) + (l/R 2 ) + (l/R 3 )] „-2dR 2 8R R 2 

dRl\Rj = dk * ~ R dR^-^ * ^ = ^-^n by symmetry, 

^ = §. Jft7 = j|- WhenRi = 25, /? 2 = 40 and # 3 = 50, | = ^ A = $ 6. Since the possib 
for each Ri is 0.5%, the maximum error of R is attained by setting ARi = 0.005ili. So 

A*« A. H A* + H A* 2 lgA ft = (0.005)/? + ± + A) = (0.005)*. = $ « 0.059 O. 



41. The errors in measurement are at most 2%, so — < 0.02 and ^ < 0.02. The relative error in the calculated surface 

w h 



Ah 



area is 



AS dS 0.1091(0.425w 0 - 425 - 1 )/ t °- 725 c/«; + 0.1091^ () - 42 5 (0.725/t 0 - 725 - 1 )(f/ i . n AW dw nmK dh 
T*'3F m 0.109UW0.T25 ; = 0.425- + 0.725 T 

dw 

To estimate the maximum relative error, we use — = 



w 

dS 



= 0.02 and $ = 



Ah 



= 0.02 => 



JO 

52 = 0.425 (0.02) + 0.725 (0.02) = 0.023. Thus the maximum percentage error is approximately 2.3%. 
S 

43. Az = f(a + Ax, 6 + Ay) - /(a, 6) = (o + Ax) 2 + (b + Ay) 2 - (a 2 + 6 2 ) 

= a 2 + 2a Ax + (Ax) 2 + 6 2 + 26 Ay + (Ay) 2 - a 2 - b 2 = 2a Ax + (Ax) 2 + 26 Ay + (Ay) 2 
But /x (a, 6) = 2a and /„ (a, 6) = 26 and so Az = f x (a, 6) Ax + /„ (a, 6) Ay + Ax Ax + Ay Ay, which is Definition 7 
with ei = Ax and e 2 = Ay. Hence / is differentiable. 

45. To show that / is continuous at (a, 6) we need to show that lim /(x, y) = f(a, b) or 

(x,y) — (u,b) 

equivalent^ lim f(a + Ax, b + Ay) = f (a, 6). Since / is differentiable at (a, b), 

(Al.Aj/)— >(0,0) 

f(a + Ax, b + Ay) - f(a, b) = Az = f x (a, 6) Ax + /„ (a, 6) Ay + ei Ax + e 2 Ay, where ei and e 2 -» 0 as 

(Ax, Ay) -* (0, 0). Thus f(a + Ax, b + Ay) = f(a, b) + f x (a, b) Ax + f v (a, 6) Ay + « Ax + e 2 Ay. Taking the limit of 

both sides as (Ax, Ay) — * (0, 0) gives ^ hm ^ 0> /(° + ^ x > & + ^f) = /( a > Thus / is continuous at (a, fa). 

14.5 The Chain Rule 

1. 2 = x 2 + y 2 + xy,x = sint,y = e< „ | = || + |f = (2x + y) cost + (2y + x)e< 

3. z = V 1 + x2 + j/ 2 > s = ln *> v = cos* =► 
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5. w m xe v/z , x = t 2 , y = 1 - 1, z = 1 + 2t =» 

S - si + If + g|-^-*+^(i)-HJ + ^(-i)-»-^(»-S - 5=) 

7. z = x 2 i/ 3 , x = scost, j/ = ssint => 

dz = dzdx dzdy = 3 cost 3x 2 a gint 

i = ||f + flfl = (2x2/ 3 )(-ssint) + (3*VX««»t) = -2sxy 3 sin ( + 3a*Y cost 

9. z = sin0cos<?!>, 0 = s£ 2 , 0 = s 2 t =# 

— = -^r— + - Q , n = (cos0 cos(/>)(t 2 ) + (-sin# sinc/))(2si) = t 2 cosQ coscj) - 2stsin(? sin</> 
os off os oq> os 

Yt = %Tt + = {cos6 cos ^ (2st ) + { - sine sin M fi2 ) = 2stcosd cos <t> - fi2sin<? sin * 

11. z - e'cosfl, r = st, 0 = Vs 2 + P =* 



= e r ( t cos 0 . / „ sin 9 ) 



S - S£ + = «+ e'(- 8 infl) • i(s 2 + t 2 )-^- { 2t) = setose - sin* • 



at ~ dr at ^86 at ~" w " v ; 2V 17 w Vs^TF 
= er ( SC0S '-7PTF sin ') 

13. When t = 3, x = g(3) = 2 and y = h{3) = 7. By the Chain Rule (2), 

| = ^Tt + %tt = f*V> 7 W +/»(2.7)h'(3) = (6)(5) + (-8)(-4) = 62. 

t 

15. g(u,v) = f{x(u,v) y y(u,v)) where x = e u + sin y = e 11 + cosv => 

g=^g^_ fitav .Byth e ChainRule(3),g = g^ + ^.TlKn 
3u So 5a ©0 3u 3x 3u ay 3u 

Su(0, 0) = /,(*((), 0), 1/(0, 0)) s„(0, 0) + / B (x(0, 0), 3/(0, 0)) ? /„(0, 0) = /,(1, 2)(e°) + f v (l, 2)(e°) = 2(1) + 5(1) 
Simi '^l = lxl + |l1 Then 

ff«(0, 0) = /„(x(0, 0), 7 /(0, 0)) x„(0, 0) + f y (x(Q, 0), y(0, 0)) „, (0, 0) = /■(!, 2)(cos0) + 2)(- sin 0) 
= 2(1) + 5(0) = 2 

17. « u = f{x, j/), x = x(r, S, t), y = y{r, s, t) =t- 



/w /w 



du __ dudjc dudy du _ dudx du dy 
8r ~ 3x 3r dy dr' ds ~ dx ds + By da' 



r s i r s t du dudx du dy 

dt dx dt dy dt 
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19. „*, w = f{r,s,t), r = r{x,y), s = s(x,y), t = t(x,y) =fr 

dw dw dr ^ dw ds ^ dw dt dw _ dw dr dw ds dw dt 
dx dr dx ds dx dt dx' dy dr dy ds dy dt dy 



A A A 

x y x y x y 
21. z = x A + x 2 y, x = s + 2t-u, y = stu 2 => 

When s = 4, t = 2, and u = 1 we have x = 7 and y = 8, 

so g = (1484)(1) + (49)(2) = 1582, ^ = (1484) (2) + (49)(4) = 3164, ^ = (1484)(-1) + (49)(16) = -700. 

23. w = xy + yz + zx, x = r cos 0, j/ = r sin 0, 2 = rO 

di/; dw dx dw dy dw dz , v/ . . w . . . 

97 = -^a7 + ^^ + a7^ = (2/ + * )(cos * } + ( * + z)(sm<?) + (2/ + 

du; 9a; c*tu dy dw dz . , . , . . . , 

W = ^M + ^ + 57^ =(y + 2)( - rSln ' ) + (l + 2)(rCOS<?) + (2/ + I )«- 

When r = 2 and 6 = tt/2 we have x = 0, w = 2, and z = if, so j- = (2 + tt)(0) + (0 + tt)(1) + (2 + 0)(ir/2) = 2tt and 
fgT = (2 + tt)(-2) + (0 + *)(()) + (2 + 0)(2) = -2*. 

25. N = 5Jl£ i p = u + vw, q = v + uw, r = w + uv => 
p + r 

dN _ dN_dp dN_dq 8N dr 
du ~ dp du dq du dr du 

_ (P + 0(1) -(p + <?)(!) (p + r)(l)-(p + q)(0) , } (p + r)(0)-(p + g )(l) 

(p + 0 2 (p + 0 2 (p + 0 2 

_ (r - (?) + (p + tjtg - (p + q)v 
(p + 0 2 

dN__dN_dp dN_dq ,§N_dr_ r-q p+r -(p + g) f - v _ (r - g)w + (p + r) - (p + g)u 

flw dp dv ^ dq dv^ dr dv (p + r) 2 1 ' (p + 0 2 K ' + (p + rf W ~ (p + r) 2 ' 

dJ^_mdp dNdq_ dNd L _ r-q p + r -(p + q) _ (r - q)v + (p + r)u - (p + q) 

dw dp dw + dq dw dr dw ~ (p + r) 2 W + (p + r) 2 W + (p + r) 2 W (p + r) 2 ' 

When « = 2, , = 3, and . = 4 we have p = 14, g = 11, and r = 10, so M = zi±l?iM^») = ^5. = A, 

OTi • (24) J 576 144 

dN _ (-1)(4) +24- (25) (2) = -30 _ __5_ dN_ (-1)(3) + (24)(2) - 25 20 5 
dv (24) 2 576 96' a " dw (24) 2 ~ 576 ~ 144" 
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27. y cos x = X 2 + y 2 , so let F(x, y) = y cos x - x 2 - y 2 — 0. Then by Equation 6 

dy _ F x -ysinx — 2x _ 2x + ?/sinx 
dx F y cos x - 2y cos X - 2y ' 

29. tan _1 (x 2 i/) = SB + xy 2 , so let F(x, y) = tan -1 (x 2 y) - x - xy 2 = 0. Then 

F (r lA _ 1 , 2rv) -, 7;2 2xy 3 2xy-(l+y 2 )(l+xV) 

F * ( *' y) - i + (x 2 y) 2 (2xy) ~ 1 ' y ~ TT^V y TT^V ' 

j-t / \ 1 » „ ar _ x 2 -2xy(l + xV) 

and 



dy _ _ [2x7/ - (1 + y 2 )(l + x'V )]/(! + xSf) _ (1 + y 2 )(l + x''y 2 ) - 2xy 



dx F y [x 2 - 2x2/(1 +iV)]/(l + xV) x 2 -2xj/(1+xV) 

_ 1 + x 4 y 2 + y 2 + x"y'' - 2xy 
x 2 — 2xj/ — 2x°y 3 

31. x 2 + 2y 2 + 3z 2 = 1, so let F(x, y, z) = x 2 + 2y 2 + 3z 2 - 1 = 0. Then by Equations 7 

_ _ _2x _ __x _ _F„ _ _4y _ _2y 

dx ~ F z ~ 6z ~ 3z 311 dy " F z ~ 6z ~ 3z' 

33. e= = xyz, so let F(x,y, z) = e* - xyz = 0. Then g = ~f = = and 

<9z F v —xz xz 



dy F z e z - xy e z - xy 
35. Since x and ;/ are each functions of t, T(x, y) is a function of i, so by the Chain Rule, — ^ ^ + ^ ^ . After 
3seconds,x = vTO=v^ = 2 > y = 2 + |t = 2 + |(3)=3 ) | = ^^ = ^^ = iandJ = [ 
Then ^ = T x {2, 3) ^ + T„(2, 3) ^ = 4(f) + 3(f) = 2. Thus the temperature is rising at a rate of 2°C/s. 

37. C = 1449.2 + 4.6T - 0.055T 2 + 0.00029T 3 + 0.016A so = 4.6 - 0.11T + 0.00087T 2 and — = 0.016. 

9T of 

According to the graph, the diver is experiencing a temperature of approximately 12.5°C at t = 20 minutes, so 

— = 4.6 - 0.11(12.5) + 0.00087(12.5) 2 « 3.36. By sketching tangent lines at t = 20 to the graphs given, we estimate 

f 4 *" d f ~ ~ iV Th - b * the Chain Rule ' f = if + If * + (°- 016 )(^) - -°' 33 - 

Thus the speed of sound experienced by the diver is decreasing at a rate of approximately 0.33 m/s per minute. 
39. (a) V = ewh, so by the Chain Rule, 

■^T = lw ^ + -3-^7 + -ST-^r = wft ^7 + eh lJ7 + £w -aZ = 2-2 - 2 + 1-2-2 + 1-2 - (-3) = 6m /s. 
at ot at oix; at on at at at at 
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SECTION 14.5 THE CHAIN RULE □ 211 



(b) S = 2(iw + (h + wh), so by the Chain Rule, 



ds asae asdw asdh _ . .<u . dw .dh 

i; = MTt + ^^ + dhii- 2{w+h) Tt +2{e+h) it +2{e+w) d; 



= 2(2 + 2)2 + 2(1 + 2)2 + 2(1 + 2)(-3) = 10 m 2 /s 

dt dt + dt + dt 



{c)L 2 = e 2 +w 2 +h* =* 2L^=2£^+2 W 5+2/i§ = 2(l)(2) + 2(2)(2) + 2(2)(-3) = 0 
dL/dt = 0 m/s. 



41. ^ = 0.05, ^ = 0.15, V = 8.31 J and ^ = - 8.31 -p^. Thus when P = 20 and T = 320, 



05)(320) 



400 



-0.27 L/s. 



43. Let a; be the length of the first side of the triangle and y the length of the second side. The area A of the triangle is given by 

A = \xy sin 6 where 6 is the angle between the two sides. Thus A is a function of a?, y, and 9, and x, y, and 0 are each in turn 

dx dtu dA 
functions of time t. We are given that — = 3, = -2, and because A is constant, — = 0. By the Chain Rule, 

dA dAdx dAdy 8Ad6 dA , . . dx , . . . dy . d6> „ , 

■dt-d^Tt + -dy-d-t + mdt * ^ = - 2 y™e.- + - 2 xsme.- + ± X yco S e--.M e nx = 20,y = 30, 

and (9 = ir/6 we have 

0= I (30) (sin | )(3) + |(20)(«ta |)(-2) -I- | (20) (30) (cos f ) ^ 

= 45.1 - 20.1+300.^.1 = ^ + 150^31 , 

dO dO 25/2 1 

Solving for — gives — = j^j^g = ~ ~ so the angle between the sides is decreasing at a rate of 

1/(12 V3) « 0.048 rad/s. 

«. W By,h«ChainR ul ,,|,|co, 9 + |,i„9, | = | <-„,„<,)+ g 

»KS)' = (S) v ' +a SI««'»' + (l5 ,,tf ' > 
(^T+*(ftT- (W+(Sf>—— GST- GET- • 

., , , _, dz dz du dz dz dz . . dz dz 

47. Let u = x - y. Then -^- = — -^- = — and — = — (-1). Thus — + — = 0. 

dx du dx du dy du dx dy 
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49. Let u = x + at, V = X- at. Then z = f(u) + g{v), so dz/du = f'(u) and dz/dv = g'(v). 
_ dz dz du dzdv ... . . 

^ Tt = d-uTt + d-vTt =aS (u) - a9 {v) 31,11 

9 2 z d . ,, «i fdf'{u)du dg'(v)dv\ 2f „, . , 2 „, , 
Similarly g = /'(u) + «,» and 0 = /"(«) + g"(v). Thus |f = a 2 0. 

ar9 S -arU^ 2 '7 + dr{dy *j 

- ^±9x 2s _3_ /SsN 9y 2s 5z a_ 2s + 2r + A f ^£ 2r + — 2 

5a; 2 5r Si/ \ dx J dr dx dr dy 2 dr dx\dy) dr By 

. d 2 Z . &Z . 2 , _ , A d 2 Z . &Z . , , n 8z 

= ArS a^ + dy^-x Aa +0 + 4rS ^ + o^ 4 ' +2 dy 

By the continuity of the partials, ^ = 4r S 0 + 4r S 0 + (4r 2 + 4s 2 ) ±L- + 2 g. 
„ 3z dz . . dz . ., , dz dz . n dz 

53 - -or = m ™ e+ m de=-Tx rsm0+ &n rtm Then 

a^ = cos 9 \U cos 0 + dy-b-x sm 9 ) + mn 6 W^ $ + d^ cos 9 ) 

= cos 2 00 + 2CO80 j£jL + sin 2 0 0 



and 



Thus 



-rsintf^ + rcos0 rcos0 + Q x g y (-rsin0)^ 
-~#£-r*fg + ^ sin 2 0 0 - 2,- 2 cos 0 *# + , 2 cos 2 | 0 



a 2 * , i a 2 2 . i9z , Sfl , . g - a 2 z , , . 2 , 2 ^a 2 z 

1 .dz 1 . a dz , 1 / Jz , . . 

— cos 0 sm 0 — + - cos 0 ^ — h sin 6 

r V 



?• ai r a?/ rV ax 
= a^ + a? asdcsircd - 

55. (a) Since / is a polynomial, it has continuous second-order partial derivatives, and 

f(tx, ty) = (tx) 2 (ty) + 2(tx)(ty) 2 + 5(ty) 3 = t 3 x 2 y + ifxy 2 + 5t 3 y 3 = f 3 (x 2 y + 2xy 2 + 5y 3 ) = i 3 / (x, y). 
Thus, / is homogeneous of degree 3. 
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SECTION 14.6 DIRECTIONAL DERIVATIVES AND THE GRADIENT VECTOR □ 213 
(b) Differentiating both sides of f{tx, ty) = t n f{x, y) with respect to t using the Chain Rule, we get 
§- t f(tx,ty) = f t rf(x,y)} * 

Setting < = 1: i — /(x, v) + Vq^ /(*> 2/) =»/(*) If)- 
57. Differentiating both sides of /(fx, ty) = i n /(x, y) with respect to x using the Chain Rule, we get 
■^f{tx,ty) = -^\t n f(x,y)] <* 

Thus /»(te, ty) = t n ~7*(*, 3/)- 

59. Given a function defined implicitly by F(x, y) = 0, where F is differentiable and F y # 0, we know that = _ ilk. Le t 

ox F w 

<5(x, j/) = so ^ = G(x, y). Differentiating both sides with respect to x and using the Chain Rule gives 
by ax 

#y _ dGdx dGdy dG d_ ( F»\ F y F xx - F x F yx dG d_ ( _ft\ _ F v F g|> - ft ft, 

dx 2 dxdx dydx dx dx\ Fy) fg "fly dy V / 



Thus 



A = ^ ftft,-ftft« ^ ^ + ^ FyF Xy — F x Fyy ^ ^_ ft ^ 

J7 1 r?2 ri PIT IP IT I? _L J? 17*2 

_ b XX ty — tyxfx-fy — rxyfyfx + f ' yy f x 



But F has continuous second derivatives, so by Clauraut's Theorem, F m = ft, and we have 



I? 77*2 or r /? _l r i7i2 

-iJ^i^ + V, as desired. 



14.6 Directional Derivatives and the Gradient Vector 



1. We can approximate the directional derivative of the pressure function at K in the direction of S by the average rate of change 
of pressure between the points where the red line intersects the contour lines closest to K (extend the red line slightly at the 
left). In the direction of S, the pressure changes from 1000 millibars to 996 millibars and we estimate the distance between 
these two points to be approximately 50 km (using the fact that the distance from K to S is 300 km). Then the rate of change of 
pressure in the direction given is approximately 996 ~ 0 1000 = -0.08 millibar/km. 

3. D u /(-20,30) = V/ (-20,30) • u = / 7 (-20,30)(^) + /„(-20,30)(-i-). 

M-20, 30) = lim /(- 2 0+^ 30 )-/(- 2 °. 3 °) ) so we can a pp roximate /r (_ 2 0, 30) by considering h = ±5 and 

h— *0 ft 
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214 □ CHAPTER 14 PARTIAL DERIVATIVES 

using the values given in the table: / T (-20, 30) w /(-^. 30) - /(-20, 30) = -26 - (-33) = ^ 
/r(-20,30) « /(-25,30)-/(-20,30) = -39 - (-33) = ^ Averaging these vaIues gives /t( _ 20 ,30) » 1.3. 
Similarly, /„(-20, 30) = lim ^~ 20 ' 30 + ft > Z /(- 20 ' 30 ) ; so we can approximate /„(-20, 30) with h = ±10: 

h—*o ti 

/.(-20.30) i /(- 2 0,40) - o /(^0,3 0 ) = -34_^33) = _ Q ^ , 

/„(-20,30) * /(-20,20)-/(-20,30) = =gl±^l = _ 0 .3. Averaging these values gives /„(-20,30) N -0.2. 
Then £» u /(-20, 30) m l-3(^) + (-0.2) Pa 0.778. 

5. /(z, j/) = t,e _x => /«(«, y) = -ye -1 and y) = e~*. If u is a unit vector in the direction of 6 = 2w/3, then 
from Equation 6, D„/(0,4) = /»(0,4) cos(^) + /,,(0, 4) sin(f ) = -4-(-f) + 1-^=2 + ^. 

7. /(i,y) =sin(2i + 3y). 

(a) V/(x, ?/) = |£ i + |^ j = [cos(2x + 3tf) ■ 2] i + [cos(2s +%) • 3] j = 2 cos (2s + 3y) i + 3 cos (2a + 3y) j 

(b) V/(-6,4) = (2cos0) i + (3cos0) j = 2 i + 3j 

(c) By Equation 9, £>„ /(-6, 4) = V/(-6, 4) • u - (2 i + 3 j) • |( i - j) = | (2^3 - 3) = S - }. 

9. f(x, y, z) = x 2 yz - xyz 3 

(a) Vf(x,y,z) = {fx{x,y,z),f y {x,y,z),f z (x,y,z)) = (2xyz - yz 3 , x 2 z - xz 3 ,x 2 y - Sxyz 2 ) 

(b) V/(2, -1, 1) = (-4+1,4- 2, -4 + 6) = (-3, 2, 2) 

(c) By Equation 14, £>„/(2, -1,1} = V/(2, -1, 1) ■ u = (-3, 2, 2) • (0, |, -f ) = 0 + f - § = f . 

11 f(x,y) = e I sini/ s* V/(x,t/) = (e 1 sin j/.e 1 cosy), V/(0,7r/3) = (&,±\ t mA* 
unit vector in the direction of v is u = ^ (-6, 8) = ^ (-6, 8) = (-|, |), so 

£>„ /(o, *M = v/(o, V3) • u = (4 , |) ■ (-|, f) = -a# + a = 

13. ? (p, (?) = p 4 - pV =* V 5 (p, q) = (4p 3 - 2pg 3 ) i + (-3pV ) j, V ff (2, 1) = 28 i - 12 j, and a unit 
vector in the direction of v is u = ^j— j (i + 3j) = -^(i + 3j), so 

D uff (2, 1) = V ff (2, 1) • u = (28 i - 12 j) • ^-(i + 3j) = ^ (28 - 36) = or 

15. f(x,y, z) = xe" + ye z + ze x => Vf(x,y,z) = (e v + ze x ,xe v + e z ,ye z + e x ), V/(0,0,0) = (1, 1, 1), and a unit 
vector in the direction of v is u = vM ^| {6, 1, -2) = ^ (5, 1, -2), so 
D» /(0, 0, 0) = V/(0, 0, 0) • u = (1, 1, 1) • ^ (5, 1, -2) = 
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SECTION 14.6 DIRECTIONAL DERIVATIVES AND THE GRADIENT VECTOR □ 215 

17. h{r, 8, t) = In(3r + 6s + 9i) Vft(r, s, t) = (3/(3r + 6s + 0$. 6/(3r + 6s + 9t), 9/(3r + 6s + Bfr)), 

V/i(l,l,l) = and a unit vector in the direction of v = 4 i + 12 j + 6k 

■s u = ynyfoja (4i + 12 j + 6k) = | i + f j + | k, so 

z? u m, i, i) = vfc(i. i»0-'*-{J.iii) , (fM) a i+J+4"l 

19. /(x l2/ ) = 7^ =* V/(x )2/ ) = (i(»|?r 1/ *M.i(«t>)- ,/8 (*)) = (^^'^)' S0 V ^ 2 ' 8 ) = <M>- 

The unit vector in the direction of PQ = (5 - 2, 4 - 8) = (3, -4) is u = <§ , -|), so . 
D u /(2,8) = V/(2,8) • u = (1, |) ■ (|, -f ) = f. 

21. f(x,y) =i V y/Z # V/(x,t/) = (*y ■ \x~ l/2 , Ay/x) = (2y/^,i^); 

V/(4, 1) = (1, 8) is the direction of maximum rate of change, and the maximum rate is | V/(4, 1)| = >/l + 64 = \/65. 

23. f(x,y) = sin(xy) =S> V/(x,y) = (y cos(xy),xcos{xy)), V/(l, 0) = (0, 1). Thus the maximum rate of change is 
| V/(l, 0)| = 1 in the direction (0,1). 

25. /(x, y, 3) = v^+FT? => 

V/(x, y, z) = (i(x 2 + + z 2 )-^ 2 ■ 2x, |(x 2 + y 2 + 2 2 )- 1 /' . 2y, i(x 2 + y 2 + z 2 )~^ 2 ■ 2z) 

I x y \ 

\y/x2+y 2 + z 2 ' y/x 2 + y 2 + z*' v /x 2 Tj^+^/' 
V/(3,6,-2) = (^.^B'Ts) = (f. f>-?)- Thus the maximum rate of change is 

|V/(3, 6, -2)| = /(f)* + (|) 9 + H) 2 - = 1 in the direction (t. f .-!> * equivaiently (3, 6, -2). 

27. (a) As in the proof of Theorem 15, D u f == |V/|cos0. Since the minimum value of cos 0 is -1 occurring when 9 = tt, the 
minimum value of D u / is - | V /| occurring when 9 = it, that is when u is in the opposite direction of V/ 
(assuming V/ ^ 0). 

(b) f{x, y) = x*y - xV «♦ V/(x, y) = (4x 3 j/ - 2xy 3 , x* - 3x 2 y 2 ), so f decreases fastest at the point (2, -3) in the 
direction -V/(2, -3) = - (12, -92) = (-12,92). 

29. The direction of fastest change is V/(x, y) = (2x - 2) i + {2y - 4) j, so we need to find all points (x, y) where V/(x, y) is 
parallel toi+j (2x - 2) i + {2y - 4) j = k (i + j) 4» fc = 2x - 2 and k = 2y - 4. Then 2x - 2 = 2y - 4 =^ 

y = x + 1, so the direction of fastest change is i + j at all points on the line y = x + 1. 
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31. T = k o and 120 = T(1, 2, 2) = = 360. 

'r 2 4- ii 2 4- r 2 o 




(a) u = 

D U T(1, 2,2) = VT(l,2,2).u=[-360(x 2 +r +2 2 )- 3/2 {x,y, 2 >] (i22) .u = -f (1, 2, 2) • ^(1, -1, 1) = 

(b) From (a), VT = -360(x 2 + y 2 + z 2 )~ 3/2 {x,y, z), and since (x, y, z) is the position vector of the point (x,y,z), the 
vector - (x, y, z), and thus VT, always points toward the origin. 

33. W(x, y, z) = (10a - 3y + yz, xz - 3x, xy), W(3, 4, 5) = (38, 6, 12) 

(a) D u V(3,4,5) = (38,6,12) • ^(1, 1, -1) = $ 

(b) VV(3, 4, 5) = (38, 6, 12), or equivalent]* (19, 3, 6). 

(c) | W(3, 4, 5)| = VWTW+W = v / 1624 = 2 v'loe 

35. A unit vector in the direction of AB is i and a unit vector in the direction of AC is j. Thus D-~ f(l, 3) = / x (l, 3) = 3 and 
D~/(l,3) = /„(1,3) = 26. Therefore V/(l,3) = {/»(l,3),/ v (l,3)) = (3, 26), and by definition, 

D ad 3 ) = v ^ ' u wnerc u 'S a unit vector in the direction of AD, which is |§), Therefore, 
D^/(l,3) = (3,26).(A,l i)=3 .A +26 .i| =W . 

„ /d(au + bv) d(au + bv)\ I du L dv du , ,dv\ I du du\ . / dv dv\ 

.= a Vu + 6Vv 

,,, * / du , 9u , du\ / du du\ , / dv dv\ ' , „ 

(c) = ^5L_^ , v JEZpv:^ m v Wdy/ ^ u \dx'dy/ m 

39. /(x, 2/) = x 3 + 5x 2 y + y 3 => 

£>»/(*, 2/) = V/(x, y) ■ u = (3x 2 + lOxy, 5x 2 + 3 y 2 ) ■ (f , f) = f x 2 + 6xy + 4x 2 + f y 2 = f x 2 + 6xy + f y 2 . Then 
D 2 /(x,y) = D u [D u f(x,y)} = V [D u f(x,y)] ■ u = (f x + 6y, 6x + f y) • (f, f) 



vVu-uVv 
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41. Let F{x, y, z) = 2(x - 2) 2 + (y - l) 2 + (z - 3) 2 . Then 2(x - 2) 2 + (y - l) 2 + (z - 3) 2 = 10 is a level surface of F. 
Fr(x,y,z) =4(x-2) * F*(3, 3, 5) = 4, F„(x, », 2) = 2(2/ - 1) * F v (3,3,5) = 4, and 
F z {x,y,z) = 2(z-3) => F,(3,3,5)=4. 

(a) Equation 19 gives an equation of the tangent plane at (3, 3, 5) as 4(x - 3) + 4(y - 3) + 4(2 - 5) = 0 # 
4a; 4- 4y + 4z = 44 or equivalenlly x + y + z = 1 1. 

g g w 2 2 5 

(b) By Equation 20, the normal line has symmetric equations — — == — — = — ^— orequivalently 
x-3 = y- 3 = z-5. Corresponding parametric equations are X = 3 + 1, y — 3 + t, z = 5 + t. 

43. Let F(x, y, z) = xyz 2 . Then xyz 2 = 6 is a level surface of F and VF(x, 3/, z) = (yz 2 , xz 2 , 2xyz). 

(a) VF(3, 2, 1) = (2, 3, 12) is a normal vector for the tangent plane at (3, 2, 1), so an equation of the tangent plane 
is 2(x - 3) + 3(y - 2) + 12(z - 1) = 0 or 2x + 3y + 12z = 24. 

(b) The normal line has direction (2, 3, 12), so parametric equations are x = 3 + 2i, y = 2 + 3t, z = 1 + 12i, and 

x — 3 - v — 2 z — 1 
symmetric equations are -y = iL -|— = --p 

45. Let F(x, y,z)=x + y + 2- e X!/ *. Then x + y + z = e 1 '"* is the level surface F(x, y, z) = 0, 
and VF(x, y, z) = (1 - yze*"\ 1 - xze x ^, 1 - xye*H- 

(a) VF(0, 0, 1) = (1, 1, 1) is a normal vector for the tangent plane at (0, 0, 1), so an equation of the tangent plane 
is l(x - 0) + l(y - 0) + l(z - 1) = 0 or x + y + z = 1. 

(b) The normal line has direction (1, 1, 1), so parametric equations are x = t, y = t, z = 1 + t, and symmetric equations are 

x = y = z - 1. 

47. F(x, y, z) = xy + yz + zx, VF(x, y, z) = (y + z, x + z, y + x), VF(1, 1,1) = (2, 2, 2), so an equation of the tangent 
plane is 2x + 2y +-2z = 6 or x + y + z = 3, and the normal line is given by x-l=y-l = z- l or x = y = z. To graph 

the surface we solve for z: z = — . 

x + y 



2 



z 1 



0 



-I 
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*.f(x, y )=xy * V/(x, !/ ) = ( J/l x) ( V/(3,2) = (2,3).V/(3 J 2) 
is perpendicular to the tangent line, so the tangent line has equation 

V/(3,2)-(x-3,2/-2) =0 =*■ (2, 3)- (a: -3, s-2) =0 => 
2(x - 3) + 3(y - 2) = 0 or 2x + 3y = 12. 





lxy = 6 




NA /v/(3.2) 


>>=12- 








0 





51. VF(x 0 ,j/o,zo) = ^ Thus an equation of the tangent plane at (x 0 , 7/o, 2o) is 

^ X + ^* y + ^* « if || + A + « 2(!) _ 2 since (x 0 , (to, z Q ) is a point on the ellipsoid. Hence 
^|x+||y+^§z = lisan equation of the tangent plane. 

53. VF(x 0 , i/o, *0> - (2j? f ^ SOW equation of the tangent plane is ^ x + ; |£ » - ± * = M + M _ | 

2x 0 , 2i/o z / Xq , T/o \ 2 0 zo xo , 2/o t - , 

or — r- x + —s- J/=-+2(-t + tt) . But — = —= + 77, so the equation can be written as 

a 2 b 2 c \a 2 V 2 ) c c a 2 b 2 

2x 0 , 2y 0 z + zp 
a? b 2 c 

55. The hyperboloid x 2 - if - z 2 = 1 is a level surface of F{x, y, z) = x 2 - ?/ 2 - z 2 and VF (x, y, z) = (2x, -2j/, -2z> is a 
normal vector to the surface and hence a normal vector for the tangent plane at (x, y, z). The tangent plane is parallel to the 
plane z = x + j/orx + j/-2 = 0ifand only if the corresponding normal vectors are parallel, so we need a point (x 0 , 1/0, *o) 
on the hyperboloid where {2x 0 , -2y 0 , -2z Q ) = c{l, 1, -1) orequivalently (x 0 , -j/o, -zo) = k (1, 1, -1) for some k jt 0. 
Then we must have xo = k, yo = -k, z 0 = k and substituting into the equation of the hyperboloid gives 
fc 2 - (-A-) 2 - k 2 = 1 4* -k 2 = 1, an impossibility. Thus there is no such point on the hyperboloid. 

57. Let (xo, yo, zo) be a point on the cone [other than (0, 0, 0)]. The cone is a level surface of F(x, y, z) = x 2 + y 2 — z 2 and 
VF(x, y, z) = (2x, 2j/, — 2z), so VF(xo, yo, «o) = (2xo, 2j/o, — 2zo) is a normal vector to the cone at this point and an 
equation of the tangent plane there is 2xo (x - xo) + 2yo (y — yo) — 2zo (z — zo) = 0 or xox + yoy — zoz = x\ + yo — z 2 . 
But xo + yl = zq so the tangent plane is given by x 0 x + y 0 y - z Q z = 0, a plane which always contains the origin. 

59. Let F(x,y,z) = x 2 + y 2 - z. Then the paraboloid is the level surface F(x, ?/, z) =0and VF(x,y,z) = (2x, 2y, -1), so 
VF(1, 1, 2) = (2, 2, -1) is a normal vector to the surface. Thus the normal line at (1, 1, 2) is given by x = 1 + 2t, 
y = 1 + 2t, z = 2 - t. Substitution into the equation of the paraboloid z = x 2 4- y 2 gives 2 - t = (1 + 2*) 2 + (1 + 2f ) 2 4* 
2-t = 2 + 8i + 8t 2 o 8* 2 +9t = 0 <=> t(8t + 9) = 0. Thus the line intersects the paraboloid when t = 0, 
corresponding to the given point (1, 1, 2), or when t = -f , corresponding to the point (-§,— 
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61. Let (x 0 , yo, z 0 ) be a point on the surface. Then an equation of the tangent plane at the point is 

ITS + ife + " + ^ Bu ' * + * + - * " *■ " 

+ + -£= = Vc- The «-i y-> an d ^-intercepts are y/cx^, y/cyZ and v/ci^ respectively. (The x-intercept is found by 
V^o y/yo y/Zo 

setting y = z = 0 and solving the resulting equation for x, and the y- and z-intercepts are found similarly.) So the sum of the 
intercepts is y/c(y/xo + y/yo + y/zo) = c, a constant. 

63. If /(x, y, z) = z - x 2 - y 2 and g{x, y, z) = 4x 2 + y 2 + z 2 , then the tangent line is perpendicular to both V/ and Vg 
at (-1, 1, 2). The vector v = V/xVj will therefore be parallel to the tangent line. 

WehaveV/(i,y,2) = <-2x,-2»,l> * V/(-l, 1, 2) = (2, -2, 1>, and Vg(x, y, z) = (8x, 2y, 2z> =» 



Vp(-1, 1,2) = (-8, 2, 4). Hence v = V/ x Vg = 



1 j k 

2 -2 1 

-8 2 4 



= -10i-16j-12k. 



Parametric equations are: x = -1 - lOt, y = 1 - 16t, z = 1 - 12t. 

65. (a) The direction of the normal line of F is given by VF, and that of G by VG. Assuming that 
VF^O^ VG, the two normal lines are perpendicular at P if VF • VG = 0 at P 4* 

(0F/dx, 0F/cty, 5F/9z) • <5G/0x, aO/fly, <3G/0z) = 0 at P & F X G X + F„G W + F Z G Z = 0 at P. 

(b) Mere F = x 2 + y 2 - z 2 and G = x 2 + y 2 + z 2 - r 2 , so 

VF • VG = (2x, 2y, -2z) • <2x, 2y, 2z) = 4x 2 + 4y 2 - 4z 2 = 4F = 0, since the point (x, y, z) lies on the graph of 
F = 0. To see that this is true without using calculus, note that G = 0 is the equation of a sphere centered at the origin and 
F = 0 is the equation of a right circular cone with vertex at the origin (which is generated by lines through the origin). At 
any point of intersection, the sphere's normal line (which passes through the origin) lies on the cone, and thus is 
perpendicular to the cone's normal line. So the surfaces with equations F = 0 and G = 0 are everywhere orthogonal. 

67. Let u - (a, 6) and v = <c, d). Then we know that at the given point, D u f = V/ • u = mfm + bf v and 

Ov / = V/ • v = cf x + df y . But these are just two linear equations in the two unknowns f x and /,„ and since u and v are 
not parallel, we can solve the equations to find V/ = (f x ,f y ) at the given point. In fact, 



= / dP u f -bDyf aD v f -cD u f \ 
\ ad -be ' ad -be /' 
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220 □ CHAPTER 14 PARTIAL DERIVATIVES 

14.7 Maximum and Minimum Values 



t (a) First we compute b(l,l) = f xx {l, 1) /„„(1, 1) - [/x a (l,l)] 2 = (4)(2) - (l) 2 =7. Since Z>(1,1) > Oand 
fmQi 1) > 0. / has a local minimum at (1, 1) by the Second Derivatives Test. 



(b) z>(i, i) = jW(i, l) / W!/ (i, i) - [/^(l, i)] 2 

the Second Derivatives Test. 



- (3) 2 = -1. Since £>(1, 1) < 0, / has a saddle point at (1, 1) by 



3. In the figure, a point at approximately (1, 1) is enclosed by level curves which are oval in shape and indicate that as we move 
away from the point in any direction the values of / are increasing. Hence we would expect a local minimum at or near (1, 1). 
The level curves near (0, 0) resemble hyperbolas, and as we move away from the origin, the values of / increase in some 
directions and decrease in others, so we would expect to find a saddle point there. 

To verify our predictions, we have f(x, y) = 4 + x 3 + y 3 — 3xy => fx{x,y) = 3x 2 - 3y, f v (x,y) = 3y 2 - 3x. We 
have critical points where these partial derivatives are equal to 0: 3x 2 - 3y = 0, 3y 2 - 3x = 0. Substituting y = x 2 from the 
first equation into the second equation gives 3(x 2 ) 2 - 3.x = 0 3x(x 3 - 1) = 0 =* x = 0 or x = I. Then we have 
two critical points, (0,0) and (1, 1). The second partial derivatives are } xx (x, y) = 6x, f xy (x,y) = -3, and f yy [x, y) = 6y, 

so D(x, y) = f xx (x,y) f vy {x,y) - = WlM ~ Hf = - 9 - Then D ( G > °) = 36 (°)(°) ~ 9 = ~ 9 ' 

and D(l, 1) = 36(1)(1) - 9 = 27. Since D(0, 0) < 0, / has a saddle point at (0, 0) by the Second Derivatives Test. Since 
D(l,l) > 0 and f xx (1,1) > 0, / has a local minimum at (1, 1). 

5. /(x, y) = x 2 + xy + y 2 +y => f x = 2x + y, = x + 2y + 1, f m = 2, f xy = 1, f m = 2. Then f x = 0 implies 
y = -2x, and substitution into /„= x + 2y + 1 = 0 gives x + 2(-2x) + l = 0 =S« -3x = -1 => x = |. 

Then y = -| and the only critical point is (§, -\). 
D(x,y) = f m f m - (f xy ) 2 = (2)(2) - (l) 2 = 3, and since 
D (h~l) = 3>0and/„(i,-§) = 2>0,/(|,-|) = -| is a local 
minimum by the Second Derivatives Test. 




7. fix, y) = (x- y){\ - xy) =x-y- x 2 y + xy 2 =* f m = I - 2xy + y 2 , f y = -1 - x 2 + 2xy, f„ = -2y, 

f xy = -2x + 2y, f yy = 2x. Then f x = 0 implies 1 - 2xy + y 2 = 0 and /„ = 0 implies -1 - x 2 + 2xy = 0. Adding the 
two equations gives 1 + y 2 - 1 - x 2 = 0 s* y 2 = x 2 =*■ y = ±x, but if y = -x then f x = 0 \ 
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l + 2x 2 +x 2 =0 =s> 3x 2 = -1 which has no real solution. If y = x 
then substitution into f x = 0 gives 1 - 2x 2 + x 2 = 0 => x 2 = 1 
x = ±1, so the critical points are (1, 1) and (-1, -1). Now 
D(l,l) = (-2)(2)-0 2 = -4<0and 

D(-l, -1) = (2)(-2) - 0 2 = -4 < 0, so (1, 1) and (-1,-1) are 
saddle points. , 



z 0 




9- /(», 2/) = y 3 + 3x 2 y - 6s 2 - 6y 2 + 2 => /, = 6xy - 12.x, /„ = 3y 2 + 3x 2 - I2y, fa = 6y - 12, /*„ = 6x, 
/i/y = 6j/ — 12. Then / x = 0 implies 6x(y — 2) = 0, so x = 0 or y = 2. If x = 0 then substitution into f y =0 gives 
3y 2 — 12y = 0 => 3i/(y - 4) = 0 => y = 0 or y = 4, so we have critical points (0, 0) and (0, 4). If y = 2, 

substitution into f y = 0 gives 12 + 3x 2 - 24 = 0 x 2 = 4 => 

x = ±2, so we have critical points (±2, 2). 

D(0,0) = (-12)(-12) - 0 2 = 144 > 0and/„(0,0) = -12 < 0, so 
/(0, 0) = 2 is a local maximum. 0(0, 4) = (12)(12) - 0 2 = 144 > 0 
and /xx(0, 4) = 12 > 0, so /(0, 4) = -30 is a local minimum. 
D(±2, 2) = (0)(0) - (±12) 2 = -144 < 0, so (±2, 2) are saddle points. 




-500 



11. /(x, y) = x 3 - 12xy + 8y 3 



f x = 3x 2 - 12y, f v = -12x + 24y 2 , f xx = 6x, f xy = -12, /„„ = 48y. Then f x = 



implies x = Ay and f y — 0 implies x = 2y . Substituting the second equation into the first gives (2y )" = Ay 



Ay*=Ay 4y(y 3 - 1) = 0 => j/ = Oory = 1. My = 0 then 

i = 0 and if j/ = 1 then x = 2, so the critical points are (0, 0) and (2, 1). 
£>(0,0) = (0)(0) - ( 12) 2 = -144 < 0, so (0,0) is a saddle point. 
D(2, 1) = (12)(48) - (-12) 2 = 432 > 0 and f xx {2, 1) = 12 > 0 so 
/(2, 1) = -8 is a local minimum. 



200 



t 0 



-200 
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15. f(x,y) = (x*+y*)e» 2 -* 2 =» 

fm = (x 2 +y 2 )e v *- l2 (-2x) + 2xe^^ = 2xe^~ I \\ - x 2 - y 2 ), 



fv = (x 2 +y*)e* 2 -* 2 (2y)+2yev 2 -* 2 = 2ye» 2 -* 2 (l + x 2 + ,/), 

f xx = 2xe» 2 - l2 (-2x) + (1 - x 2 - „ 2 )(2x(-2x e » 2 -* 2 ) + 2e» 2 -* 2 ) = 2e» 2 -* 2 ((l - x 2 - y 2 )(l - 2x 2 ) - 2x 2 ), 
f xy = 2x e « 2 -* 2 (-2y) + 2x(2y)e« 2 - T2 (l - x 2 - y 2 ) = -Axye» 2 -* 2 (x 2 + y 2 ), 

f w = 2ye» 2 -* 2 (2y) + (1 + x 2 + y 2 )^^ 2 -* 2 ) + 2e» 2 -* 2 ) = 2e" 2 -* 2 ((l + x 2 + y 2 )(l + 2y 2 ) + 2y 2 ). 

/„ = 0 implies y = 0, and substituting into f x = 0 gives 

2xe _l2 (l -x 2 ) =0 x = 0 or x = ±1. Thus the critical points are 

(0,0) and (±1,0). Now £>(0,0) = (2) (2) - 0 > 0 and f xx (0,0) = 2 > 0, 
so /(0,0) = 0 is a local minimum. D(±1,0) = (-4e -1 )(4e _1 ) - 0 < 0 
so (±1, 0) are saddle points. 



- 0.5 





17. f(x,y) =y 2 -2ycosx =*■ f x = 2y sin x, f v = 2y - 2 cos x, 
f xx = 2ycosx, f xy = 2sinx, f vy = 2. Then /, = 0 implies y = 0 or 
sin x = 0 =» x = 0, 7T, or 2tt for -1 < x < 7. Substituting y = 0 into 
f y = Q gives cos x = 0 => x = I or ^ , substituting x = 0 or x = 2ir 
into / B = 0 gives y = 1, and substituting x = 7r into f y —0 gives y = — 1. 
Thus the critical points are (0, 1), (f , 0), (tt, -1), (f , 0), and (2jt, 1). 

D (f , 0) = D 0) = -4 < 0 so (f , 0) and 0) are saddle points. D(0, 1) = D(«r, -1) = Z?(2tt, 1) = 4 > 0 and 
/xx(0, 1) = f xx (ir, -1) = / IX (27r, 1) = 2 > 0, so /(0, 1) = /(tt, -1) = /(2tt, 1) = -1 are local minima. 

19. /(x, y) = x 2 + Ay 2 - Axy + 2 => f x = 2x- Ay, f v =8y- Ax, f xx = 2, f xy = -A, f vy = 8. Then f x = 0 
and / 8 = 0 each implies y = \x, so all points of the form (xo, 3X0) arc critical points and for each of these we have 
D(xa, 5X0) = (2)(8) - (-4) 2 = 0. The Second Derivatives Test gives no information, but 

/(x, y) = x 2 + 4y 2 - 4xy + 2 = (x - 2y) 2 + 2 > 2 with equality if and only if y = \x. Thus /(x 0 , 3X0) = 2 are all local 
(and absolute) minima. 
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21. /(i,y) = x 2 + y a + x-V a 





2.5 



-2.5 












2.5 



-2.5 



From the graphs, there appear to be local minima of about /(l, ±1) = /(-l, ±1) « 3 (and no local maxima or saddle 
points). & = 2» - 2aT V 2 , fv = %U ~ 2x" V 3 , f xx = 2 + 6x~ V 2 . fw» = 4x~ V 3 , f V!l = 2 + 8arV*. Then 
/„ = 0 implies 2»V - 2 = 0 or x 4 i/ 2 = 1 or j/ 2 = x -4 . Note that neither x nor y can be zero. Now /„ = 0 implies 
2x 2 j/ 4 -2 = 0, and with?/ 2 = x~ 4 this implies 2x~ 6 - 2 = Oorx 6 = 1. Thusx = ±1 and ifx = 1, y = ±1; if x = -1, 
y = ±1. So the critical points are (1, 1), (1, -1),(-1, 1) and (-1, -1). Now £>(1, ±1) = D(-l, ±1) = 64 - 16 > 0 and 
fxx > 0 always, so f(l, ±1) = f{— 1, ±1) = 3 are local minima. 

23. f(x,y) = sinx + sin?/ + sin(x + y), 0 < x < 27r, 0 < y < 2tt 




z 0 





From the graphs it appears that / has a local maximum at about (1, 1) with value approximately 2.6, a local minimum 
at about (5, 5) with value approximately —2.6, and a saddle point at about (3, 3). 

f x = cosx + cos(x + y), f y = cosjy + cos(x + y), f xx = — sinx — sin(x + y), f vv - — sin y - sin(x + y), 
fx V = - sin(x + y). Setting /* = 0 and /„ = 0 and subtracting gives cos x - cos y = 0 or cos x = cos y. Thus x = y 
or x = 2tt - y. If x = y, fx = 0 becomes cos x + cos 2x = 0 or 2 cos 2 x + cos x - 1 = 0, a quadratic in cos x. Thus 
cosx = -lor± andx = ft, f , or *f, giving the critical points (ir,n), (f ,f ) and ^-). Similarly if 
x = 2tt - y, fx = 0 becomes (cos x) + 1 = 0 and the resulting critical point is (ff, if). Now 

D(x,y) = sinx sinjy + sinx sin(x + y) +sin?y sin(x + ?y). So D(7r,7r) = 0 and the Second Derivatives Test doesn't apply. 
However, along the line y = x we have /(x,x) = 2 sinx + sin2x = 2 sinx + 2 sinx cosx = 2sinx(l +cosx), and 
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224 □ CHAPTER 14 PARTIAL DERIVATIVES 

}{x, x) > 0 for 0 < x < tt while f(x, x) < 0 for tt < x < 2ir. Thus every disk with center (tt, tt) contains points where / is 
positive as well as points where / is negative, so Hie graph crosses its tangent plane (z = 0) there and (tt, tt) is a saddle point. 

=3 > 0 and / IX (§,.f) <0 so /(f,!) = ^ is a local maximum while £(f , f ) = j > 0 and 
/„ , > 0, so f(f , ) = is a loca i m i n im Um . 

25. /(x,2/) = i 4 +2/ 4 -4x 2 2/ + 2?/ => /.(«,») = Ax 3 - 8xj/ and /„(x,j/) = 4y 3 - 4x 2 + 2. /* = 0 => 

4x(x 2 - 2y) = 0, so x = 0 or x 2 = 2j/. If x = 0 then substitution into /, = 0 gives Ay 3 - -2 => j/ = --^=, so 

(°> --$3) is a critical point. Substituting x 2 = 2y into /„ = 0 gives Ay 3 - 8y + 2 = 0. Using a graph, solutions are 
approximately y = -1.526, 0.259, and 1.267. (Alternatively, we could have used a calculator or a CAS to find these roots.) 
We have x 2 = 2y =>■ x = ±y/2y, so y = -1.526 gives no real-valued solution for x, but 

y = 0.259 4> x ss ±0.720 and y = 1.267 => x « ±1.592. Thus to three decimal places, the critical points are 
(0, — to (0, -0.794), (±0.720, 0.259), and (±1.592, 1.267). Now since /„ = 12x 2 - By, J xy = -8x, /„„ = 12y 2 , 

and D = (12x 2 - 8»)(12» a ) - 64x 2 , we have £(0, -0.794) > 0, f xx (0, -0.794) > 0, £(±0.720, 0.259) < 0, 
£(±1.592, 1.267) > 0, and £,{±1.882, 1.267) > 0. Therefore /(0, -0.794) « -1.191 and /(±1.592, 1.267) to -1.310 
are local minima, and (±0.720, 0.259) are saddle points. There is no highest point on the graph, but the lowest points are 
approximately (±1.592, 1.267, -1.310). 




27- f(x,y) = x 4 + y 3 - 3x 2 + y 2 + x - 2y + 1 => f x (x, y) = 4x 3 - 6x + 1 and } y {x,y) = 3y 2 + 2y-2. From the 
graphs, we see that to three decimal places, f x = 0 when x « -1.301, 0.170, or 1.131, and /„ = 0 when y « -1.215 or 
0.549. (Alternatively, we could have used a calculator or a CAS to find these roots. We could also use the quadratic formula to 
find the solutions of /„ = 0.) So, to three decimal places, / has critical points at (-1.301, -1.215), (-1.301,0.549), 
(0.170, -1.215), (0.170, 0.549), (1.131, -1.215), and (1.131,0.549). Now since /„ = 12x 2 - 6, f xy =0, /„„ = 6y + 2, 
and £ = (12x 2 - 6)(6y + 2), we have £(-1.301, -1.215) < 0, £(-1.301,0.549) > 0, /„ x (-1.301, 0.549) > 0, 
£(0.170,-1.215) > 0,/x* (0.170, —1.215) < 0, £(0.170,0.549) < 0, £(1.131,-1.215) < 0, £(1.131,0.549) > 0,and 
/xx(1.131, 0.549) > 0. Therefore, to three decimal places, /(-1.301, 0.549) w -3.145 and /(1.131, 0.549) » -0.701 are 
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local minima, / (0.170, -1.215) « 3.197 is a local maximum, and (-1.301, -1.215), (0.170, 0.549), and (1.131, -1.215) 
are saddle points. There is no highest or lowest point on the graph. 

5 






29. Since / is a polynomial it is continuous on D, so an absolute maximum and minimum exist. Here f x = 2x~ 2, /„ = 2y, and 
setting f x = f v = 0 gives (1, 0) as the only critical point (which is inside D), where /(l, 0) = -1. Along L x : x = 0 and 
/(0, y) = y 2 for -2 < y < 2, a quadratic function which attains its minimum at y = 0, where /(0, 0) = 0, and its maximum 
at y = ±2, where /(0, ±2) = 4. Along L 2 : y = x - 2 for 0 < x < 2, and f(x, x - 2) = 2x 2 - 6x + 4 = 2(x - f ) 2 - |, 
a quadratic which attains its minimum at x = f , where /(§, -A) = - A, and its maximum at x = 0, where /(0, -2) = 4. 
Along L 3 : j/ = 2 - a- for 0 < x < 2, and 

/(:e, 2 — i) = 2x 2 — 6x + 4 = 2{x — |) 2 — |, a quadratic which attains 
its minimum at x = |, where / (f,f) = — \, and its maximum at x = 0, 
where /(0, 2) = 4. Thus the absolute maximum of / on D is /(0, ±2) = 4 
and the absolute minimum is /(1,0) = — 1. 

81 »j = 2.x + 2xj/, / w (x, t/) = 2y + x 2 , and setting /„ = % = 0 
gives (0, 0) as the only critical point in D, with /(0, 0) = 4. 
On Li: J/ = -l, f(x, -1) = 5, a constant. 

On L2: x = 1, /(l, j/) = y 2 + y + 5, a quadratic in 7/ which attains its 
maximum at (1, 1), f{l, 1) = 7 and its minimum at (l, -|), jf(l,-f) = ^ 
On L3: /(x, 1) = 2x 2 + 5 which attains its maximum at (—1, 1) and (1, 1) 
with /(±1, 1) = 7 and its minimum at (0, 1), /(0, 1) = 5. 
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On U: /(-l, y) = y 2 + y + 5 with maximum at (-1, 1), /(-l, 1) = 7 and minimum at (-1, -|), /(-l, -f ) = ^. 
Thus the absolute maximum is attained at both (±1, 1) with /(±1, 1) = 7 and the absolute minimum on D is attained at 
(0,0) with /(0,0) =4. 

33. f(x, y) — x 4 + y 4 - Axy + 2 is a polynomial and hence continuous on D, so v 

it has an absolute maximum and minimum on D. f x (x, y) = Ax 3 — Ay and (°' 2 > L i (3> 2 ) 

f }/ (x, y) = 4y 3 — Ax; then f x = 0 implies y = x 3 , and substitution into 

=() => sf= jf 3 gives a; 9 - x = 0 =>• x(x 8 -1)=0 =>■ x = 0 
or x = ±1. Thus the critical points are(0, 0), (1, 1), and (-1, -1), but only (6To)' l, 

(1,1) with /(l, 1) = 0 is inside D. On Li : y = 0, /{a:, 0) = x 4 + 2, 

0 < x < 3, a polynomial in 8 which attains its maximum at x = 3, /(3, 0) = 83, and its minimum at x = 0, /(0, 0) = 2. 
On L 2 : X = 3, /(3, y)=y 4 - I2y + 83, 0 < y < 2, a polynomial in y which attains its minimum at y = 
/(3, v^) = 83 - 9 ^3 « 70.0, and its maximum at y = 0, /(3, 0) = 83. 

On L3: y = 2, f(x, 2) — x 4 — 8a; + 18, 0 < x < 3, a polynomial in x which attains its minimum at x = \/2, 
f(\/2,2) = 18 - 6 \/2 x 10.4, and its maximum at x = 3, /(3,2) = 75. On L 4 : x = 0, /((),?/) = y 4 + 2, 0 < y < 2, a 
polynomial in 2/ which attains its maximum at y = 2, /(0, 2) = 18, and its minimum at y = 0, /(0, 0) = 2. Thus the absolute 
maximum of / on D is /(3, 0) = 83 and the absolute minimum is f(l, 1) = 0. 

35. f x (x, y) = 6a; 2 and f y (x, y) = Ay 3 . And so f x = 0 and f y =0 only occur when 2; = y = 0. Hence, the only critical point 
inside the disk is at x = y = 0 where /(0, 0) = 0. Now on the circle x 2 + y 2 = 1, y 2 — 1 — x 2 so let 
</(a:) = f(x, y) =2x 3 + (1 - a; 2 ) 2 = x 4 + 2a; 3 - 2x 2 + 1,-1 < x < 1. Then g'{x) = Ax 3 + 6x 2 - Ax = 0 a; = 0, 
-2, or §. /(0, ±1) = 9 (0) = 1, /(§, ±^f) = . 9 (|) = ±§, and (-2, -3) is not in D. Checking the endpoints, we get 

./(—1, 0) = ff(-l) == -2 and /(l, 0) = g(l) = 2. Thus the absolute maximum and minimum of / on D are /(l, 0) = 2 and 
/(-l,0) = -2. 

Another method: On the boundary x 2 + y 2 = 1 we can write x = cos 0, y = sin 0, so /(cos 0, sin 0) = 2 cos 3 5 + sin 4 6, 
0<9<2n. 

37. /(x, y) = -(x 2 - l) 2 - (x 2 y - x - I) 2 /«(*, ») = -2(x 2 - l)(2x) - 2(x 2 y - x - l)(2xy - 1) and 

f v (x, y) = -2(x 2 y - x - l)x 2 . Setting f„(x, y) = 0 gives either x = 0 or x 2 y - x - 1 = O. 



There are no critical points for x = 0, since f x (0, y) = —2, so we set x 2 y — x— 1 = 0 y 



x + 1 
x 2 



[x # 0], 



so /, (x, ^±^) = -2(x 2 - l)(2x) - 2^x 2 _ x - 1^) ^2x ^1 _ ^ = .^(^ - 1). Therefore 

fx(x, y) = f y {x, y) = 0 at the points (1, 2) and (-1, 0). To classify these critical points, we calculate 
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/«•(*,») = -12i 2 - 12zV + 12x1/ + 4y + 2, f yv (x,y) = -2x\ 

and /*„ (x, y) = -8x 3 y + 6x 2 + Ax. In order to use the Second Derivatives 0 

Test we calculate -1 

£>(-!, 0) = /xx(-l,0)/ H! ,(-l,0) - [/* y (-l,0)] 2 = 16 > 0, -2 

fxx(-hO) = -10 < 0, D{\, 2) = 16 > 0, and f xx (l, 2) = -26 < 0, so -3 

-1 o i 

both (-1,0) and (1, 2) give local maxima. * 

* 

39. Let d be the distance from (2, 0, -3) to any point (x, y, z) on the plane x + y + z = l,sod = y/(x - 2) 2 + y 2 + {z + 3) 2 
where z = 1 - x - y, and we minimize d 2 = /(x, y) = (x - 2) 2 + y 2 + (4 - x - y) 2 . Then 

fx(x,y) = 2(x - 2) + 2(4 - x - y)(-l) = 4x + 2y - 12, f v (x,y) = 2y + 2(4 - x - y)(-l) = 2x + 4y - 8. Solving 
4x + 2y - 12 = Oand 2x + 4y - 8 = 0 simultaneously gives x = f, y = f, so the only critical point is (f , §). An absolute 
minimum exists (since there is a minimum distance from the point to the plane) and it must occur at a critical point, so the 

shortest distance occurs for x = §, y = § for which d = yf (I - 2) 2 + (§) 2 + (4 - f - §) 2 = y/| = ^. 

41. Let d be the distance from the point (4, 2, 0) to any point (x, y, z) on the cone, so d = ^/{x - 4) 2 + (y - 2) 2 + z 1 where 
z 2 = x 2 + y 2 , and we minimize d 2 = (x - 4) 2 + (y - 2) 2 + x 2 +y 2 = f(x, y). Then 
fx(x,y) = 2 (x - 4) + 2x = 4x - 8, f v (x, y) = 2 (y - 2) + 2y = 4y - 4, and the critical points occur when 
f a =0 => x = 2, f,, = 0 y = 1. Thus the only critical point is (2,1). An absolute minimum exists (since there is a 
minimum distance from the cone to the point) which must occur at a critical point, so the points on the cone closest 
to(4,2,0)are(2,l,±v/5). 

43. x+y+z— 100, so maximize /(x, y) = xy(100 -x-y). f x = lOOy - 2xy - y 2 , f v = lOOx - x 2 - 2xy, 
f XI = -2y, f yy = -2x, f xy = 100 - 2x - 2y. Then f x = 0 implies y = 0 or y = 100 - 2x. Substituting y — 0 into 
fv - 0 gives x = 0 or x = 100 and substituting y = 100 - 2x into /„ = 0 gives 3x 2 - lOOx = 0 so x = 0 or 
Thus the critical points are (0, 0), (100, 0), (0, 100) and ( i § s , ^f 2 ). 

D(0, 0) = £>(100, 0) = 0(0, 100) = -10,000 while D{^, ±f) = and f xx (lf,lf) = - 2 f < 0 . Thus (0, 0), 
(100, 0) and (0, 100) are saddle points whereas /(if 2 , 122 ) is a local maximum. Thus the numbers are x = y = z — ^§2. 

45. Center the sphere at the origin so that its equation is x 2 + y 2 + z 2 = r 2 , and orient the inscribed rectangular box so that its 
edges are parallel to the coordinate axes. Any vertex of the box satisfies x 2 + y 2 + z 2 = r 2 , so take (x, y, z) to be the vertex 
in the first octant. Then the box has length 2x, width 2y, and height 2z = 2 sfr 2 - x 2 - y 2 with volume given by 
V{x,y) = (2x)(2j/)(2 sfr 2 - x 2 - y 2 ) = 8xy sfr 2 - x 2 - y 2 for 0 <x<r, 0 < y < r. Then 

V X a (8xy) .^-x 2 - y 2 )-^-2x) + . 8y m and V v = 

Setting 14 = 0 gives y a 0 or 2x 2 + y 2 a r 2 , but y > 0 so only the latter solution applies. Similarly, V y = 0 with x > 0 
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228 □ CHAPTER 14 PARTIAL DERIVATIVES 

implies x 2 + 2y 2 = r 2 . Substituting, we have 2x 2 + y 2 = x 2 + 2y 2 x 2 =y 2 y = x. Then x 2 + 2y 2 = r 2 
3x 2 = r 2 =s- x = 0- a /3 = r/V3 = y. Thus the only critical point is (r/\/3, r/\/3 ) . There must be a maximum 
volume and here it must occur at a critical point, so the maximum volume occurs when x = y = r/-/Z and the maximum 

volume is = 8 (^) (^) ft - (^ - &f = ^ 

47. Maximize /(x, j/) = ^ (6 - x - 2y), then the maximum volume is V = xyz. 

fx = j(6j/ - 2xy -y 2 ) = § y(6 - 2x - 2?/) and /„ = |x (6 - x - 4?/). Setting f x = 0 and /„ = 0 gives the critical point 
(2, 1) which geometrically must give a maximum. Thus the volume of the largest such box is V — (2)(1) (§) s= |. 

49. Let the dimensions be x, y, and z; then 4x + 4y + 4z = c and the volume is 

V = xyz = xy{\c -x- y) = \cxy - x 2 y - xy 2 , x > 0, y > 0. Then V x = \cy - 2xy - y 2 and V v = \cx - x 2 - 2xy, 
so Va = 0 = V y when 2x + y = \c and x + 2y = \c. Solving, we get x = -fee, y = fee and z = \e - x - y = fee. From 
the geometrical nature of the problem, this critical point must give an absolute maximum. Thus the box is a cube with edge 

c. 



1! 

51. Let the dimensions be x, y and z, then minimize xy + 2(xz + yz) if xyz = 32,000 cm 3 . Then 

f(x,y) = xy + [64,000(x + y)/xy] = xy + 64,000(x" 1 + y' 1 ), f x = y- 64,000x -2 , /,, = x - 64,000y" 2 . 
And fx =0 implies y = 64,000/x 2 ; substituting into f y = 0 implies x 3 = 64,000 or x = 40 and then y — 40. Now 
D(x, y) = [(2)(64,000)] 2 x~ 3 2T 3 - 1 > 0 for (40, 40) and /™(40, 40) > 0 so this is indeed a minimum. Thus the 
dimensions of the box are x = y = 40 cm, z = 20 cm. 

53. Let x, y, z be the dimensions of the rectangular box. Then the volume of the box is xyz and 

L = v/x 2 + y 2 + z 2 =5> L 2 = x 2 + y 2 + z 2 e* z = y/L 2 - x 2 - y 2 . 



Substituting, we have volume V(x, y) = xy yjL 2 - x 2 - y 2 (x, y > 0). 

V x =xy I(L 2 - x 2 - y 2 )" 1 / 2 (-2x) + y y /L 2 -x 2 -y 2 = „ sjh 2 - x 2 — y 2 - ^ ^ _ y8 . 

V y =x JL 2 -x 2 -y 2 --== Xy ~ V x =0 implies y(L 2 - x 2 - y 2 ) = x 2 y * y(L 2 - 2x 2 - y 2 ) = 0 => 

x/L 2 - x 2 - y 2 

2x 2 + y 2 = L 2 (since y > 0), and V v = 0 implies x(L 2 - x 2 - y 2 ) = xy 2 =jj> x(L 2 - x 2 - 2y 2 ) = 0 =>■ 
x 2 + 2y- = L 2 (since x > 0). Substituting y 2 = L 2 - 2x 2 into x 2 + 2y 2 = L 2 gives x 2 + 2L 2 - 4x 2 = L 2 =* 

3x 2 = L 2 x = L/V3 (since x > 0) and then y = ^L 2 - 2{Ljy/Z f = Lf<&. 

So the only critical point is (L/y/3, L/V$) which, from the geometrical nature of the problem, must give an absolute 



maximum. Thus the maximum volume is V(L/y/3, L/y/Z) = (L/%/3) 2 \J L 2 - (L/%/3) 2 - (L/%/3) 2 = L 3 /(3 %/3) 
cubic units. 
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n n 

55. Note that here the variables are m and b, and f(m, b) = £ [y, - (mx; + b)) . Then / m = £ -2x,[y,- - (mii + 6)] = 0 

n " n n n 

implies V (x,y, - mx- - bx*) = 0 or Y, x '2/> = m 51 s ( + i> £ s l and /b = 53 -2[y, - (ms, + 6)] = 0 implies 

t=l i = l » = 1 i=l i = l 

£* yi = m £ x i + X) b = m ( £ x < ) + nb - Tnus we have ,he two desired equations. 

i= 1 i=l i=l \>=1 / 

Now / mm = £ 2x 2 , / 6b = £ 2 = 2n and / mt = £ 2s*. And / mm (m, 6) > 0 always and 
i=i i=i t=i 

D(m,6) = 4n^ £ x ^ _ 4 ^il = 4^n x 2 ^ - ^ j£ x;^ j > 0 always so the solutions of these two 

Tl 

equations do indeed minimize £ 

i = i 

14.8 Lagrange Multipliers 

1 At the extreme values of /, the level curves of /just touch the curve g(x, y) = 8 with a common tangent line. (See Figure 1 
and the accompanying discussion.) We can observe several such occurrences on the contour map, but the level curve 
/(x, y) = c with the largest value of c which still intersects the curve g(x, y) = 8 is approximately c = 59, and the smallest 
value of c corresponding to a level curve which intersects g(x, y) = 8 appears to be c = 30. Thus we estimate the maximum 
value of / subject to the constraint g(x, y) = 8 to be about 59 and the minimum to be 30. 

3. /(x, y) = x 2 + y 2 , g(x, y) = xy = 1, and V/ = XVg => (2s, 2y) = (Ay, Ax), so 2s = Ay, 2y = Ax, and sy = 1. 
From the last equation, x # 0 and y ^ 0, so 2s = Ay =fr A = 2x/y. Substituting, we have 2y = (2x/y) x => 
y 2 = x 2 y = ±x. But xy = 1, so x = y = ±1 and the possible points forthe extreme values of / are (1, 1) and 

(-1,-1). Here there is no maximum value, since the constraint xy = 1 allows x or y to become arbitrarily large, and hence 
/(x, y) = x 2 + y 2 can be made arbitrarily large. The minimum value is /(l, 1) = /(-l, -1) = 2. 

5. f(x, y) = y 2 - x 2 , g{x, y) = \x 2 + y 2 = 1, and V/ = XVg => (-2s, 2y) = ( ±As, 2Ay), so -2s = \ As, 2y = 2Ay, 
and \x 2 + y 2 — 1. From the first equation we have x(4 + A) = 0 => x = 0 or A = —4. If x = 0 then the third equation 
gives y = ±1. If A = —4 then the second equation gives 2y = — 8y => y = 0, and substituting into the third equation, 
we have x = ±2. Thus the possible extreme values of / occur at the points (0, ±1) and (±2, 0). Evaluating / at these points, 
we see that the maximum value is /(0, ±1) = 1 and the minimum is /(±2, 0) = -4. 

7. /(x, y, z) = 2s + 2y + z, g{x, y, z) = x 2 + y 2 + z 2 = 9, and V/ = XVg =* (2, 2, 1) = (2As, 2Ay, 2Az), so 2Ax = 2, 
2Ay = 2, 2Az = 1, and x 2 + y 2 + z 2 = 9. The first three equations imply x = ^, y = i, and z = But substitution into 

the fourth equation gives Q^J + j^ij + (2^) =9 "* if 2 = 9 °* ^ = ±i> so / n ^ possible extreme values at 
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the points (2, 2, 1) and (-2, -2, -1). The maximum value of / on x 2 + y 2 + z 2 = 9 is /(2, 2, 1) = 9, and the minimum is 
/(-2, -2,-1) = -9. 

9. f{x,y,z) = xyz, g(x,y, z) = x 2 + 2y 2 + 3z 2 = 6. V/ = XVg => (yz,xz,xy) = A (2x,4?/,6z). If any of a;, y,orz is 
zero thenar = y = z = 0 which contradicts x 2 +2y 2 + 3z 2 — 6. Then A = (i/z)/(2x) — \xz)/(iy) = (xy)/(6z) or 
x 2 = 2y 2 and z 2 = Thus x 2 + 2y 2 + 3z 2 = 6 implies 6?/ 2 = 6 or y = ±1. Then the possible points arc 

£vf»±l»Yf), (v^,±l,— y§), (-V5,±l,y|), (-V5.il, -^/f ). The maximum value of/ on the ellipsoid is 
occurring when all coordinates are positive or exactly two are negative and the minimum is — J- occurring when 1 or 3 of 

the coordinates are negative. 

i 

11. f{x,y,z) =x 2 + y 2 + z 2 , g(x, y, z) = x 4 + y 4 + z' 1 = 1 V/ = (2x,2y,2z), XV g = (4Ax 3 ,4Aj/\4Az 3 ). 

Cose /; If x $ 0, y ^ 0 and z ? 0, then V/ = XVg implies A = l/(2x 2 ) = l/(2j/ 2 ) = l/(2z 2 ) or x 2 = y 2 = z 2 and 
3x 4 = lorx = ± ^ giving the points ( ± ^, ^, ( ± ^, ( ± ^, -^), ( ± ^, -O-, -^) 

all with an /-value of y/3. 

Case 2: If one of the variables equals zero and the other two are not zero, then the squares of the two nonzero coordinates are 
equal with common value -j- and corresponding / value of \/2. 

Case 3: If exactly two of the variables are zero, then the third variable has value ±1 with the corresponding / value of 1. Thus 
on x A + y' 1 + z 4 = 1, the maximum value of / is \/3 and the minimum value is 1. 

13. f(x,y,z,t) = x + y + z + t, g(x,y, z,t) = x 2 + y 2 + z 2 + t 2 = 1 ^ (1,1,1,1) = (2Ax,2Ai/,2Az,2A*),so 
A = l/(2x) = l/{2y) = l/(2z) = l/(2t) and x = y = z = t. But ar + y 2 + z 2 + 1 2 = 1, so the possible points are 
(±5,±^,±i,±^). Thus the maximum value of / is /(|, A, ±, |) = 2 and the minimum value is 

/(-i-i-i-i) = -2- ' 

15. f(x,y,z) = x + 2y, g{x, y, z) = x + y + z = 1, h(x, y, z) = y 2 + z 2 = 4 V/ = (1, 2, 0), AV<7 = (A, A, A) 

and /iVh = (0, 2y,y, 2ytz). Then 1 = A, 2 = A + 2fiy and 0 = A + 2^z so fiy - § = -fiz ory= 1/(2//), z = -l/(2/n). 
Thus x + y + z = 1 implies x = 1 and y 2 + z 2 = 4 implies ft = ±^75. Then the possible points are (l, ±\/2, 
and the maximum value is / (l, y/2, -y/2) = 1 + 2 y/2 and the minimum value is / (l, - y/2, %/2 ) = 1 - 2 y/2. 

17- f(x,y,z) =yz + xy, g{x,y, z) = xy = 1, h(x, y, z) = y 2 + z 2 = 1 V/ = (y,x + z, y), XVg = (Xy, Xx, 0), 

I^Vh = (0, 2fj,y, 2pz). Then y = Xy implies A = 1 [y 0 since p(x, j/, z) = 1], x + z = Xx + 2/j.y and y = 2jiz. Thus 
= z/(2y) = j//(2j/) or y 2 = z 2 , and so 1/ 2 + z 2 = 1 implies y = ± z = Then x?y = 1 implies x = ±V2 and 
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SECTION 14.8 LAGRANGE MULTIPLIERS □ 231 
the possible points are [±%/2, rfc^Jg, (±V2, ±^j, -J^J. Hence the maximum of / subject to the constraints is 
f(±y/2,±j-,±j-) = | and the minimum is f(±V2,±^,T^) = §. 

Note: Since xy = 1 is one of the constraints we could have solved the problem by solving f(y, z) = yz + 1 subject to 
V 2 + z 2 = l- 

19. f{x, y) - x 2 + y 2 + 4x - 4y. For the interior of the region, we find the critical points: f x = 2x + 4, /„ = 2y - 4, so the 
only critical point is (-2, 2) (which is inside the region) and /(-2, 2) = -8. For the boundary, we use Lagrange multipliers. 
g{x, y) = x 2 + y 2 = 9, so V/ = AVy => (2x + 4, 2y - 4) = <2Ax, 2\y). Thus 2x + 4 = 2Ax and 2y - 4 = 2Ay. 
Adding the two equations gives 2a; + 2y = 2 \x + 2 Ay => x + y — \{x + y) (s + y)(A - 1) = 0, so 

x + y = 0 => y=— xorA — 1=0 A = 1, But A = 1 leads to a contradition in 2x + 4 = 2Ax, so y = —x and 

x 2 + y 2 = 9 implies 2y 2 = 9 =► y = We have / — ^) = 9 + 12^2 m 25.97 and 

/ (-^, ^) = 9 - 12^ m -7.97, so the maximum value of / on the disk x 2 + y 2 < 9 is / --^) = 9 + 12x/2 
and the minimum is /(— 2, 2) = -8. 

21. /(as, y) = en"*. For the interior of the region, we find the critical points: f x = -ye~ xy , f v = -xe~ xy , so the only 
critical point is (0, 0), and /(0, 0) = 1. For the boundary, we use Lagrange multipliers. g(x, y) = x 2 + 4y 2 = 1 => 
AV<? ss (2Ax, 8Ay), so setting V/ = AVff we get -ye'*" = 2Ax and -xe' xy = 8Ay. The first of these gives 
e -zy _ — 2Ax/y, and then the second gives — x(-2Ax/y) = 8Ay =>• x 2 = 4y 2 . Solving this last equation with the 
constraint x 2 + 4y 2 = 1 gives x = ±j- and y = Now f(±^, = e 1/4 « 1.284 and 

/(i-^-.i^) = e" 1/4 fa 0.779. The former are the maxima on the region and the latter are the minima. 

23. (a) /(x, y) = x, y(x, y) = y 2 + x 4 - x 3 = 0 =* V/ = (1, 0) = AVr? = A (4x 3 - 3x 2 , 2y). Then 

1 = A(4x 3 - 3x 2 ) (1) and 0 = 2Ay (2). We have A jk 0 from (1), so (2) gives y = 0. Then, from the constraint equation, 
as* — as 8 =. 0 =*■ x 3 (x-l)=0 => x = 0 or x = 1. But x = 0 contradicts (1), so the only possible extreme value 
subject to the constraint is /(l, 0) = 1. (The question remains whether this is indeed the minimum of /.) 

(b) The constraint is y 2 + 3* — x 3 = 0 o y 2 = x 3 — x . The left side is non-negative, so we must have x 3 — x 4 > 0 
which is true only for 0 < x < 1. Therefore the minimum possible value for f(x, y) = x is 0 which occurs for x = y = 0. 
However, AVy(0, 0) = A (0 - 0, 0) = (0, 0} and V/(0, 0) = (1, 0), so V/(0, 0) £ AVy(0, 0) for all values of A. 

(c) Here Vy(0, 0) = 0 but the method of Lagrange multipliers requires that Vg^O everywhere on the constraint curve. 
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25. P{L, K) = IM 1 "*, g(L, K) = mL + nK = p * VP = (a&L" -1 fsT 1-01 , (1 - a)bL a !<-<*), XVg = (Am, An). 
Then abiK/L) 1 -" = Am and (1 - a)b{L/K) a = An and mi + nK = p, so ab(K/L) 1 - a /m = (1 - a)b(L/K) a /n or 
na/[m(l - a)] = (L/ if) a (L//<") 1_a or L = na/[m(l - a)]. Substituting into mL + = p gives K = (1 - a)p/n 
and £ = ap/m for the maximum production. 

27. Let the sides of the rectangle be x and y. Then / (x, y) = xy, g{x,y) = 2x + 2y = p V/(x, y) = (y, a;), 

XVg — (2A, 2A). Then A = |y = ^x implies x = y and the rectangle with maximum area is a square with side length \p. 

29. The distance from (2, 0, -3) to a point (x, y, z) on the plane is d = v/(x-2) 2 +y 2 + (z + 3) 2 , so we seek to minimize 
rf 2 = /(x. *) = (z - 2) 2 + y 2 4 (z + 3) 2 subject to the constraint that (x, g, ?) lies on the plane x + y + z = 1, that is, 
that fl (x,y,z) = x+y + z = l. ThenV/ = AVy => (2(x - 2), 2y, 2(z + 3)> = (A, A, A), so x = (A + 4)/2, 

y = A/2, z = (A - 6)/2. Substituting into the constraint equation gives - 4 + ^ + ^ 6 =1 => 3A-2 = 2 =S> 

Z &i A 

A = |, so x = §, y = |, and z = -|„ This must correspond to a minimum, so the shortest distance is 



31. Let /(x, y, z) = d 2 = (x — 4) 2 + (y — 2) 2 + z 2 . Then we want to minimize / subject to the constraint 

ff (x,y,z) = x 2 +2/ 2 -z 2 =0. Vf = XVg (2(x-4),2(y-2),2z) = (2Ax, 2Ay, -2Az), so x - 4 = Ax, 



But from the constraint equation we have z = 0 =* x 2 + y 2 = 0 x = y = 0 which is not possible from the first 

two equations. So A = -landx - 4 = Ax => x = 2, y - 2 = Ay => y = 1, and x 2 + y 2 - z 2 = 0 => 
4 + l-z 2 =0 z = ±\/5. This must correspond to a minimum, so the points on the cone closest to (4, 2, 0) 

are (2,1, ±7!).' 

33. f(x,y,z) = xyz, g(x,y,z) = x + y + z = 100 => V/ = (yz,xz,xy) = XV g = (A, A, A). Then A = yz = xz = xy 
implies x=y=z= ^§2. 

35. If the dimensions are 2x, 2y, and 2z, then maximize f(x, y, z) = (2x)(2y)(2z) = 8xyz subject to 

g(x,y,z) = x 2 + y 2 + z 2 = r 2 (x > 0,y > 0, z > 0). Then V/ = XV g => (8yz,8xz,8xy) = A<2x,2y,2z) 

8yz * 2Ax, 8xz = 2Xy, and 8xy = 2Az, so A = ^ = — - 4 £?d. This gives x 2 z = y 2 z => x 2 = y 2 (since 

x y z 

and xy 2 = xz 2 =:> z 2 = y 2 , so x 2 = y 2 = z 2 x = y = z, and substituting into the constraint 

equation gives 3x 2 = r 2 =* x = r/vf = y = z. Thus the largest volume of such a box is 



^\/(|- 2 ) 2 + (I) 2 +(-|+ 3 ) 2 = \/t = 75- 



y - 2 = Ay, and z = -Az. From the last equation we have z + Az = 0 =* z (1 + A) = 0, so either z = 0 or A = -1. 
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37. /(x, y, z) = xyz, g(x, y, z) = x + 2y + 3z = 6 =» V/ = (yz, xz, xy) = AVg = (A, 2A, 3A). 

Then A = yz = \xz = §xy implies x = 2y, z = But 2y + 2y + 2y = 6 so y = 1, x = 2, 2 = § and the volume 

isV = f ' ' 

39. /(x, y, 2) = xyz, g(x, y, 2) = 4(x + y + z) = c V/ = (yz, xz, xy), AVy = (4A, 4A, 4A). Thus 
4A = yz = xz = xy or x = y = 2 = -^c are the dimensions giving the maximum volume. 

41. If the dimensions of the box are given by x, y, and z, then we need to find the maximum value of /(x, y, z) = xyz 
[x, y, z > 0] subject to the constraint L = y/x 2 + y 2 + z 2 or g(x, y,z)= x 2 -|- y 2 + z 2 = I? . V/ = AV<? ■* 
(yz,xz,xy) = \{2x,2y,2z), so yz = 2Ax A = ||, xz = 2 Ay => A = — , and xy = 2A2 => A = 

ThusA = g = g x 2 =y 2 [sincez^O] => x = y and A = g = g x = 2 [since y/0]. 

Substituting into the constraint equation gives x 2 + x 2 + x 2 = I? => x 2 = Z, 2 /3 - => x = L/V3 = y = z and the 
maximum volume is (L/n/3)' = L 3 /(3y/3). 

43. We need to find the extreme values of /(x, y, z) = x 2 + y 2 + z 2 subject to the two constraints g(x, y , 2) = x + y + 22 = 2 
and /).(x, y, z) = x 2 + y 2 - z = 0. V/ = (2x, 2y, 2z>, AV.g = (A, A, 2A> and fiVh = (2/ix, 2/xy, -#), Thus we need 
2x = A + 2/jlx (1), 2y = A + 2/j.y (2), 2z = 2A - /.t (3), x + y + 2z = 2 (4), and x 2 + y 2 - z = 0 (5). 
From (1) and (2), 2(x - y) = 2/j(x - y), so if x ^ y, fi = 1. Putting this in (3) gives 2z = 2A - 1 or A = 2 + i, but putting 
ii = 1 into (1) says A = 0. Hence z + ± = 0 or z = - r,. Then (4) and (5) become x + y - 3 = 0 and .x 2 + y 2 + f = 0. The 
last equation cannot be true, so this case gives no solution. So we must have x = y. Then (4) and (5) become 2x + 2z = 2 and 
2x 2 - z = 0 which imply z = 1 - x and z = 2x 2 . Thus 2x 2 = 1 - x or 2x 2 + x - 1 = (2x - l)(x + 1) = 0 so x = ± or 
x = -1. The two points to check are ($,$,$) and (-1, -1, 2): /(s,^) = § and /(-l, -1, 2) = 6. Thus ($,..$,$) is 
the point on the ellipse nearest the origin and (-1, -1, 2) is the one farthest from the origin. 

45. f{x,y,z) =ye x ~\ g(x,y,z) = 9x 2 + 4y 2 + 362 2 = 36, h(x,y,z) =xy + yz = 1. V/ = Wg + fiVh => 
(ye x --,e x - z ,-ye x - z ) = A(18x, 8y, 72z) + ,i.(y, x + 2, y>, so ye x ~~ = 18A.r + f ty, e x ' z = 8Ay + fj.(x + z), 
-ye z ~ z = 72Xz + ny, 9x 2 + 4y 2 + 36z 2 = 36, xy + yz = L Using a CAS to solve these 5 equations simultaneously for x, 
y, 2, A, and /i (in Maple, use the allvalues command), we get 4 real-valued solutions: 

XM 0.222444, y « -2.157012, 2 « -0.686049, A « -0.200401, fi t* 2.108584 

x« -1.951921, y« -0.545867, 2 « 0.119973, A « 0.003141, fj » -0.076238 

ia 0.155142, y « 0.904622, z « 0.950293, A m -0.012447, /z « 0.489938 

x«s 1.138731, y« 1.768057, 2 « -0.573138, A « 0.317141, /u w 1.862675 

Substituting these values into / gives /(0. 222444, -2.157012, -0.686049) « -5.3506, 

© 2012 engage [.earning. All Rights Reserv ed. May not be seamed, copied, or duplicated, or posted to a publicly accessible website, in whole or in part. 

www.elsolucionario.net 



234 □ CHAPTER 14 PARTIAL DERIVATIVES 

/ (-1.951921, -0.545867, 0.119973) w -0.0688, /(0.155142, 0.904622, 0.950293) W 0.4084, 
/(1.138731, 1.768057, -0.573138) « 9.7938. Thus the maximum is approximately 9.7938, and the minimum is 
approximately -5.3506. 
47. (a) We wish to maximize /(xi, x 2 , ...,x n )= tyx^ ■ • • x„ subject to 
g{xi,x 2 x n ) = xi + x 2 H \- x„ = candxi > 0. 

V / = (».(•**» • • • Xn) " _1 (X2 • • • X n ) , ^(xiX 2 • • ■ X n ) * _1 (xi X 3 ■ ■ ■ X„) , . . . , £(xiX 2 ■ ■ ■ X„) » _1 (Xl ■ ■ • X„-l))> 

and AVg = (A, A, . . . , A), so we need to solve the system of equations 

^(x 1 X2---x n )"^ 1 (x 2 ---x n ) = A =* x\ /n x\ ln ■ ■ ■ xi /n = nAxi 

i(xiX2 • • •X n )" _1 (XiX3 ■ ■ ' X„) = A => $*1$f n '> ' 1$" = TiSm 

^(x 1 X2---x,,)«- 1 (x 1 ---x T ,_i) = A =* xJ /n x^ /n -.-x n /n =nAx„ 

This implies nAx x = rcAx 2 = • ■ • = nAx„. Note A ^ 0, otherwise we can't have all x t > 0. Thus xi = x 2 = • • ■ t= x n . 

c 

ButXl^-X2^ + x„=c =S> nxi = c => xi = — = x 2 = x 3 = ■■■= x n . Then the only point where / can 

n 

(c c c \ 

— , — , ..., — ). Since we can choose values for fjci, x%, . . . , x„. ) that make / as close to 
n n nJ 

zero (but not equal) as we like, / has no minimum value. Thus the maximum value is 



,/C £ £\ _ /£ £ £ _ £ 

In' n n) ~ \ n n n ~ n 



c c 
(b) From part (a), - is the maximum value of /. Thus /(xi, x 2 , . . . , x„) = ^xix 2 ■ ■ -x„ < -. But 
n n 

xi + -I + x n = c, so $Siia --Xn < -. These two means are equal when / attains its 

Ti 

c / c c c\ 

maximum value -, but this can occur only at the point I — , — , ...,-) we found in part (a). So the means are equal only 

Tt \TL Hi ft / 

when xi = x 2 = X3 = • • • = x n = — . 

n 

14 Review 

CONCEPT CHECK 

1. (a) A function / of two variables is a rule that assigns to each ordered pair (x, y) of real numbers in its domain a unique real 
number denoted by /(x, y). 

(b) One way to visualize a function of two variables is by graphing it, resulting in the surface z = f{x, y). Another method for 
visualizing a function of two variables is a contour map. The contour map consists of level curves of the function which are 
horizontal traces of the graph of the function projected onto the xy-planc. Also, we can use an arrow diagram such as 
Figure 1 in Section 14.1. ' 
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2. A function / of three variables is a rule that assigns to each ordered triple {x, y, z) in its domain a unique real number 

/(x, y, z). We can visualize a function of three variables by examining its level surfaces f(x, y, z) = k, where k is a constant. 

3. lim f{x, y) = L means the values of f(x, y) approach the number L as the point {x, y) approaches the point (a, 6) 

(i,V) — (a,6) 

along any path that is within the domain of/. We can show that a limit at a point does not exist by finding two different paths 
approaching the point along which f(x, y) has different limits. 

4. (a) See Definition 14.2.4. 

(b) If / is continuous on K 2 , its graph will appear as a surface without holes or breaks. 

5. (a) See (2) and (3) in Section 14.3. 

(b) See "Interpretations of Partial Derivatives" on page 927 [ET 903]. 

(c) To find /*, regard y as a constant and differentiate /(as, y) with respect to x. To find /„, regard x as a constant and 
differentiate f(x, y) with respect to y. 

6. See the statement of Clairaut's Theorem on page 93 1 [ET 907]. 

7. (a) See (2) in Section 14.4. 

(b) See (19) and the preceding discussion in Section 14.6. 

8. See (3) and (4) and the accompanying discussion in Section 14.4. We can interpret the linearization of / at (a, b) geometrically 
as the linear function whose graph is the tangent plane to the graph of / at (a, b). Thus it is the linear function which best 
approximates / near (a, 6). 

9. (a) See Definition 14.4.7. 
(b) Use Theorem 14.4.8. 

10. See (10) and the associated discussion in Section 14.4. 
ft. See (2) and (3) in Section 14.5. 

12. See (7) and the preceding discussion in Section 14.5. 

13. (a) See Definition 1 4.6.2. We can interpret it as the rate of change of / at {x a ,ya) in the direction of u. Geometrically, if P is 

the point (x 0 ,y 0 , f(x 0 , y 0 )) on the graph of / and C is the curve of intersection of the graph of / with the vertical plane 
that passes through P in the direction u, the directional derivative of / at (x 0 , Vo) in the direction of u is the slope of the 
tangent line to C at P. (See Figure 5 in Section 1 4.6.) 

(b) See Theorem 14.6.3. 

14. (a) See (8) and (13) in Section 14.6. 

(b) D u f(x, y) = Vf(x, y) • u or A, f(x, y, z) = V/(x, y, z) ■ u 
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(c) The gradient vector of a function points in the direction of maximum rate of increase of the function. On a graph of the 
function, the gradient points in the direction of steepest ascent. 



15. (a) / has a local maximum at (a, fa) if f(x, y) < f(a, fa) when {x, y) is near j 

(b) / has an absolute maximum at {a, b) if f{x, y) < f{a, b) for all points (a;, y) in the domain off. 

(c) / has a local minimum at (o, b) if f(x,y) > f{a,b) when (x,y) is near (a, b). 

(d) / has an absolute minimum at (a, b) if f(x, y) > /(a, b) for all points (at, y) in the domain of /. 

(e) / has a saddle point at (a, b) if f(a, b) is a local maximum in one direction but a local minimum in another. 

16. (a) By Theorem 14.7.2, if / has a local maximum at (a, b) and the first-order partial derivatives of / exist there, then 

/ I (a,fa) = Oand/, / (a,fa) = 0. 

(b) A critical point of / is a point (a, fa) such that / x (a, fa) = 0 and f v {a, fa) = 0 or one of these partial derivatives does 
not exist. 

17. See (3) in Section 14.7. 

18. (a) See Figure 1 1 and the accompanying discussion in Section 14.7. 

(b) See Theorem 14.7.8. 

(c) See the procedure outlined in (9) in Section 14.7. 

19. See the discussion beginning on page 981 [ET 957]; see "Two Constraints" on page 985 [ET 961]. 

TRUE-FALSE QUIZ 

1 True. / y (o,b) = lim /( a » b + h ) ~ b ) from Equation 14.3.3. Let h = y - fa. As h -> 0, i/ -» fa. Then by substituting, 

weget/ y (a,fa) = li m ^jM , 
MV ' * v^b y - fa 

d 2 f 

3. False. } ly = J 



dydx' 

5. False. See Example 14.2.3. 

7. True. If / has a local minimum and / is differentiable at (a, fa) then by Theorem 14.7.2, f x (a, fa) = 0 and f u (a, fa) = 0, so 
V/(a,6) = (f.,(a,b)J v {a,b)) = (0,0) =0. 

9. False. V/(x,y) = (0,1 A/). 



11. True. V/ = (cosx.cosi/), so |V/| = y/cos 2 x + cos 2 y. But |cos0| < I, so |V/| < \/2. Now 
■Du f(x, y) = V/ ■ u = | V/| |u| cos 9, but u is a unit vector, so \D a f{x, y)\ < s/2 ■ 1 • 1 = s/2. 
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EXERCISES 



1. ln(i + y + 1) is defined only when x + y + 1 > 0 •» y > -x — 1, 
so the domain of / is {(x, y)\y > -x - 1}, all those points above the 
line y = — x — 1. 




3. * a /(x, t/) = 1 - 2/ 2 , a parabolic cylinder 






o 


o 


0 



5. The level curves are y/4x 2 + y 2 = k or 4a; 2 + y 2 = k 2 , 
k > 0, a family of ellipses. 




9. / is a rational function, so it is continuous on its domain. 
Since / is defined at (1, 1), we use direct substitution to 

evaluate the limit: lim , 2xy , = 2te)QL = -. 

(«,»)-(i,D x 2 + 2y* 12+2(1)2 3 



2 * 



11. (a) T x (6, 4) = lim r ( 6 + h 4 ) — T ^ 6 ' 4 \ so we can approximate T x {6, 4) by considering h = ±2 and 

using the values given in the table: T*(6, 4) » ^(8, 4) - T(6, 4) = 86-80 = g 

J 2 



r.<e,4)« 



r(4,4)-T(6,4) _ 72 - 80 



-2 



-2 



: 4. Averaging these values, we estimate T x (&, 4) to be approximately 



3.5°C/m. Similarly, T„ (6,4) = lim r ( 6 ' 4 + /t ) — S§1^, which we can approximate with ft = ±2: 

/i — '0 n, 

r„(6,4) « = Zi_J* = _ 2 . 5>rw(M) w r(6, 2 )-r ( 6,4) = 87-so = _ 3g Averaging these 

values, we estimate T„(6, 4) to be approximately -3.0°C/m. 
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(b) Here u = (^5, so by Equation 14.6.9, D u T(6, 4) = VT(6, 4) • u = T x (6, 4) ^ + T v (6, 4) ^. Using our 

estimates from part (a), we have D u T(6, 4) « (3.5) ^ + (-3.0) ^- = ^- « 0.35. This means that as we move 
through the point (6, 4) in the direction of u, the temperature increases at a rate of approximately 0.35°C/m. 

Alternatively, we can use Definition 14.6.2: D U T{6,4) = lira — s = '- , 

/ 1 — * 0 tl 

which we can estimate with h = ±2 y/2. Then D u T{6, 4) « r(8 ' ^'J^^ 4) = = °' 

D u T(6, 4) ra T(4 ' 2) 2v ^ (6 ' 4) = 74 2 ^ = Jf" Avera S in 8 *** values > we have D " T( - 6 ' 4 ) ~ ^75 ~ l.l°C/m. 

(0 y) = * p^p, y)] = lira r.(»,y + h )-T.(,,y) t so ^ 4) = ^ r,(6, 4 ± k) - r.(6, 4) ^ ^ ^ 

estimate with h = ±2. We have T*(6, 4) w 3.5 from part (a), but we will also need values for T x (6, 6) and 2V(6, 2). If we 
use h = ±2 and the values given in the table, we have 

km » r(8 - 6) - T(6 ' 6) - ^ = * r(4 ' 6) : 2 m6) = = 3.5. 

Averaging these values, we estimate 71 c (6, 6) 3.0. Similarly, 

r„(6, 2) « ^.2) - ^(6,2) = ^ = 1.5, r.(6, 2) * n^)-T%2) = 74-87 = ^ 
2 2 — 2 — 2 

Averaging these values, we estimate T 3: (6, 2) « 4,0. Finally, we estimate T xu (6, 4): 

T„(6,4) « r.(M)-r.(6,4) = 3.0 - 3.5 = „ r.(6,2) - r,(6,4) = 40-3,5 = ^ 

2 2 — 2 2 

Averaging these values, we have T xy (6, 4) M -0.25. 

13. f(x,y) = (5y 3 + 2x 2 y) 8 => f n = 8(5y 3 + 2z 2 .y) 7 (4xy) = 32zy(5y 3 + 2x 2 y) 7 , 
f y = 8(5y 3 + 2x 2 y) 7 (15y 2 + 2x 2 ) = (16x 2 + 120y 2 )(5y 3 + 2z 2 y) 7 

1 On, 3 

15. F(a,fl) = a 2 ln(a 2 +/ 3 2 ) => F a = a 2 ■ (2a) + ln(a 2 + ■ 2a = + 2aln(a 2 + f% 



a 2 + /3 2 ^' a 2 +/3 2 

.<?.. = a.rr.t.anfi)» A/)V S., = n. ■ 

1 + (t;V^) 2 

S w = u 1 , (v • ±w _1/2 ) - ?=7^ 2 x 



17. S(u,v,w) - •uarctan(w v / w) S u = arctan(vv / w), S v = u - 1 2 (\/™) = i^p w ' 



19. f(x,y) = 4a; 3 - xy 2 =» /, = 12x 2 - y 2 , /„ = -2xy, = 24a, f yu = -2x, f xy = f yx = -2y 
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21. f(x, y, z) = x k y l z"> => U = fc«^V* m . /, = fceV-V*. /. = mi 1 ^"- 1 , /«« = fc(* - l)x fc - 2 ^2 m , 
f m = 1(1 - I)****- 4 *"; = m(m - l)xV z'"" 2 , /«, = fc, = Ate fc -y- V". /„ = / M = ta'- 1 ^™" 1 , 
f vz =f zy = lmx k y t - 1 z m - 1 

23. z = xy + ze«/* =* g = »- §e»/* 4- e"^, g = x + ^ and 

I |i +y |£ =x ^_ E e w/I + e» /a: ) 4- y (x + e" /x ) =xy- ye» /x + xe v/x +xy + ye v/x = xy + xy + xe v/x =xy + z. 

25. (a) z* = 6x 4- 2 => z x (l,-2) = 8 and z„ = -2y z y (l, -2) = 4, so an equation of the tangent plane is 
z - 1 = 8(x - 1) + 4(1/ + 2) or z = 8x + Ay + 1. 
(b) A normal vector to the tangent plane (and the surface) at (1, -2, 1) is (8, 4, -1). Then parametric equations for the normal 

line there are x = 1 4- St, y = — 2 4- At, z = 1 - t, and symmetric equations are — r— = y ~ ^ = - — -. 

8 4-1 

27. (a) Let F(x, y, z) = x 2 + 2y 2 - 3z 2 . Then F x = 2x, F y = Ay, F z = -6z, so F»(2, -1, 1) = 4, F„(2, -1, 1) = -4, 
F J (2, -1, 1) = -6. From Equation 14.6.19, an equation of the tangent plane is 4(x - 2) - 4(y + 1) - 6(2 - 1) = 0 
or, equivalently, 2x - 2y - 3z = 3. 

(b) From Equations 14.6.20, symmetric equations for the normal line are ^ = y+1 = f__l 

29. (a) Let F(x, y, z) = x + 2j/ 4- 3z - sin(xt/z). Then F x = 1 - yz cos(xyz), F y = 2 - xz cos(xyz), F x = 3 - xy cos(xyz), 
so F x {2, -1,0) = 1, F„(2,-l,0) = 2, F-(2,-l,0) =5. From Equation 14.6.19, an equation of the tangent plane is 
l(x - 2) + 2{y + 1) 4- 5(z - 0) = 0 or x 4- 2y + 5z = 0. 

(b) From Equations .4.6.20, symmetric equations for the normal line are £j» = 1+2 = £ or x - 2 = £±* = * 
Parametric equations are x = 2 4- 1, y = -1 4- 2t, z = 5t. 

31. The hyperboloid is a level surface of the function F(x, y, z) = x 2 + Ay 2 — z 2 , so a normal vector to the surface at (xo,i/o, zo) 
is VF(x 0 ,J/o, z 0 ) = (2x 0 , 81/0, -2z 0 ). A normal vector for the plane 2x 4- 2y + z = 5 is (2, 2, 1). For the planes to be 
parallel, we need the normal vectors to be parallel, so (2x 0 , 8y 0 , -2z 0 ) = k (2, 2, 1), or x 0 = k , y 0 = \k, and z 0 = -{k. 
But xl + Ay% - zl = A ■=» k 2 + \k 2 - \k 2 = A =*■ k 2 = 4 => fc = ±2. So there are two such points: 
(2,1,-1) and (-2, -1,1). 

33. f{x,y,z) = x 3 ^PTz^ =4> /.(*,«,*) = 3x 2 v^T^, /,(*,», 2) = . ? f 1 , /.-(x,y,z) = *** , 

v j!/ 4- ar *yir 4- z^ 

so /(2, 3, 4) = 8(5) = 40, f x (2, 3, 4) = 3(4) v/25 = 60, /„(2, 3, 4) = = M and /_.( 2 , 3) 4) = ^§ = f . Then the 
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linear approximation of / at (2, 3, 4) is 

/(x, y, z) « /(2, 3, 4) + f x (2, 3, 4}(* - 2) + / !/ (2, 3, 4)(y - 3) + f,{2, 3, 4)(* - 4) 
= 40 + 60(a; - 2) + f (y - 3) + f (z - 4) = 60x + f y + f z - 120 

Then (1.98)V(3-01) 2 + (3.97) 2 = /(1.98, 3.01,3.97) M 60(1.98) + f (3.01) + f (3.97) - 120 = 38.656. 

„ du dudx dudy dudz „ 3/ , „ , „ 2 2 . _ , . 

3 *-T P = ^ + d7ji + d-zdt = 2xy{l + 6p) + 3xV(pe + eP) + 4 * < pcosp + sinp > 

37. By the Chain Rule, ^ = + When s = 1 and t = 2, g = 5(1, 2) = 3 and y = hilM = 6, so 

as ox as ay as 

% = /x(3, 6) 5a (l,2) + /„ (3,6)^(1,2) = (7)(-l) + (8)(-5) = -47. Similarly, g = + gg,so 

g = /x(3, 6)5,(1, 2) + /„ (3, 6) h t (l, 2) = (7)(4) + (8)(10) = 108. 

39. I = 2xf & - y 2 ), | = 1- 2,/ V - V 2 ) [where /' = -^_] . Then 
»f| +*f| = **»ftf - 2/ 2 ) + x - 2xy/'(x 2 - y 2 ) = x. 



82 92 . dz -y 
At dx = d^ y + Tv^ md 



d 2 z _ d_fdz\ 
8x 2 ~ V dx \du) 



+ 



2yg* , -y 8 2ygz / 8 2 2 8 2 2 -y\ -yf &x-y d 2 z \ 

\dv ) = z*dv +y \du* y + dvdu x 2 ) + x 2 V9« 2 x 2 + dudv y ) 



c 3 dv x 1 8x \ dv 



x 2 8u8t> x 4 du 2 



8 2 2 



82 dz I82 
Also 7t~ = x -r — h --5- and 
dy du x dv 



8 2 2 _ _8 fdz\.ld_ (dz\ _ fd^z &g 1\ 1/3**1' frx \ 2 d 2 z d 2 z 1 
dy 2 X dy\du) + xdy\dv) X \du* X+ dvdux) + x\dv*x + dudv X ) X 8u 2 + 8u8u x 2 



d 2± 

81; 2 



Thus 



2 8 2 2 2 8 2 2 21/ 82 , 2 2 8 2 2 „ j 8 2 2 , J/ 2 8 2 2 - j 8 2 2 „ 2 9** . 9 2 2 



I* " dudv "'dv 4UV dudv 



UV 2 

since y = xv = — or y* = tin. 



43. /(x,y,2) =x 2 e"-- 2 =*• V/ = (/«,/„, /,) = (2xe wi \ xV= 2 • 2 2 , xV= 2 • 2yz) = (mK, xVe""", 2x 2 yze"' 2 ) 
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45. f(x,y) = x 2 e-» =t- V/ = (2xe~\ -xV), V/(-2, 0) = (-4, -4). The direction is given by (4, -3), so 

u = 77r7n>?< 4 ' ~ 3 > " 3< 4 > ~ 3 ) and D " /(- 2 -°) = V/(-2,0) • u = (-4, -4) • 1(4, -3) = $(-18 + 12) = -f . 

47. V/ = (2xy, x 2 + 1/(2 yjy )), |V/(2, 1)| = |(4, f )|. Thus the maximum rate of change of / at (2, 1) is ^ in the 
direction (4, §). 

49. First we draw a line passing through Homestead and the eye of the hurricane. We can approximate the directional derivative at 
Homestead in the direction of the eye of the hurricane by the average rate of change of wind speed between the points where 
this line intersects the contour lines closest to Homestead. In the direction of the eye of the hurricane, the wind speed changes 
from 45 to 50 knots. We estimate the distance between these two points to be approximately 8 miles, so the rate of change of 
wind speed in the direction given is approximately 50 ~ 45 = § = 0.625 knot/mi. 

51. f(x,y) =x 2 -xy + y 2 +9x-6y + 10 J x = 2x-y + 9, 

f y = -x + 2y - 6, f„ =2 = f yy , fa = -1. Then f x = 0 and f y =0 imply 

y = 1, x = -4. Thus the only critical point is (-4, 1) and /«,(-*, 1) > 0, 
D(-4, 1) - 3 > 0, so /(-4, 1) = -11 is a local minimum. 

53. f(x, y) - 3xy - x 2 y - xy 2 => f x = 3y - 2xy - y 2 , f y =3x- x 2 - 2xy, 
fxx = -2y, f V y = -2x, fa = 3 - 2x - 2y. Then f x = 0 implies 
i/(3 — 2x — y) = 0soiy = 0ory = 3 — 2x. Substituting into f y = 0 implies 
a;(3 - x) = 0 or 3x(-l + *) = 0. Hence the critical points are (0, 0), (3, 0), 
(0, 3) and (1, 1). D(0, 0) = £>(3, 0) = D(0, 3) = -9 < 0 so (0, 0), (3, 0), and 
(0, 3) are saddle points. D{1, 1) = 3 > 0 and f xx (l, 1) = -2 < 0, so 
/(l, 1) = 1 is a local maximum. 

55. First solve inside D. Here f x = Ay 2 - 2xy 2 -y 3 , f y = 8xy - 2x 2 y - 3xy 2 . 
Then f x = 0 implies y = 0 or y = 4 - 2x, but y = 0 isn't inside D. Substituting 
y = 4 — 2x into f v =0 implies x = 0, x = 2 or x = 1, but x = 0 isn't inside D, 
and when x = 2, y = 0 but (2, 0) isn't inside D. Thus the only critical point inside 
D is (1, 2) and /(l, 2) = 4. Secondly we consider the boundary of D. 
OnLi: f(x, 0) = 0 and so / = 0 on L\. On L%: x — — y + 6 and 
f(-y + 6,y) = y 2 (6 - y){-2) = -2(6y 2 - y 3 ) which has critical points 

at y = 0 and y = 4. Then /(6, 0) = 0 while /(2, 4) = -64. On L 3 : /(0, y) = 0, so / = 0 on L 3 . Thus on D the absolute 
maximum of / is f(l, 2) = 4 while the absolute minimum is /(2, 4) = -64. 





; o 









(0,6) 






Li 






(0,0) 




\(6.0) 
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242 □ CHAPTER 14 PARTIAL DERIVATIVES 
57. f{x,y) = x 3 -3x + y i -2y 2 





-1.5 



From the graphs, it appears that / has a local maximum /(-l, 0) « 2, local minima /(l, ±1) « -3, and saddle points at 
(-l,±l)and(l,0). 

To find the exact quantities, we calculate f x = 3x 2 — 3 = 0 x = ±1 and f y = 4y 3 — Ay = 0 
y = 0, ±1, giving the critical points estimated above. Also f xx = 6x, f xy m 0, f yv = 12y 2 - 4, so using the Second 
Derivatives Test, D(-1,0) = 24 > 0 and / x *(-l, 0) = -6 < 0 indicating a local maximum /(-1,0) = 2; 

±1) = 48 > 0 and f zx (l, ±1) = 6 > 0 indicating local minima / (1, ±1) = -3; and D(-l, ±1) = -48 and 
D(1,0) = -24, indicating saddle points. 

59. f(x, y) = x 2 ?/, g(x, y) = x 2 + y' 2 = 1 =* V/ = (2xy, x 2 ) = AV<? = (2Ax, 2Ay). Then 2xy = 2Ax implies x = 0 or 
2/ = A. If x = 0 then x 2 + y 2 = 1 gives y = ±1 and we have possible points (0, ±1) where / (0, ±1) = 0. If y = A then 
x 2 = 2Ay implies x 2 = 2y 2 and substitution into x 2 + y 2 = 1 gives 3y 2 = 1 => y = ±^ and x = i^f . The 

corresponding possible points are (±^1 . ±73)- Tne absolute maximum is / ^d=-y/§^, 7=) = j 2 ^ while the absolute 

minimum is f(±yfj, —^5) = -533. 

61. /(x, y, z) = xyz, £7(x, y, z) = x 2 + y 2 + z 2 = 3. V/ = AVy => (yz, xz, xy> = A(2x, 2y, 2z). If any of x, y, or z is 
zero, then x = y = z = 0 which contradicts x 2 + y 2 + z 2 = 3. Then A = = f^J = f; =* = 2x ' ** =* 



y 2 = x 2 , and similarly 2yz 2 = 2x 2 y 



z 2 = x 2 . Substituting into the constraint equation gives x + x + x = 3 => 



x 2 = l = y 2 = z 2 . Thus the possible points are (1, 1, ±1), (1, -1, ±1), (-1, 1, ±1), (-1, -1, ±1). The absolute maximum 
is /(l, 1, 1) = f(l, -1, -1) = /(-l, 1, -1) = /(-l, -1, 1) = 1 and the absolute 
minimum is /(l, 1, -1) = /(l, -1, 1) = /(-l, 1, 1) = /(-l, -1, -1) = -1. 

63. /(x, y, z) = x 2 + y 2 + z 2 , <j(x, y, z) = xy 2 z 3 = 2 => V/ = (2x, 2y, 2z) = AV 5 m <Ay 2 z 3 , 2Axyz 3 , 3Axy 2 z 2 ). 
Since xy 2 z 3 = 2, x # 0, y / 0 and z ^ 0, so 2x = Ay 2 z 3 (1), 1 = Axz 3 (2), 2 = 3Axy 2 z (3). Then (2) and (3) imply 

= 3x^1 or y 2 = I* 3 s ° » = ±* vf ■ Similar 'y d) ^ ( 3 > ™p'y = 3^ or 3x2 = 2 * 50 * = But 
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CHAPTER 14 REVIEW □ 243 
xy 2 z 3 - 2 so x and z must have the same sign, that is, x = -^-z. Thus g(x, y, z) = 2 implies -^z(§ z 2 )z 3 = 2 or 
z = ±3 1/4 and the possible points are (±3~ 1/4 , 3~ 1/4 y/2, ±3 1/4 ), (±3~ l /\ ^T J/4 iA ±3 1/4 ). However at each of these 
points / takes on the same value, 2 v& But (2, 1, 1) also satisfies g{x, y,z)=2 and /(2, 1, 1) = 6 > 2 1/3. Thus / has an 
absolute minimum value of 2 and no absolute maximum subject to the constraint xy 2 z 3 = 2. 

2 2 
Alternate solution: g{x, y, z) = xy 2 z 3 = 2 implies y 2 = -— j, so minimize f(x, z) =x 2 + — + z 2 . Then 

2 6 4 24 6 

U = 2* - ^ , /« = -—i + 2*. /« - 2 + ^3 , /« = ^5 + 2 and /„ = Now f x = 0 implies 

2x 3 z 3 - 2 = 0 or z = 1/x. Substituting into /„ == 0 implies -6x 3 + 2x _1 = 0 or x = 4g, so the two critical points are 

(±^,±^).Then£>(±-^=,±^3) =(2 + 4)(2 + ^) - (^) 2 > Oand &m(±fek#fy = 6 > 0, so each point 

is a minimum. Finally, y 2 = so the four points closest to the origin are (±-^=, ±#5), (±^=. ± ). 

The area of the triangle is \ca sin 0 and the area of the rectangle is be. Thus, 
the area of the whole object is / (a, b, c) = | ca sin 9 + 6c. The perimeter of 
the object is g(a,b,c) = 2a + 2b + c = P. To simplify sin 6 in terms of a, 6, 

and c notice that a 2 sin 2 0 + (±c) 2 = a 2 => sin 0 = V4a 2 - c 2 . 

Thus /(a, 6, c) = ^ \/4a 2 - c 2 + be. (Instead of using 6, we could just have 

used the Pythagorean Theorem.) As a result, by Lagrange's method, we must find a, b, c, and A by solving V/ == XVg which 

gives the following equations: ca(4a 2 - c 2 ) -1/2 = 2A (1), c = 2A (2), i(4a 2 - c 2 ) 1/2 - ±c 2 (4a 2 - c 2 ) _1/2 4- b = A 

(3), and 2a + 2b + c = P (4). From (2), A = \c and so (1) produces co(4o 2 - c 2 )~ 1/2 = c => (4a 2 - c 2 ) 1/2 = a 



4a 2 - c 2 = a 2 ==► C=VSd (5). Similarly, since (4o 2 - c 2 ) 1/2 = a and A = ±c, (3) gives | - g + 6 = 1 so from 
< 5 >' £ ~ ^ + * = ^ * -f-^ = - b =* 6=|(1 + V3)(6). Substituting (5) and (6) into (4) we get: 

2a + a(\ + Vz) +\/3a = P => 3a + 2i/3a=F => a = ^— f = 2 ^ ~ 3 F and thus 

v ' 3+2V3 3 

b= (2^-3)(l + ^) p= 3_vg Fant)c=(2 _^ )p 
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□ PROBLEMS PLUS 



t The areas of the smaller rectangles are Ai = xy, Ai = (L - x)y, 

A 3 = {L- x)(W - y), A, = x(W - y). For 0 < x < L, 0 < y < W, let y 
f {x , y) =Al + Al + Al+Al . W-y 

= x 2 y 2 + (L- x)V + (L- xf(W - yf + x 2 {W - y) 2 

= {x 2 + (L-x) 2 }[y 2 + (W- y ) 2 } 
Then we need to find the maximum and minimum values of f{x, y). Here 
U(x, y) = [2x - 2{L - x)][y 2 + {W - y) 2 ] =0 =*■ Ax - 2L a 0 or x = ^L, and 
/.(x.y) = [a; 2 + (L-x) 2 ][2y- 2(^-^)1 = 0 # 4y - 2W = 0 or y = W/2. Also 
/» = 4[y 2 + (W - If) 8 ), /« = 4[x 2 + (L - x) 2 ], and f xy = (4x - 2L)(4y - 2VK). Then 
D = 16[y 2 + (W - y) 2 ][x 2 + (L - x) 2 ] - (4x - 2L) 2 (4y - 2W) 2 . Thus when x = \L and y = D > 0 and 
/ xs = 2W 2 > 0. Thus a minimum of / occurs at (^L, \W) and this minimum value is f(^L, ^W) = ±LrW 2 . 
There are no other critical points, so the maximum must occur on the boundary. Now along the width of the rectangle let 
g(y) = /(0,y) = f(L,y) = L 2 [y 2 + (W - y) 2 ],0 < y < W. Then fl '(y) = L 2 [2y - 2{W - y)] = 0 ^ y = ±W. 
And g ( ^ ) = \l? W 2 . Checking the endpoints, we get g (0) = g ( W) = L 2 W 2 . Along the length of the rectangle let 
h(x) = f{x, 0) = f{x, W) = W 2 [x 2 + (L — x) 2 ], 0 < x < L. By symmetry h'(x) = 0 x = \L and 
/i(^L) = ±L 2 W 2 . At the endpoints we have h{0) = = L 2 W 2 . Therefore L 2 W 2 is the maximum value of /. 
This maximum value of / occurs when the "cutting" lines correspond to sides of the rectangle. 

3. (a) The area of a trapezoid is \h(bi + 6 2 ), where h is the height (the distance between the two parallel sides) and b u h are 
. the lengths of the bases (the parallel sides). From the figure in the text, we see that h a x sin 5, 6i = w - 2x, and 
b 2 = w - 2x + 2x cos 9. Therefore the cross-sectional area of the rain gutter is 

A{x,6) = |xsin0[(™-2x) + (w-2x + 2xcos0)] = (xsin0)(u; - 2x + xcosfl) 
= luxsintf - 2x 2 sin0 + x 2 sin0cos<9, 0 < x < ±w,0 <9 < f 
We look for the critical points of A: dA/dx = w sin 9 - Ax sin 9 + 2x sin 9 cos 9 and 
dA/39 = wx cos 9 - 2x 2 cos 9 + x 2 (cos 2 9 - sin 2 9), so dA/dx = 0 sin 9 (w - Ax + 2x cos 9) = 0 

cos 9 = n = 2 - ^- (0 < 9 < § => sin 9 > 0). If, in addition, dA/09 = 0, then 
2x 2x 

0 = ujxcos0-2x 2 cos0-|-x 2 (2cos 2 6l- 1) 

»-(*-s)-^-£)+4( 2 -£H 

= 2wx - \w 2 - Ax 2 + wx + x 2 ^& - ^ + |^ - 1 j = -wx + Sx 2 = x(3x - w) 
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Since x > 0, we must have x = \w, in which case cos 0 = J, so 0 = f , sin 0 = k = b\ = \w, b 2 = 

and A = -*f w 2 . As in Example 14.7.6, we can argue from the physical nature of this problem that we have found a local 
maximum of A. Now checking the boundary of A, let 

g{B) = A(w/2,0) = ±u; 2 sin0 - ±w 2 sin0 + Aw 2 sin 0 cos 0 = \w 2 sin 20, 0 < 0 < f . Clearly g is maximized when 
sin 20 = 1 in which case A = ±w 2 . Also along the line 0 = § , let /i(x) = >i(x, f ) = tux - 2x 2 , 0 < x < ±w => 

/i'(x) = w - 4x = 0 O x = and - w(\w) - 2(±w) 2 = |to 2 . Since \v) 2 < -*f w 2 , we conclude that 

the local maximum found earlier was an absolute maximum. 

(b) If the metal were bent into a semi-circu.ar gutter of radius r, we would have « = „ and A = I.r 2 = |,r(H} fl = g. 
Since «— > r^j— , it wou/rfbe better to bend the metal into a gutter with a semicircular cross-section. 

27T 12 

, U, 9 ,x,v) - ./(J). Th» *,(,,„> . /(|) +«/'©(- J) - /(f) - f f © - 
9y(x, v) = xf (|) ^ J = /' (| ) ■ 711115 the tangent plane at (x 0 , yo, zo) on the surface has equation 

*-^(s)=Ks)-^(s)]<*-)^(g)^-»' - 

~ ^' (x 2- ) ] 1 + (sbd)] 8 ~ 2 = °' But any P ' ane Wh ° Se equation is of the form ax + by + cz = 0 
passes through the origin. Thus the origin is the common point of intersection. 

7. Since we are minimizing the area of the ellipse, and the circle lies above the x-axis, 
the ellipse will intersect the circle for only one value of y. This y-value must 
satisfy both the equation of the circle and the equation of the ellipse. Now 

2 2 a 2 

— + y- = 1 =>■ x 2 = tj (fc 2 - y 2 ) . Substituting into the equation of the 
a b b 

circle gives ^ (b 2 - y 2 ) + y 2 - 2y = 0 => 3/ 2 - *V + «" = 0. 

, 6 s - a 2 

In order for there to be only one solution to this quadratic equation, the discriminant must be 0, so 4 — 4a — p — = 0 

b 2 - a 2 b 2 + a 4 = 0. The area of the ellipse is A(a, b) = -nab, and we minimize this function subject to the constraint 
g(a,b) = b 2 -a 2 b 2 + a 4 = 0. 

NowWl = AV S # tt6 = A(4a 3 - 2ab 2 ), Tra = \(2b - 26a 2 ) => A ~ 2a(2a? — b 2 ) W ' 

X = 2b(l-a?) (2) ' ** " + ft4 = ° (3) ' Com P arin 8 01 311(1 0) gives 2a(2 J & _ g| = ^jfl o2) => 
2tt& 2 = 4tto 4 # a 2 = 6. Substitute this into (3) to get 6 = ^ a = . 
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15 □ MULTIPLE INTEGRALS 



15.1 Double Integrals over Rectangles 



1. (a) The subrectangles are shown in the figure. 

The surface is the graph of /(«, y) = xy and AA = 4, so we estimate 

i m I i m 1 

= /(2, 2) AA + /(2, 4) AA + /(4, 2) AA + /(4, 4) AA + f(6, 2) AA + f(Q, 4) AA 
= 4(4) + 8(4) + 8(4) + 16(4) + 12(4) + 24(4) = 288 



(b) V « £ £ /(fc,^) AA = /(l, 1) AA + /(l, 3) AA + /(3, 1) AA + /(3, 3) AA + /(5, 1) AA + /(5, 3) AA 
• = i i = l 

= 1(4) + 3(4) + 3(4) + 9(4) + 5(4) + 15(4) = 144 



3. (a) The subrectangles are shown in the figure. Since AA = 1 • § - we estimate 

ff n xe-*»dA*'t E /K,3£)AA 

t=l j = l 

= /(l, |) AA + /(l, 1) AA + /(2, |) AA + /(2, 1) AA 
= + e" 1 $ + 2e" 1 + 2e- 2 (i) « 0.990 



1 



2 * 



(b) xe-MA *ee AA 



= /(*,*) AA + /(!,|) AA + /(§ , !) AA + /(§, f ) AA 
- K 1/8 (3) + b' 3/8 (l) + h- 3/8 (l) + K 9/8 (2) « 1-151 



1 



2 * 



5. (a) Each subrectangle and its midpoint are shown in the figure. 
The area of each subrectangle is AA = 2, so we evaluate / 
at each midpoint and estimate 

ff R f(x,y)dA* £ £ /(x,,y a -)A4 

f = 1 ] = 1 

= /(l,2.5) AA + /(1,3.5) AA 

+ /(3,2.5)AA + /(3,3.5)AA 
= -2(2) + (-l)(2)+2(2)+3(2)=4 



4 
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248 □ CHAPTER 15 MULTIPLE INTEGRALS 



(b) The subrectangles are shown in the figure. 

In each subrectangle, the sample point closest to the origin 

is the lower left corner, and the area of each subrectangle is A A = ±. 

Thus we estimate 

ff R f(x,v)dA*s E £ /(•&,»&) 

i = 1 j = 1 



T 



4 * 



= /(0, 2) AA + /(0, 2.5) AA + f(0, 3) AA + /(0, 3.5) AA 

+ /(l, 2) AA + /(l, 2.5) AA + /(l, 3) AA + /(l, 3.5) AA 

+ /(2, 2) AA + f{% 2.5) AA + /(2, 3) AA + /(2, 3.5) AA 

+ /(3, 2) AA 4- /(3, 2.5) AA + /(3, 3) AA + /(3, 3.5) AA 
= -3(|3 + (-5)(|) + M)(|) + (-4)(I) + (-!)(§) + MX!) + (-3)(±) + (-!)(!) 

+ 1(1) + 0 (i) + (-!)(!) + 1(1) + 2(1) + 2(i) + 3($) 

= -8 



7. The values of /(x, y) = >/52 - x 2 — y 2 get smaller as we move farther from the origin, so on any of the subrectangles in the 
problem, the function will have its largest value at the lower left corner of the subrectangle and its smallest value at the upper 
right comer, and any other value will lie between these two. So using these subrectangles we have U < V < L. (Note that this 
is true no matter how R is divided into subrectangles.) 

9. (a) With m = n = 2, we have AA = 4. Using the contour map to estimate the value of / at the center of each subrectangle, 
we have 

ff R /(*, y)dA~j: E fix^Vj) AA = AA[/(1, 1) + /(1, 3) + /(3, 1) + /(3, 3)] « 4(27 + 4 + 14 + 17) = 248 

t=l;'=l 

(b) Ave = ^ //* f{x, v) dA a £(248) = 15.5 

11. z s= 3 > 0, so we can interpret the integral as the volume of the solid S that lies below the plane 2 = 3 and above the 
rectangle [-2, 2] x [1, 6]. 5 is a rectangular solid, thus jf R 3 dA = 4 • 5 • 3 = 60. 



13. z — f(x, y) = 4 - 2y > 0 for 0 < y < 1. Thus the integral represents the volume of that 
part of the rectangular solid [0, 1] x [0, 1] x [0, 4] which lies below the plane * = 4- 2y. 



(0,0,4) 



So 



// 1J (4-2tf)dA = (l)(l)(2) + i(l)(l)(2)=3 



(1.0, c 




(a i.2) 



ItfUO) 
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SECTION 15.2 ITERATED INTEGRALS □ 249 



15. To calculate the estimates using a programmable calculator, we can use an algorithm 
similar to that of Exercise 4.1.9 [ET 5.1 .9]. In Maple, we can define the function 
/(x, y) = \/l + xe~ ,J (calling it f ), load the student package, and then use the 
command 

middlesum (middlesum (f , x=0 . . 1, m) , 

y=0. .l,m) ; 

to get the estimate with n = m 2 squares of equal size. Mathematica has no special 
Riemann sum command, but we can define f and then use nested Sum commands to 
calculate the estimates. 

m n 

17. If we divide R into mn subrectangles, ff R kdAx £ 2C f( x ij> vlj ) A A for any choice of sample points (x*j , jA ) . 

i = 1 jml 

m n 

But f(x'j, y'j) = k always and £ £ AA = of R = (6 - a){d - c). Thus, no matter how we choose the sample 

i = 1 j = 1 

m n m n 

points, g g f{xlj,ytj) AA = kYl £ AA = - a)(d - c) and so 
i=ij=i i=i j=i 

m 7?. m n 

ff R kdA= lim £ £ = lim fc £ £ AA = lim k(b - a)(d - c) = k(b - a)(d - c). 

m,n— »oo , _ ^ j = I m,n— oo , = j j = 1 m,7i— »oo 

15.2 Iterated Integrals 

1. £ 12* V dx = [l2 € y^ = 4x 3 y 3 ]^ = 4(5) 3 y 3 - 4(0) a ,/ = SOOy 3 , 

/J 12*V dy = [l2x 2 £j ^ = 3xV] J* = 3x 2 (l) 4 - 3x 2 (0)< = 3x 2 
3. £ / 2 (6x 2 y - 2x) dy dx = f* [3x 2 y 2 - 2xy] *= 2 dx = J*(l2x 2 - 4x) dx = [4x 3 - 2x 2 ] J = (256 - 32) - (4 - 2) = 222 
5. j 0 2 f 0 ' y 3 e 2 * dy dx = / 0 2 e 2 * dx /„" y 3 dy [as in Example 5] = [±e 2 *] 2 [iy 4 ]* = §(e 4 - 1)(64 - 0) = 32(e 4 - 1) 
7- fl 3 Jo'* (V + V- cos x) dx dy = / % [xy + y 2 sin x] ^ dy 

= f- 3 (ty + v 2 )dy=[5y 2 + h 3 ] 3 - 3 

= [te +9 -(2jL-9)]=18 

= 81n2 + f ln4- iln2 = f In2 + 31n4 1 '' 2 = f ln2 

11. jfjf v(u + v 2 )" du dv = £ [|t»fc, + v 2 f] Zl dv = | jg « [(1 + , 2 ) 5 - (0 + v 2 )>] dv 

= | Jo [-(1 + v 2 )* ~ v»] * - |» ... |(1 * * 2 ) 6 - £*"}J 
[substitute t = 1 + v 2 => di = 2v dv in the first term] 

= ^[(2°-l)-(l-0)]=^(63-l) = § 
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T?, 


estimate 


' l 


1.141606 


4 


1.143191 


Ifi 


L. IfiOOOO 


64 


1.143617 


256 


1.143637 


1024 


1.143642 
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13. £fird£d&&r =/ 0 2 rdr/; sin 2 OdO [as in Example 5] = J 2 rdr /; i(l - cos20)d0 

= MI' W~\ sin2 C - (2-Q) • § [(«- 1 rin&r) - (0 - § sinO)] 
= 2-i[(7r-0)-(0-0)]=7r 

15. // R sin(x -ffttU . - /; /2 / 0 " /2 sin(x - «/) dj/ dx = j; /2 [cos(x - j/)]^' 2 dx = f* /2 [coa(x - § ) - cosx] dx 

= [sin(x - f ) - sina; ]* /2 = sinO - sin f - [sin(~| ) - sinO] 
= 0-l-(-l-0) = 0 

= i(ln2-lnl)-i(27 + 27) =91n2 
— fo' 6 l~ xcoa ( x + l')]^Io'' 3 ^ = iiT'' 6 fc 0081 ~~ £cos(x + -|)] dx 

= x[sinx — sin(x + f )]q'' 6 — fo^ [sin 1 ~ sin(x + f )] dx [by integrating by parts separately for each term] 
= | [| - 1] - [-cosx + cos(x+ f )]; /0 = -ft - [-4 + 0- (-1 + I)] = 4* - ft 

21. // H ye-*» dA = £ £ ye~** d X dy = /» [-^T^ dy = / 0 3 (- e - 2 ' + 1) dy = [i^ 2 " + y] 3 

= K 6 + 3-(i+0) = ie- 6 + ! 

23. 2 = f(x, y)=4-x-2y> 0 for 0 < x < 1 and 0 < y < 1. So the solid 
is the region in the first octant which lies below the plane z = 4 - x — 2y 
and above [0, 1] x [0, tj. 




25. The solid lies under the plane 4x + 6y - Iz + 15 = 0 or z = 2x + 3j/ + ^ so 

V = // R (2x + 3y + f ) dA = J*, / 2 1 (2x + 3* + f ) dxdy = J*, [x 2 + 3xy + fx]^ dy 
= J* [(19 + 62/) - (-f - 3y)] dy = + = [f 2/+ fy 2 ]^ =30- (-21) = 51 

27- ^ = £ & (1 - |x 2 - tf)dxdy = 4/ 0 2 / 0 1 (1 - Ix 2 - \y*) dxdy 

= 4/ 2 [x - ±x> - tf*]' m Z\ dy = 4 J- (g - |</ 2 ) d* = - ^v 3 ] 2 = 4 . g = $ 

29. Here we need the volume of the solid lying under the surface z = x sec 2 y and above the rectangle R = [0, 2] x [0, jr/4] in 
the xjy-plane. 

. K=/J/^Vsec 2 2/d2/dx = / 2 xdx/ 0 ^sec 2 ,,d!/= [ix 2 ] 2 [tanj/]^ ' 
= (2-0)(tanf -tan0) = 2(l -0) =2 
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31. The solid lies below the surface z = 2 + x 2 + (y - 2) 2 and above the plane z = 1 for -1 < x < 1, 0 < y < 4. The volume 
of the solid is the difference in volumes between the solid that lies under z = 2 + x 2 + (y — 2) 2 over the rectangle 
R = [— 1,1] x [0, 4] and the solid that lies under 2 = 1 over R. 

V = JoS-fi + x 2 + (y~ 2) 2 ] dxdy - £&(1) dxdy = £ [2* + fx 3 + x(y - if]^ dy - /* dx f 4 dj, 

= /o 4 RSH-i 2 ) 2 ) - (- 2 - i - (y - 2 ) 2 )] ^ - fa/12 

= /o W + 2(2/ - 2) 2 ] % - [1 - (-1)1(4 -0] = [fy + i(if- 2) 3 ] 4 - (2)(4) 
= [(f + f)-(0-f)]-8=f -8 = f 
33. In Maple, we can calculate the integral by defining the integrand as f 
and then using the command int (int (f , x=0 . . 1 ) , y=0 . . 1) ; . 
In Mathematics, we can use the command 

Integrate [f, {x, 0, 1}, {y, 0, 1}] 
We find that ff n x 5 y 3 e x,J dA = 21e - 57 « 0.0839. We can use P lot3d 
(in Maple) or Plot 3D (in Mathematica) to graph the function. 

35. R is the rectangle [-1, 1] x [0, 5]. Thus, A(R) = 2 • 5 = 10 and 

i rifl 2jj ir 5 ri31 I=1 j 




Wm IL&"~L£&**~LT&*£** but/^^isanodd 
function so ^ /(x) dx = 0 by (6) in Section 4.5 [ET (7) in Section 5.5]. Thus Jj dA = 0 ■ j* y dy = 0. 

39. Let /(x, y) = . Then a CAS gives /J £ /(x, y) dydx = \ and /* J,, 1 f(x, y)dxdy = -\. 

To explain the seeming violation of Fubini's Theorem, note that / has an infinite discontinuity at (0, 0) and thus does not 
satisfy the conditions of Fubini's Theorem. In fact, both iterated integrals involve improper integrals which diverge at their 
lower limits of integration. 



15.3 Double Integrals over General Regions 



1. j 0 4 f^xy 3 dxdy = /* ftirYCP* = /o M(v^) 2 - o 2 )dy = \ j 0 4 y 3 dy = | [£„*]J = i(64 -Q) =32 

3. J* £ (1 + 2y)dy dx = /* [» + j/ 2 ] J* dx = /J [x + x 2 - x 2 - (x 2 ) 2 ] dx 

= / 0 1 (x-x 4 )dx=[Ix 2 -ix 5 ]J = I-I-0 + 0 = A 

5- f 0 1 ffcos(s 3 )dtds = ti [tc OS (s%Zods = f 0 1 s>cos(s 3 )ds= | sm(5 3 )]> = I (sin 1 - sinO) = i sin 1 
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252 □ CHAPTER 15 'MULTIPLE INTEGRALS 
7. fJ D y>dA = ft, J*_ a V*dxdy = ft, [xy 3 ] ^ * = /-V " H> " 2)1 * 



9. jf D xdA = /; xdydx = /; ^ipf« dx = /; *8his<& | 

= [-a- cos x + sin x] * = — ttcostt + sinw + 0 - sinO = ?r 



inlcgralc by parts 

with u = a, rfw == tin a dx 



11. (a) At the right we sketch an example of a region D that can be described as lying 
between the graphs of two continuous functions of x (a type I region) but not as 
lying between graphs of two continuous functions of y (a type II region). The 
regions shown in Figures 6 and 8 in the text are additional examples. 

(b) Now we sketch an example of a region D that can be described as lying between 
the graphs of two continuous functions of y but not as lying between graphs of two 
continuous functions of x. The first region shown in Figure 7 is another example. 



o 





13. As a type I region, D lies between the lower boundary y = 0 and the upper 

boundary y = x for 0 < x < 1, so D = {(x, y) | 0 < x < 1, 0 < y < x}. If we 
describe D as a type II region, D lies between the left boundary x = y and the 
right boundary x = 1 for 0 < y < 1, so D = {(x, y) | 0 < y < 1, y < x < 1}. 

y = 0 (1.0) ~ 

Thus JJ D xdA = fifi xdydx = £ = & V<fa = = ^ " 0) = I ° r 

xr. *** = jk = /o ekes* - i J*« p - » a ) * = ifr - ^ 3 ]o =ii(i-i)-o]=|. 

15. The curves j/ = x - 2 or x = y + 2 and x = ?/ 2 intersect when y + 2 = y 2 

y 2 — y — 2 = 0 <=> (»-2)(v + l) = 0 <t* y = -l,y = 2, so the points of 
intersection are (1, —1) and (4, 2). If we describe D as a type I region, the upper 
boundary curve is y = \fx but the lower boundary curve consists of two parts, 
y = — y/x for 0 < x < 1 and y = x — 2 for 1 < x < 4. 
Thus D = {(x,j/) | 0 < x < 1, -^/x<y< y/x} U {(x,i/) |l<x<4,x-2<j/< v^} and 
ff D ydA = J* ydydx + f*J^ 2 y dy dx. If we describe D as a type II region, D is enclosed by the left boundary 
x = y 2 and the right boundary x = y + 2 for -1 < y < 2, so D = {(x, y) | -1 < y < 2, y 2 < x < y + 2} and 
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f[ D ydA = flify* 2 V dx dy. In either case, the resulting iterated integrals are not difficult to evaluate but the region D is 
more simply described as a type II region, giving one iterated integral rather than a sum of two, so we evaluate the latter 
integral: 

HoVdA = f_jX 2 ydxdy = £ [xy] x x Z V y f dy = £ x {y + 2- y 2 )ydy = + 2y - tf) dy 

= [^ 3 + r-^]I 1 = (! + 4-4)-H + i-i) = f 

17. £jfxcosydydx = J* [xsiny]"~* dx = /„* x sin x 2 dx = -§ cosx 2 ] J = ±(1 - cos 1) 

(■1 r T-3y 



19. 




21. 




23. 




25. y 



x + 3y = 7 




tto r dA = J* y 2 dxdy = jf |tf££? dy 

= ./? ((7 - HZ) - (y - 1)] y 2 dy = J 2 (8y 2 - V) dy 



/2 r\Ji-x- 
/ , (2x -y)dydx 



dx 



= J: 2 [2x V^x* - I (4 - x 2 ) + 2x v / 4^ + | (4 - x 2 )] dx 
= /_ 2 2 4x dx = - 1 (4 - x 2 ) 3/2 ] 2 2 = 0 

[Or, note that 4x \/4 - x 2 is an odd function, so / 2 2 4x \/4 - x 2 dx = 0.] 
*r= Jo .A_; 2 (1 - «+ 2») dy dx = /J [» - xy + y 2 ] ^:|:: 2 dx 

= ^ 1 [((l-x 2 )-x(l-x 2 ) + (l-x 2 ) 2 ) 

- ((l-x)-x(l-x) + (l-x) 2 )]dx 
= £ [(x 4 + x 3 - 3x 2 - x + 2) - (2x 2 - 4x + 2)] dx 
= /J (x* + - 5x 2 + 3x) dx = [ii 5 + \x* - fx 3 + fx 2 ] I 

= A/ 2 (48y-42y 2 +9y 3 )dj/ 
= I[24y 2 -14y 3 + fy<] 2 = f 
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3x + 2y = 6 



0 

29. 


i y 


(2 0\ r 


(-2.4)\ 


/(2.4) 






D 1 






J y = x 1 




0 


X 


31. | 






<Q.1>| 


D 


x l + y 1 = 1 



33. 



-o.i 




-0.2 



= f 0 >[6y-3 X y-yX:l-> X d* 

= / 2 [6(3 - fx) - 3x(3 ~ fx) - (3 - fx) 2 ] dx 

= / 0 2 (fx 2 - 9x + 9) dx = [fx 3 - f x 2 + 9x] 2 = 6 - 0 = 6 



K= f 2 - 2 fx* x2(1 V dx 



-II 

JO Jo 



From the graph, it appears that the two curves intersect at x = 0 and 
at x w 1.213. Thus the desired integral is 

jx,«« M - x dy d., = /„> 213 [ * ] ; : 7 i2 dx 

= f 0 1213 (3x 2 - x 3 - x°)dx = [x 3 - \x* - \x% 213 
W 0.713 



35. The two bounding curves y = 1 - x 2 and y = x 2 - 1 intersect at (±1,0) with 1 - x 2 > x 2 - 1 on [-1, 1]. Within this 
region, the plane z = 2x + 1y + 10 is above the plane z = 2 - x - y, so 

.fell (2x + 2y + 10) dj, dx - /i, (2 - X - y) dy dx 
= /*, /j£f (** + 2» + 10 - (2 - x - y)) dy dx 
= J-i/X x r(3x + 3y + 8)dydx = /_ 1 1 [3xy + f y 2 + 8?;]"^ * 
= & [3x(l - x 2 ) + f(l - x 2 ) 2 + 8(1 - x 2 ) - 3x(x 2 - 1) - | (x 2 - l) 2 - 8(x 2 - 1)] dx 
= fl^-Gx 3 - Wx 2 + 6x + 16) dx = [-fx" - fx 3 + 3x 2 + ] 
= -f-f+3 + 16 + f-f-3+16 = f 



i 

-l 
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37. The solid lies below the plane z = 1 - x - y 
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i 



or x ~r y "t » — J- <*" a 3DOVC me region 


(0,1) 




D = {(x, y)\0<x<l,0<y<l-x} 


\jr + .y=l 


in the xy-planc. The solid is a tetrahedron. 




D \. 




0 


(1.0) x 




The two bounding curves j/ = x 3 - X and y = x 2 + x intersect at the origin and at x = 2, with x 2 + x > x 3 - x on (0, 2). 
Using a CAS, we find that the volume is 

2 rx 2 + x r2 rx 2 + x 



41. The two surfaces intersect in the circle s 2 + i/ 2 = 1, 2 = 0 and the region of integration is the disk D: x 2 + y 2 < 1. 
Using a CAS, the volume is jj (1 - x 2 - j/ 2 ) cL4 = jf f\/^J 1 ~ * ~ y ^ dydx = f " 



43. 






y = lnj: or x 




In 2 


V 








* = 2 




/y = 0 




0 


/' : 


! * 



Jl 








x = 3y 


>(3,D 








0 





Because the region of integration is 

D = {(*,») I 0 < .t < j/,0 < y < 1} = {(*,») | x < 1/ < 1,0 < x < 1} 
we have f Q l JjJ f(x, y) dx dy = ff D f(x, y) dA = £ £ /(x, j,) dy dx. 

Because the region of integration is 

D = {(«, y) I 0 < n < cos x, 0 < x < tt/2} 
= {(x,y) I 0 < x < cos -1 j/,0 <j/ < 1} 

we have 

fi^C'fMdvte^ttv f(*,y)dA = tiJr~ iv f(x<y)d*dy. 

Because the region of integration is 

£> = {(x, y) \0<y <'\nx, 1 < x < 2} = {(x,j/) | e* < x < 2, 0 < y < ln2} 
we have 

r2 y.lnx /• /• />ln 2 /"2 

/ / f(x,y)dydx= f(x,y)dA= / f(x,y)dxdy 

J-\ JO JJD JO JtiV 

f(\**dxdy=fr\**dydx=r\e*\r* n dx 

Jo J3y JO Jo Jo L J V=0 
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256 □ CHAPTER 15 MULTIPLE INTEGRALS 
51. 



y 
(0,2) 


>= 2 




V* '■I 




D 




t = 0 


>^y = V* 






or 










0 


4 * 



= Aba|y 3 + l|]* = ±(ln9-lnl) = ±ln9 




/ / cosx vT+cos^x dx dy 

JO Jarcainj/ 

= /o* /a Jf " cos * VI + cob 3 * dy dx 



= f^ 2 cos a; \/l + cos 2 x sin 



^ Let u . = cos x, du = — sin x dx, 

dx — du/(- sinx) 



= / 1 °-uvTT^d u =-i(i + w 2 ) 3/2 ]" 

= l(v / 8-l) = K2V2-l) 

55. D = {(x,y) |0<x<l,-x + l<y<l}U {(x,y) | -1 < x < 0, x + 1 < y < 1} 

U{(x,y) |0<x< 1, -l<y<x-l}u{(x,y)|-l<x<0, -l<y<-x-l}, all type I. 

rr J»l M /'0 /-l /<1 i-»x — 1 /'O /* — x — 1 

// x 2 d>l = / / x 2 dydx + / / x 2 dydx + / / x 2 dydx + / / x 2 dydx 
JJd Jo Ji-x J-iJx + i Jo J-i 

— 4 / / x 2 dydx [by symmetry of the regions and because / (x, y) = x 2 > 0] 

Jo Jl-x 

= 4/ 0 Vdx = 4[!x^ = l 

57. Here Q = {(x, y) | x 2 + y 2 < |, x > 0, y > 0}, and 0 < (x 2 + y 2 ) 2 < (|) 2 *• < -(x 2 + y 2 ) 2 < 0 so 

c -i/i6 < e -(i 2 +v a ) 2 < e o = ! since e ' is ^ increasing function. We have A(Q) = J* (|) 2 = ^, so by Property 11, 
e~ l ' u A(Q) < f^e-^^dA < 1 • A(Q) * T5 e ~ 1/16 < IJ Q e- {l ' +y ' )2 dA < § or we can say 
0.1844 < // Q e -( l2 +!' 2 ) dA < 0.1964. (We have rounded the lower bound down and the upper bound up to preserve the 
inequalities.) 

59. The average value of a function / of two variables defined on a rectangle R was 
defined in Section 15.1 as U- c = -jfa fJ R /(x, y)dA. Extending this definition 

to general regions D, we have / nvc = aTSJ 

ff D f(x,y)dA. 

HereD = {(x,y) |0<x<l,0<y< 3x}, so A(D) = £(1)(3) = f and 

/«« = am SJd /(*• v ) dA = 573 Jo St x v d v dx 

= ! So [WV=T J? 9* 3 dx = lx% = f 
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81. Since m < J(x, y) < M, JJ D mdA < JJ D f(x, y) dA < JJ D M dA by (8) * 

m JJ D 1 dA < jj D f{x, y)dA<M JJ D 1 dA by (7) => mA(D) < JJ D /(*, y) dA < MA(D) by (1 0). 




First we can write JJ D (x + 2) dA = J'j D xdA + ff D 2 dA. But f(x, y) = x is 
an odd function with respect to a: [that is, f(—x, y) = — f(x, y)] and D is 
symmetric with respect to x. Consequently, the volume above D and below the 
graph off is the same as the volume below D and above the graph of /, so 
f j D x dA = 0. Also, fJ D 2 dA = 2 ■ A(D) = 2 • i^(3) 2 = 9n since £> is a half 
disk of radius 3. Thus ff D (x + 2) dA = 0 + 9tt = 9tt. 

We can write J'J D (2x + 3y) dA = JJ D 2xdA + jf D 3ydA. Jf D 2xdA represents the volume of the solid lying under the 
plane z = 1x and above the rectangle D. This solid region is a triangular cylinder with length b and whose cross-section is a 
triangle with width a and height 2a. (See the first figure.) 



C. 0, 2a) 



(a, b, 2a) 




(0, b, 3h) 



36) 



z = 3y 




Thus its volume is § • a ■ 2a • b = a 2 6. Similarly, JJ D 3y dA represents the volume of a triangular cylinder with length a, 
triangular cross-section with width b and height 3b, and volume § • b ■ 3b • a = \ab 2 . (See the second figure.) Thus 

ff D (2x + 3y)dA=a 2 b+%ab 2 

f f D {ax 3 + by 3 + s/a? - x* ) dA = JJ D ax 3 dA + jj D by 3 dA + JJ D Va 2 - x* dA. Now ax 3 is odd with respect 
to x and by 3 is odd with respect to y, and the region of integration is symmetric with respect to both x and y, 
so ff D ax 3 dA = ff D by 3 dA = 0. 

jj D Va 2 - x 2 dA represents the volume of the solid region under the 

graph of z = -J a 2 - x 2 and above the rectangle A namely a half circular 
cylinder with radius a and length 2b (see the figure) whose volume is 
i • nr 2 h = ±™ 2 {2b) = 7ra 2 b. Thus 

ff D {ax 3 + by 3 + Va 2 -x 2 ) dA = 0 + 0 + 7ra 2 6 = 7ra 2 6. 
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15.4 Double Integrals in Polar Coordinates 




1 The region R is more easily described by polar coordinates: # = {(r, 0) | 0 < r < 4, O<0<^}. 
Thus Jf R /(*, y) dA = f(r cos 9, r sin 0) r dr d6. 

3. The region R is more easily described by rectangular coordinates: R = {(x, y) \ -1 < x < 1, 0 <y < %x + ±}. 
Thus jj R /(*, »3 M . /*, / 0 (I+1)/2 /(.r, g) dy dz. 

5. The integral f*J^ r dr d0 represents the area of the region 

R={(r,9) | 1 <r <2, tt/4 < 0 < 3tt/4}, the top quarter portion of a 
ring (annulus). 

7. The half disk Z) can be described in polar coordinates as D = {(r, 0)|O<r<5, O<0< 7r}. Then 

ff D x 2 ydA = £ J 0 5 (r cos 0) 2 (r sin &)rdrd^ = ( £ cos 2 0 sin 0 d0) (/ Q 5 r 4 dr) 

9. //„ sin(x 2 -(- y 2 ) dA = /; /2 J* sin(r 2 ) r dr d0 = ( /; /2 dfl) (/* r sin(r 2 ) dr) 

= (f) [-|(cos9-cosl)] =f(cosl-cos9) 
«■ // D e-* 2 -" 2 <W = / 0 2 *-% dr d0 = /_^ 2 d0 £ re- 2 dr 

= [-K r t = *H)r* - e") = f (i - «" 4 ) 

13. /? is the region shown in the figure, and can be described 
by R = {(r, 0) \ 0 < 0 < tt/4, 1 < r < 2}. Thus 

Jf R arctan(2//a:) dA = 4 J 2 arctan(tan 0) r dr d0 since y/a; = tan 9. 

Also, arctan(tan 9) = 9 for 0 < 9 < tt/4, so the integral becomes 

£*■ = St 9d9 Jfr* = [|r 2 ] 2 = i ■ f = (Tj7r 2 . 

15. One loop is given by the region 

D = {(r, 0) |— tt/6 < 0 < tt/6, 0 < r < cos 30}, so the area is 

dA= / rdrd0= / V d0 

J -tt/6 JO J-1T/6 l 2 J r=0 

= -[0 + -sin60j o d£ 
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SECTION 15.4 DOUBLE INTEGRALS IN POLAR COORDINATES □ 259 

17. In polar coordinates the circle (x - l) 2 + y 2 = 1 <=> x 2 +y 2 = 2x is r 2 =2rcos0 =s- r = 2cos0, 
and the circle x 2 + y 2 = 1 is r = 1. The curves intersect in the first quadrant when 
2 cos 0 = 1 cos 0 = 5 => 0 = 7r/3, so the portion of the region in the first quadrant is given by 



r = 2cos0 




D = {(r, 0) | 1 < r < 2 cos 0, 0 < 0 < tt/2}. By symmetry, the total area 
is twice the area of D: 

2A(D) =2SJ m dA = 2j o ^f?™ e rdrd0 = 2 f*' 3 fr 2 }^^ dO 

= /; /3 (4 cos 2 e-i)do = ;; /3 [4 . |<i + «* 20) - 1] de 

= /* /3 (l + 2cos20) d0 = [0 + sin20]^ 3 = § + $ 

21. The hyperboloid of two sheets -x 2 - y 2 + z 2 = 1 intersects the plane z = 2 when -x 2 - y 2 + 4 = 1 or i 2 + y 2 = 3. So the 
solid region lies above the surface z = y/\ + x 2 + y 2 and below the plane z = 2 for x 2 + y 2 < 3, and its volume is 

V= jj (2- y/l + x 2 +y 2 )dA = j** j^ (2-VT+7*) rdrd0 

l2 + y2 < 3 0.0 

= d0 (2r - rvT+H ) dr = [0] 2 * [r 2 - |(1 + r 2 )*/ 2 ]^ 
= 27r(3-f-0 + i) = |7r 

23. By symmetry, 

V =2 jj y/a 2 -x 2 -y 2 dA = 2 j j s/a 2 - r 2 rdrdO = 2 j^ dO j" r sj a? - r 2 dr 



'+ V l<a.l 



= 2{6} 2 ; [-|(a 2 -r 2 ) 3 / 2 j o ° = 2(2*) (0 + |a») = 4f a 3 

26. The cone z = s /x 2 +y 2 intersects the sphere x 2 + y 2 + z 2 = 1 when x 2 +y 2 + (x/x^Ty 2 ) 2 = 1 or x 2 + y 2 = i. So 

V= jj (y\-x 2 -y 2 - y/x 2 + y 2 }dA = j** f (y/\-r 2 - r)r dr d9 

x 2 +l/ 2 <l/2 

= /o" *> ^ (r - r 2 ) dr = [*]? [-*(! - r 2 f' 2 - fr 3 ]^ = (-fc - l) = | (2 - 72 ) 

27. The given solid is the region inside the cylinder x 2 + y 2 = 4 between the surfaces z = ^64 - 4x 2 - 4y 2 
and 2 = -i/64-4x 2 -4y 2 . So 

V = ^ [x/64 - 4x 2 - 4y 2 - (- v/64 - 4x 2 - 4y 2 )] dA = /7 2 ^64 - 4x 2 - 4y 2 dA 



i2 + j/2 < 4 



* 2 -H/ 2 <4 



= 4Jo"/o 716^3 rcird0 = 4 £" d0 f 2 r dr = 4 [0] 2 * [-1(16 - r 2 ) 3 / 2 ]* 

= 87r(-|)(12 3 / 2 - 16 2/3 ) = ^(64 - 24 >/5) 
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260 O CHAPTER 15 MULTIPLE INTEGRALS 



29. 




r3 ry/9-x 2 

/ / sin(x 2 + y 2 

J-3JO 




= /;^/ o 3 rsin(r 2 )d^[0)S [-|a 
= ff(-|) (cos 9- 1) = | (1 - cos 9} 



cos 



(^ 2 )]o 




72 * 



^ 2 + / = 2 



= /J 774 (cos 0 + sin 0) df? r 2 dr 

= [sin0-cosC /4 [|r 3 ]f 

= [^-^-0+l] .i(2v^-0)=2^ 



0 



33. D = {(r, 0)|O<r<l,O<0< 2tt}, so 

//d ^* 4+v9)a dA = jp* /J e (r2 ' 2 r dr d0 = f 0 2,r d0 £ re r * dr = 2srJ^ re r " dr. Using a calculator, we estimate 



35. The surface of the water in the pool is a circular disk D with radius 20 ft. If we place D on coordinate axes with the origin at 
the center of D and define f(x, y) to be the depth of the water at (*, y), then the volume of water in the pool is the volume of 
the solid that lies above D = {(x,y) \ x 2 + y 2 < 400} and below the graph of f(x, y). We can associate north with the 
positive ?y-direction, so we are given that the depth is constant in the x-direction and the depth increases linearly in the 
^-direction from /(0, -20) = 2 to /(0, 20) = 7. The trace in the ?/z-plane is a line segment from (0, -20, 2) to (0, 20, 7). 
The slope of this line is 20 Z^_ 2 20) = \, so an equation of the line is z - 7 = |(» - 20) =* z = \y + |. Since f(x, y) is 
independent of x, /(x, y) = iy + 1 . Thus the volume is given by f j D /(x, y) dA, which is most conveniently evaluated 
using polar coordinates. Then D = {(r, 6) | 0 < r < 20, 0 < 0 < 2n} and substituting x = r cos 0, y = r sin 9 the integral 
becomes 





Thus the pool contains 18007T m 5655 ft 3 of water. 
37. As in Exercise 15.3.59, = ^» JJ D / (x, y)dA. Here D = {(r, 6) \a <r < 6, 0 < 0 < 2tt}, 
so A(D) = Trb 2 - ttq 2 = 7r(b 2 - a 2 ) and 



1 [a -,2ir r %t 1 , v/1 . 2(b -a) 2 

- - a?) , W, - T(i) 2_ a2) i^)( b - «) = (t + a)(6 _ o) - ^6 
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SECTION 15.5 APPLICATIONS OF DOUBLE INTEGRALS □ 261 



/•l rx rx r2 r \j 4 - x 2 

/ / xydydx + / / xydydx+ / / xydydx 

Jl/s/2 J\/\ -x- J\ JO Jy/2 Jo 

ri f*/4 r 4 l r » a 

= / / r 3 cose sin 6 dr dd = / — cos0sin0 dO 

--wr-s 




41. (a) We integrate by parts with u = x and — xe x dx. Then = dx and u = — * 2 , so 

r * 2 ^ 2 * = & £ * 2e ~ x2 d * = & ( -^ e ^ 2 ] I + jc 2 e ~ * 2 d *) 

- Hm + I /o°° e_x2 rfa: = 0 + § /o°° e ~ x2 dx [°y I'Hospital's Rule] 

= | e~ x * dx [since e"* 2 is an even function] 
= 3 yfH [by Exercise 40(c)] 
(b) Let u = y/x. Then u 2 = x => dx = 2udu => 

/~V^-*dx= Km J^Vie-<fa= »m r/ ue -« 2 2udn = 2 / 0 oo u 2 e -" 2 du = 2(i v ^) [by part(a)] = §>■ 

15.5 Applications of Double Integrals 

1. Q = JJ D a(x, y) dA = f 0 5 £ (an + 4y) dy dx = f Q 5 [2*y + 2y 2 ] £J 

= / 0 6 (lOx + 50 - Ax - 8) dx = f; (6x + 42) dx = [3x 2 + 42a;] J = 75 + 210 = 285 C 

3.m = ff D p(x, y) dA = £ £ fey 2 dx = A £ dx £ y 2 dy = fc [x] 3 [A,/] * = fc(2)(21) = 42*, 

* = £ JL £ £W*«fa = i J?»* j?/* = A B*fi LMJ = ^(4)(21) = 2, 

¥ = &SJd V) **. = & A' il ^ £ y 3 dy = £ [x] 3 [Iy<] J = i(2) ( 255 ) = § 

Hence m = 42*. fry) = (2,§§). 

5- m = £££*(* + y) dy dx = / 0 2 [xy + ±y 2 ] Jjf dx = / 0 2 [x(3 - fx) + 1(3 - x) 2 - |x 2 ] dx 
= ^(-f- 2 + f)^=[-§(K)+§-]^ = 6, 

My = j?jftv + *») <*> d * = /o b 2 ^ + ^ 2 ] = / 2 a* - 1 * 3 ) * = §. 

— -^»-(*^ Hay 

r-m= ft 1^ kydydx = [±y 2 ] dx = 1*^(1 - x 2 ) 2 dx = - 2x 2 + x")dx 

= ifc[x-fx 3 + ix 5 ]l 1 = ^(l-| + I + l-§ + i) = A fc , 
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262 □ CHAPTER 15 MULTIPLE INTEGRALS 



My = J^J^kxydydx = kJ 1 _ 1 [§xy 2 ]^- x dx = §* & x (1 - x 2 ) 2 dx = - 2x 3 + x*)dx 

M. = & /o 1 -' fcy 2 dydx = *£ [|ll 8 lj^"" a ^ = - x 2 ) 3 dx = |fc/^(l- 3x 2 + 3x< - x 8 )d 

= I, [x _ x 3 + fx 5_ K] l i = ifc(l _ 1 + f _I +1 _ 1+f 



Hence m = ifc,(x, |7) =(0, 3 |^) = 

9. Note that sin(;rx/L) > 0 for 0 < x < L. 

m = .C J 0 9in(WL) V dydx = // | sin 2 (^x/L) dx = J [fx - £ ria£fcr«/L)]J = §£, 

M V = x-vdydx=± ft xs^x/L) dx [ u = ^R^J, fc ] 

= I L2 - 5 [I- 2 + £ cos(2«x/L)] L o = \l? - ) (±L 2 + ft - ft) = |L 2 , 

= foSo n(lTX/L) yydydx = f 0 L ± sin 3 (w/i) dx = J jf [l - cos^x/L)] sin( TO /L) dx 

[substitute u = cos (wx/L)] =*« du = - f sin(7rx/L)] 

= |(-*) [cos(tx/L) - | casW^tf = + | - 1 + |) = £L. 



£ /i 2 /8 4L/(97r)\ / L 16 \ 

Hence m - f , (x, » - ^j, j = (j, jj J . 



11. p(x,y) = fey = kr sin 9, m m kr 2 sin 9 dr dS = ±fc J^ 2 sin0d0 = |*{- cost?];/ 2 = ±fc, 

M v = f* /2 fi kr 3 sin 0 cos 0drd0 = f*J^sfa««»0<» = $*[- cos20]* /2 = ijfe, 
M x = fi /2 f*kr 3 sin 2 6 drdO=\kfZ /2 sin 2 9d6=±k[9 + sm20]Z /2 = %k. 
Hence (x,y) = 



13. 




p(x,y) = k^/x 2 +y 2 =kr, 
m = J7 D p(x, y)dA m ftfi kr -rdrdO 
= kf 0 Uefir 2 dr = k(*) [Ir 3 ]^^ 



-I 0| 1 2 x 

M v = Jf D xp(x,v)dA = fJf?(rcos9)(kr)rdrd9 = 

= ff D wt*,y)dA = £f?(rsm6)(kr)rdrde = k^svn9dS g r 3 dr 



r 3 dr 

[lliis is to be expected as the region and density 
function are symmetric about the^axis] 



= fc[-cosO] 0 "[^] 2 = fc(l + l)(f) = ^. 



Hence(x,y)=(0,i|^) = (0,^). 
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SECTION 15.5 APPLICATIONS OF DOUBLE INTEGRALS □ 263 

15. Placing the vertex opposite the hypotenuse at (0, 0), p(x, y) = k{x 2 + y 2 ). Then 

0» = J" /o" * k(x 2 + y 2 ) dy dx = k J Q a [ax 2 - x 3 + | (a - x) 3 ] dx = k [fax 3 - ±* 4 - i (a - x)% = > 4 . 
By symmetry, 

M v = Mi = / 0 a / 0 o - 1 Mx 2 + W 2 ) dj/dx = fc /„" [§(a - x) 2 x 2 + > - x) 4 ] dx 
= fc[Ia 2 x 3 - ±ax 4 + ix s - &(a - x) 5 ] 0 a = ^fca 5 

Hence (x, i/) = (|o,|ffl). 

17. r. =n D V 3 p(x,v)dA = £ 1 £-**v 2 ■kydydx = kf_ 1 

= ifc J^(x 8 - 4x 6 + 6s 4 - 4x 2 + 1) dx = {It [±x 8 - |x 7 + fx 5 - fx 3 + x] ^ = 
I v = ff D x 2 p(x,y)dA = /* J,, 1 -* 2 fcAydydx = [^V]^ - ^ = £*£ x 2 (l - x 2 ) 2 dx 

= ifc/^(x 2 - 2x 4 + x*)dx = [±x 3 - fx 5 + ±x 7 ]-, = jfe*. 
and I 0 = h+I y = &k + ^k^ ffik. 
19. As in Exercise 1 5, we place the vertex opposite the hypotenuse at (0, 0) and the equal sides along the positive axes. 
I, = / 0 7o"" X y 2 *(* 2 + y 2 ) dy dx — k £JTVv a + y 4 )dydx = k £ [fx 2 ,, 3 + Jy 8 ] dx 

= k J 0 ° [Ix 2 (a - x) 3 + i(a - xf] dx = k [| (|«V - f aV + fax 5 - Ix 6 ) - &(a - x) 6 ]° = ^fca 6 , 

= fe j; [x" (a - x) + fx 2 (a - x) 3 ] dx = k [iax 5 - 1.x 6 + ± (|a 3 x 3 - f-aV + fax 5 - |/)]; = ^ka*, 
and /o = Ix + I v = ^)ka 6 . 

21- /- = Jf D y 2 p(x,y)dA = fZJtmfdxdy = p j> / 8 V* = P[*]o [|v 3 ]o = » & (l'* 3 ) = l^ 3 , 
J, = /j> 2 p(x, y)dA = / 0 "/o pr 2 dxdy = p ft x 2 dx $ dy = p[ §x 3 ]* fcjg = §p& 3 ,*, 

and m = p(area of rectangle) = pbh since the lamina is homogeneous. Hence x 2 = — — ^^r~ = => 1= ' 



m pb/i 3 ^ 



_ 2 7 X ipb/i 3 /> 2 -ft 
and y = — = = p = — 

m pbh 3 V3 

23. In polar coordinates, the region is D = {(r, 9) | 0 < r < a, 0 < 5 < f }, so 
4 = // c 2/V ^ = fir sin 0) 2 r rfr dO = p PJ 2 sin 2 dB £ r 3 dr 

= p[i«- }sin2< 2 [ir%=p(z) (| a 4) = 

I, = // D x 2 p dA = fZ /2 fZ p(r cos 5) 2 r dr dO = p /; /2 cos 2 /; r 3 dr 
= ,[§# + J sin2e] 0 ^ 2 [IrX = p (D (ia 4 ) = ^paV, 



1 4 

and m = p ■ A{D) = p ■ \ira 2 since the lamina is homogeneous. Hence x 2 = f 2 = Tj£p£ =* ^ = f= | 
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264 □ CHAPTER 15 MULTIPLE INTEGRALS 



25. The right loop of the curve is given by D = {(r, 0) | 0 < r < cos 26, - x/4 < 0 < tt/4}. Using a CAS, we 



findm = JJ D p(x,y)dA = Jf D {x> + y 2 )dA - J_^ 4 / 0 cosM r 2 rrfrd9 = g. Then 

Jo 10395tt 



t/4 /-cos 10 



_ 1 

y 



1 /' /■ fi4 /■cos2» ... /-ir/4 r 



and 



6'4 f^ 4 /• COB2fi 

r sin OdrdO = 0, so 



The moments of inertia are 

= Jf D y 2 p(x,y)dA = f:i%fr 20 (rsm6fr>rdrd0 = J- " r« six, 2 0dr d0 = g - J- 

I y = f! D x>p(x,y)dA = f%fr 2e (rcosefr>rdrdB = £** 4 r= cos 2 OdrdO = ^ + ^.and 

/ 0 = / I + / y = ^L. 



27. (a) /(x, j/) is ajoint density function, so we know f/ R2 J(x, y) dA = 1. Since f{x,y) = 0 outside the 
rectangle [0, 1] x [0, 2], we can say 

//„„ f{x, y) dA = /_~ fix, y) dy dx = / fl l / Q 2 Cx(l + y) dy dx 

= °ti *[y + h 2 }'Zl - a /o = = 2C 

Then2C=l =>■ C = A. 

(b) P iX < 1, y < 1) = £ m /* w /(x, y) dy dx = £g ±x(l + y) dy dx 

= Jo 1 \*[v + b%Z\ * = /o HI) * = f[i- 2 ] 0 = ! «&37S 

(c) P (A - + Y < 1) = P HX, Y) e D) where D is the triangular region shown in 
the figure. Thus 

PiX + Y < 1) = ff D fix, y) dA = fifi " " ±x(l + y) dy dx 

= Jo HV + mill" dx = |x(|x 2 - 2x + |) dx 
= if 0 1 (x 3 -4x 2 +3x)dx = l[^-4^ + 3fl i l ) 




= g M 0.1042 



29. (a) /(x, y) > 0, so / is ajoint density function if / / R2 fix, y) dA = 1. Here, fix, y) = 0 outside the first quadrant, so 

// R2 fix, y) dA = / 0 °° r~ 0.1e-(° B3: + 0 dy dx = 0.1 J 0 °°f 0 °° e -° s * e -°- 2 * dydx = 0.1 / 0 °° e" 081 dx / 0 °° e" 02 " dy 

= 0.1 Km [-2(e~ 0M - 1)] Um [-5( e -° 2 < - 1)] = (0.1) • (-2)(0 - 1) • (-5)(0 - 1) = 1 
Thus /(x,y) is ajoint density function. 
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SECTION 15.5 APPLICATIONS OF DOUBLE INTEGRALS □ 

(b) (i) No restriction is placed on X, so 

P(Y > 1) = £> f(x,y) dydx = /"J* IIT*-**** dydx 

= 0.1 r n °° e- 0 5 * dx J™ e- 0 2 " dy = 0.1 lira /' e~°- 5x dx lim J' e" 0 2 " dy 

JU J1 t— >oo Ju i— .oo J1 

= O.lHm H*f**B Um H***^ = 0.1 to [-2( e -°- - 1)] to [-5( e -°- 2 < - 

(0.1) ■ (-2)(0 - 1) • (-S)(0 - e- 0 2 ) = e- 0 2 « 0.8187 
(ii) P(X < 2, y < 4) = Jf^ /* w /(x, „) dy dx = Jj*jJ O.le-' 0 - 5 ^ 0 2 "' dydx 

= 0.1 J 0 2 e-°- 5 * dx ^V 0 - 2 " dy = 0.1 [-2e'° ^]l [-5 e -°- 2 »]* 

= (0.1).(-2)(e- 1 -l).(-5)( e - 08 -l) 

= (e" 1 - l)(e- 0 8 - 1) = 1 + e" 1 - 8 - e~ os - e" 1 « 0.3481 

(c) The expected value of X is given by 

, ^ = /£, i /(x, y) d>l = JJ°/- x [O.le^ 0 - 5 ^ 0 - 2 ^] dy dx 

= 0.1 jj 1 xe-° 5x dx / 0 °° e-°- 2 " dy = 0.1 Urn /„' .re" 05 * dx to [J e" 0 2 « dy 

To evaluate the first integral, we integrate by parts with u = x and dv = e _0 51 dx (or we can use Formula 96 

in the Table of Integrals): /a*-* 8 " dx = -2xe-° Sx - / -2 e -°- 5a: dx = -2x e -°- 5 * - Ae~ o rix = -2(x + 2)e~° 5 

Thus 

* " w & H* + 2 ) e_0 ' 5 io 2a [- 5e_0 - 2!, ]o 

= 0.1 to (-2) [0 + *)••*» - 2] Um (-5) [ e -°' 2t - 1] 

= 0.1(-2) f. to - 2j (~5)(-l) m 2 [by l'Hospital's Rule] 

The expected value of Y is given by 

Hi = 2/ /fo v) dA = f~ .C V [0.1e-«> 5 dy dx 

= 0.1 f~ e-° 5 ' dx / ~ ye' 0 2 « dy = 0.1 to £ e" 0 ^ dx hm /„' ye" 0 2 « dy 

To evaluate the second integral, we integrate by parts with u = y and dv = e~ 0 2,J dy (or again wc can use Formula 96 
the Table of Integrals) which gives / ye -0 ' 2 " dy = -5ye~ 0 - 2u + j 5e _0 - 2!/ dy = -5(y + 5)e-°- 2 ". Then 

= 0.1 lim [-2( e -°- r '' - 1)1 lim (-5[(t + 5)e-°- 2t -5l) 

(-•oo 1 ' t— oo v L ** 

= 6.1(-2)(-l) • (-5)^to ^0 - 5^ = 5 [by l'Hospital's Rule] 

31. (a) The random variables X and Y are normally distributed with Mi = 45, /i 2 = 20, m = 0.5, and oi = 0.1. 

The individual density functions for X and Y, then, are f,(x) = ^= e -(— «) 2 /o.s and 

0.5 v27r 

/ 2 (y) = ^= e-f"- 20 ) 2 / 0 02 . Since X and y are independent, the joint density function is the product 

0.1 v27r 
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266 □ CHAPTER 15 MULTIPLE INTEGRALS 

f(x,y) = h(x)h(y) = 



1 c -f;r-45) 2 /0.5 1 c -(;/-20) 2 /0.02 _ 10 e -2(x-45) 2 -50(]/-20) 2 

0.5 0.1 V§? 



Then P(40 < X < 50, 20 < Y < 25) = f™ f£ f(x, y) dydx = f £f**«r*rf-mH*P dydx . 
Using a CAS or calculator to evaluate the integral, we get P(40 < X < 50, 20 < Y < 25) as 0.500. 
(b) P(4(X - 45) 2 + 100(y - 20) 2 < 2) = Jf D ie e -2(*-45) 2 -5o v!/ - 2 o) 2 dA> where D js the Kgjjm enclosed by me e | lipse 

4(x - 45) 2 + 100(y - 20) 2 s= 2. Solving for ?/ gives i/ = 20 ± ^ ^2 - 4(x - 45) 2 , the upper and lower halves of the 
ellipse, and these two halves meet where y = 20 [since the ellipse is centered at (45, 20)] => 4(x - 45) 2 =2 



a- = 45 ± Thus 



jj 10 e -2(*-45) 2 



-2(x-45) 2 -50( W -20) 2 ^ 



45+l/v^2 /•20+^ JV '2-4(x-45) 2 



^45-1/^2 J20- 



-2(x-45) 2 -50(j,-20) 2 



/45-l/^2 y20-^ JN /2-4(x-45) 2 

Using a CAS or calculator to evaluate the integral, we get P(4(X - 45) 2 + 100(Y - 20) 2 < 2) « 0.632. 

33. (a) If f(P, A) is the probability that an individual at A will be infected by an individual at F, and k dA is the number of 
infected individuals in an element of area dA, then f(P, A)k dA is the number of infections that should result from 
exposure of the individual at A to infected people in the element of area dA. Integration over D gives the number of 
infections of the person at A due to all the infected people in D. In rectangular coordinates (with the origin at the city's 
center), the exposure of a person at A is 

E = I l D fc/(F ' A)dA = k IL^ [2 ° " d(F ' A)] dA = k I Id I 1 ~ ^VO* " zo) 2 + (!/ - J/o) 2 ] dA 
(b) If A = (0,0), then 

E = k Jj (l - i dA 

= kf / (l-£r)rilr < » = 2**[ir a -W 
Jo Jo 

= 27i-fc(50 - f ) = 2S°-7rfc ~ 209fc 

For A at the edge of the city, it is convenient to use a polar coordinate system centered at A. Then the polar equation for 
the circular boundary of the city becomes r = 20 cos 9 instead of r = 10, and the distance from A to a point P in the city 
is again r (see the figure). So 

/Tt/2 /-20cos0 r-ir/2 on 

-ir/2 •'O J-tt/2 

= fc /-*/2 ( 200 cos2 0 - cos3 e ) d<9 = 200fc + 5 cos26» — | (1 — sin 2 9) cos 9} d9 

= 2OOA;[i0 + \ sin 26 - § sine + § . 1 sin 3 0]^ = 200fc[f + 0- | + § + f + 0- f + |] 
= 200fc(f -|) «136fc 

Therefore the risk of infection is much lower at the edge of the city than in the middle, so it is better to live at the edge. 
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15.6 Surface Area 



SECTION 15.6 SURFACE AREA □ 267 



1 Here z = f(x, y) = 2 + 3x + 4y and D is the rectangle [0, 5] x [1, 4], so by Formula 2 the area of the surface is 



A(S) = Jf D y/[f x (x,y)) 2 + [f v (x,y)} 2 + ldA = // D y/V+W+TdA = V26ff D dA 
= y/26 A(D) = V26 (5)(3) = 15 v/26 

3. z = f(x, y) = 6 - 3a; - 2y which intersects the x?/-plane in the line 3x + 2y = 6, so D is the triangular region given by 
{{x,y) |0<x<2,0<2/<3- fx}. Thus 

A(S) = ff D y(- 3 )a + (-2)» + lA4 = Vu ff D dA = sMA(D) = y/u (| . 2 . 3) = 3 
5.y 2 + z 2 = 9 ^ z=y/9=tf.f x =0,f v = -y(9-y 2 )-^ 2 => 



= jf j£ vfo + [-y(9 + = jf jf J-^ + ldydx 

= Cll ^h dydx = 3 fo ^ fC *° = 3 ^ = 12siir1 ^ 

7. * = /(a:, y) = y 2 - x 2 with 1 < x 2 + y 2 < 4. Then 

A(S) = Jj D ^l+4x* + iy*dA = f 2 *fi VT+^rdr d9 = £* d6 J 2 r dr 

= [Iff [M 1 + 4 - 2 ) 3/2 ]' = f (17 Vrf- 5 VE) 

9. z — f(x, y) = xy with x 2 + y 2 < 1, so f x - y, f v = x => 

A(,5) = /4 vV + s' + HM = Cfo V^TTrdrde = {** [l(r 2 + l) 3 ' 2 ]^ 
= f 0 2 ' r |(2^-l)^= 2 f(2v / 2-l) 
11. z = y/a?-x*-y\ z x = -x(a 2 - x 2 - y 2 )' i/2 , *, = -y(a 2 - x 2 - y 2 )^ 2 , 

Ais) = IL\[^^¥^ dA 

/Ti/2 ra cos 6 I ^2 
■n/2 Jo V a 2 - r 2 

/ir/2 rii 
tt/2 JO 



r = a cos 6 



•d9 



ar 



:drd9 




y/a 2 — r 2 

/, nr=oc 
l-o y/a 2 - r 2 
•ir/a l Jr=0 

= -a(ya 2 - a 2 cos 2 6> - a) dfl = 2a 2 j™'* (l - s/T^^Pe^) d9 

= 2a 2 jf* dB - 2a 2 jT^ \/sin 2 0 d<? = a 2 7r - 2a 2 j* ' sin 6 df? = a 2 (tt - 2) 
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13. z = f(x,y) = e- x2 ~v\ & = -2xe~ x2 - v \ f y = -2^**-** Then 



A(S) = JJ s/(-2xe-^-vy + 



+ 1 dA = 



)e-»(«"+v a ) + i(W. 



X 2 + H 2 <4 

Converting to polar coordinates we have 

A{S) = /* v / 4r 2 e^ 2 + i r dr dO = J 2 " dO J 2 r VVe" 2 '" 2 + ldr 



= 2tt / q 2 t- • v /4 r 2 e -2r2 + J rfr ~ 13.9783 using a calculator. 

15. (a) The midpoints of the four squares are (§, |), (\, §), (§ , J), and (£,$), Here /(as, y) = xr + y 2 , so the Midpoint Rule 
gives 

A(S) = JJ D y/[Mx,v)]' + [fy(x,y)P + ldA = JJ D 

«i(\/[2a)] 2 +[2(i)] 2 + l + V / [2(|)] 2 -l-[2(I)] 2 + l 

+ V[ 2 (i)] 2 + ^)] 2 + 1 + \/[ 2 (^ 2 + E 2 (i)] 2 + 1 ) 

= Kv / i +2 \/5 + \^) w 1 - 8279 

(b) A CAS estimates the integral to be A{S) = ff D y/l + (2x) 2 + (2y) 2 4A = /„* ^/l + 4x 2 + 4y 2 dy dx a 1.8616. 
This agrees with the Midpoint estimate only in the first decimal place. 

17. z = 1 + 2x + 3y + Ay 2 , so 



A{S)= JJ \Jl+(^f + (%)" dA = jf £ Vl+± + (Z + 8y) 2 dydx = J* jf 1 % /l4+48 3 / + 6Vd ? yd a ;. 
Using a CAS, we have /* g + 48y + 6V * = f ^14 + §§ In(ll ^5 + 3 « ) - g ln(3 + >/l4 V5 ) 

19; / (x, y) = 1 + x 2 2/ 2 =* /» == 2xy 2 , /„ = 2a: 2 j;. We use a CAS (with precision reduced to five significant digits, to speed 
up the calculation) to estimate the integral 

A(5)= f f^~^ Jfi + f 2 + ldydx = t y/Ax 2 y* + 4x 4 y 2 + 1 dy dx, and find that A(S) m 3.3213. 

21. Here 8 = /(«, y) = ox + 61/ + c, / x (x, = a, f v (x, y) - b, so 

A(S) = JJ D Va 2 +b 2 + ldA = Va 2 +b 2 + lJJ D dA = \fa 2 +b'* + \ A(D). 

23. If we project the surface onto the 22-plane, then the surface lies "above" the disk x 2 + z 2 < 25 in the xz-plane. 
We have y = f(x,z) = x 2 + z 2 and, adapting Formula 2, the area of the surface is 



A(S)= JJ vT/»(a, *)P + [/»(*» *F +14*- J J V4x 2 +4z 2 + ldA 

x2+j=<25 x=+=2<25 
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Converting to polar coordinates x = r cos 6, z = r sin 6 we have 

MS) = J? HV^TTrdrde = C M /o r (4r 2 + 1) 1/2 dr = [$g + = f (101 Viol- 1) 

15.7 Triple Integrals 

-Jf B-TS*- iff -f 

3. /o 2 jf sr't** - y) *#* = Jo /; 2 t* 2 - *c3r = j? /; 2 b - -(*- m d V d Z 

= Jo if - VZ) dydz = j Q 2 [y* 2 - tfz]^ dz = £ (,« - |*») dz 

5- J? /o 1 Jo" ^ & = I' jf t"«^ :io n 1 «** dz = g C *e°) dx dz 

= / 2 j* (-1 + x) dx dz = g [-x + Ix 2 ] :=j; dz 
= / 2 (-2 2 + 2 2 2 )^=H 2 + |z 3 ] 2 = -4 + f + l-f = | " 

7- /<r /2 Jo" Jo 1 «*(■ + y + da: d y = Jo* 72 £ t sin ( x + y + 2 )] «o *• * 

= J^ 2 /„" [8in{2a! + y) - sin(x + y)] dxdy 
= iT [" I ~s(2x + J/) + cos(x + y)] 2 dj, 
= /J" 72 [- 5 cos 3y + cos 2y + ± cos y - cos y] <fy 
= [-1 sin3y + \ sin2y - \ siny]^ 2 = | - § = - I 

«■ ///, ^***=rn*-^-~ 1 C/'* 

= Si £ ~ tan "'( 0 )] = St Sy (i - °) = f A 4 WS d f 

= f J> - y) dy = J [42/ - iy 2 ]? = } (16 - 8 - 4 + |) = 3*. 
13. Here £ = {(x,y,z) | 0 < x < 1,0 < y < Vz,0< ( < l+x + y},so 

fSf B 6xydV = J* Jf Gxydzdydx = £ [fia^]^ 4 ^ dy dx 

= So if + x + W) dy dx = Jo [3xy 2 + 3x 2 y 2 + 2xy 3 ]^f dx 

= £ (3x 2 + 3x 3 + 2x 5 ' 2 )dx = [x 3 + fx- + fx 7 ' 2 ]^ = || 
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Here T = {(x, y, z) | 0 < x < 1, 0 < y < 1 - x, 0 < z < 1 - x - y}, so 
SSJ T x 2 dV = /„' fi- ft'*-* x 2 dzdydx = ft" -x-y)dydx 



= £ /o 1 -^ - x 3 - x 2 y) dy dx = £ [x 2 y - x 3 y - ±x 2 y 2 ]^ 
= jj* [x 2 (l - x) - x 3 (l - x) - ±x 2 (l - x) 2 ] dx 

= Jo (|xW + ±x 2 )dx=[^x 5 -±x< + lx 3 ] 0 

_ 10 4 + 6 - fiO 



17. 




^ = 4y 2 + 4z 2 
x = 4 



The projection of E on the yz-plane is the disk y 2 + z 2 < 1. Using polar 
coordinates y = r cos 6 and z = r sin 0, we get 

J7L ■ dV = ff & [X*, + 4r2 x dx] dA = i // c [4 2 - (4y 2 + 4z 2 ) 2 ] dA 
= 8 fi'fi (l-r 4 )rdrde = 8 ^ d0 £ (r - r 5 ) dr 



19. The plane 2x + y + z = 4 intersects the xj/-plane when 
2s + V + 0 «= 4 y = 4 - 2x, so 

£ = {{x,y, z) | 0 < x < 2, 0 < y < 4 - 2x, 0 < z < 4 - 2x - y} and 
f - /o 2 /o 1 " 21 St*** * * d * = /o Jo ( 4 " 21 " *> * d * 

-WET** 

= / Q 2 [4(4 - 2x) - 2x(4 - 2x) - i(4 - 2x) 2 ] dx 
= / 0 2 (2x 2 - 8x + 8)dx = [fx 3 - 4* 2 + 8x] 2 Q = f 




21. The plane y + z = 1 intersects the xy-plane in the line y = 1, so 

E m {(x,y,z) | -1 < x < 1, x 2 < y < 1, 0 < z < 1 - y} and 
V = = ft £ If dzdydx = & j* (1 - y) dydx 

=/!, [y-^]::: 2 dx = ^(i-x 2 + ix 4 )dx 



|0. 0. 1] 




(-1.1.0) 
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23. (a) The wedge can be described as the region 

D = {{x,y,z) | y 2 + z 2 < 1,0 <x < 1,0 <» < x} 

= {(x,y,z) |0<x<l,0<i/<x,0<z< v / T 3 F} 
So the integral expressing the volume of the wedge is 
IJIodV = tir»Sf T7 - dzdydx. 



z 0.5 



(b) A CAS gives fZKjy^ dzdydx=\-\. 




0 o 



(Or use Formulas 30 and 87 from the Table of Integrals.) 
25. Here /(x, y, z) = cos(xyz) and AV = § • | ■ A = ±, so the Midpoint Rule gives 

SU a f(x,y,z)dV* EEE /{xuy^AV 
i=i j=i fc=i 

+ HI i. \) + f(3 . i. I ) + /(I . f .i) + HI I !)] 

= I [ cos *i + cos 64 + cos ^ +cos^ + cos£ +cos^ + cos|r +cosf£] as 0.985 

27. £ = {(x, y, z) | 0 < x < 1, 0 < z < 1 - x, 0 < y < 2 - 2z}, 
the solid bounded by the three coordinate planes and the planes 
z - 1 - x, y = 2 - 2z. 



29. 





If Di, D2, D3 are the projections of E on the xy-, yz-, and x2-planes, then 

Di = {(x,j/) I -2 < x < 2,0 <y<4 -x 2 } = {(x,i/) | 0 < 2/ < 4, - v / 4^ r v<x < VT^} 
^2 = {(V, 2) I 0 < y < 4, - i < z < \ V^y} = { (V, *) I -1 < z < 1, 0 < y < 4 - 4z 2 } 

Z? 3 = {(x,z) |x 2 +4z 2 < 4} 



[continued] 
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Therefore 



E={(x,y,z) | -2<x<2,0<y<4-x 2 , - - x 2 - y < z < ± y/A - x 2 - y } 
= {(x,y,z) |0<y<4, - y/£=y < x < y/T^y , - i % /4 - x 2 - y < z < - x 2 - y} 
= |(x,y,z) | -1 < z < 1,0 <y <4-4z 2 , - v/4 - y - 4z 2 < x < y/4 - y - Az 2 } 
= {(x,y,z) | 0 < 7/ < 4, — | v / 4 _r l/ <* < - v/4 - y - 4z 2 < x < v/4 - y - 4z 2 } 

= {(x,y,z) | -2 < x < 2, - ±v/4^ < z < ±V4=~x^, 0 < y < 4 - x 2 - 4z 2 } 
= {(x,y,z) | -1 < z < 1, - v/4 - 4z 2 <x< V4 - 4z 2 , 0 < y < 4 - x 2 -4z 2 } 



Then 



///, f{x,y,z)dV = J* J*"*" /_^g 2 /2 /(x, y . z) dz dy dx = £ /_^_ / ^Sg, /(*. V, *) <*z dx dy 

- & jt** j^sI* * d * * * = £ y ' z) dx dz dy 



rl fy/4-4; 2 ,-4-* 2 -4j: 2 



31. 




~5>(-2,4.0: 



(2.4,0) 




4 y 



y 

4 








-2 0 


2 * 




2 * 



If Di, D2, and .D3 are the projections of E on the xy-, yz-, and xz-planes, then 

Di = {(x,y) I -2 < x < 2,x 2 < y < 4} = {(x,y) | 0 < y < 4,-\/y < » < n/w } , 
£2 = {(», z) I 0 < y < 4, 0 < z < 2 - iy} = {(», z) | 0 < z < 2, 0 < y < 4 - 2z} , and 

D 3 = {(x, z) I -2 < x < 2, 0 < z < 2 - ±x 2 } = {(x,z) | 0 < z < 2, -v/4~^2l < x < v 
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Therefore 



E 
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= {(x,y,z) | -2 < x < 2,x 2 < y < 4, 0< z < 2 - ±yj 
= {(x,y,z) |0<y<4, - <jy < x < y/y~,0 < z <2 - fyj 
= {(x,y,z)|0<y<4,0<z<2-iy, -^<x<^ 
= j(x,y,z) |0<z<2,0<y<4-2z, -\/s/<i < %/? } 
= {(x,y,z) |-2<x<2,0<z<2- ±x 2 , x 2 < y < 4 - 2z} 
= { (x, 2/, 2) I 0 < z < 2, - V4=2Z <x.< v^2i, a; 2 < y < 4 - 2z} 

Then /// a /fo », *) dV = Jf a £ / 0 2 -" /2 /(x, 2/, z) dz dy dx = £ J*-** /(x, y, z) dz dx dy 

= Jo Jo 2 ""' 2 /-^ /(». z)dxdzdy = J Q 2 /JHM /J* /(x, tf, z) dx dy dz 
= & Jo " ». *) * «& = / 0 2 /_^L /x V 2 = /(x, y, z) dy dx dz 



The diagrams show the projections 
of E on the xy-, yz-, and xz-planes. 
Therefore 



y 






y = l 












W orx =y 2 


-. 


1 -t 




z 




1 






\ Z = 1 - -Jx 0 




Vv = (l-z) J 






0 


1 X 



/oXji io " " /(*• » *) dy dx = J, 1 /o^io 1 "" V, *) d* dw = /b/o^if /(»- »- *) dxdvdz 

= ^/o""^ 8 f(x,y,z)dxdzdy = f(x, V ,z)dydzdz 
= J?/o JyT f( x ' y< z ) dy dx dz 
y 





l * 



Jo fy Io /(*« y> '■) dz dx dy = ffj E f(x,y,z)dV where E = {(x, y, z) | 0 < z < y, y < x < 1, 0 < y < 1}. 

If Dx, £> 2 , and Z» 3 are the projections of E on the xy-, yz- and xz-planes then 

Di = {(x,y) | 0 < y < l,y < x < 1} = {(x, y) | 0 < x < 1, 0 < y < x}, 
£2 = [& 2)|0<y<l,0<z<y} = {(y, z) | 0 < z < 1, z < y < 1}, and 
D 3 = [(x,z) | 0 < x < 1, 0 < z < x} = {(x, z) | 0 < z < 1, z < x < 1}. 



[continued] 
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Thus we also have 

E = {(x,y, z)|0<x<l,0<y<x,0<z<y} = {(x,y, z) \ 0 < y < 1, 0 < Z < y, y < x < 1} 
= {(x,y, z) | 0 < z < 1, z < y < 1, \ y < x < 1} = {(x,y, z) \ 0 < x < 1,0 < z < x, z < y < x) 
= {(x,y, z) \ 0 < z < I, z < x < 1, z < y < x} . 

Then 

Jo fylo /(*. ». *) d* <** * = /o / 0 7o 2/- *) dzdydx = J,, 1 /" /J /(as, y, z) dx dz dy 
^~&!lS l v f{x,y,z)dxdydz = £ /; r;/(x,y,z)dydzds 
= folU:nx,y,z)dyd x dz 

37. The region C is the solid bounded by a circular cylinder of radius 2 with axis the z-axis for — 2 < z < 2. We can write 
///c ( 4 + 5* V) dV = /// c 4 dV + fff c 5x 2 yz 2 dV, but f{x, y, z) = 5x 2 yz 2 is an odd function with 
respect to y. Since C is symmetrical about the xz-plane, we have fff c 5x 2 yz 2 dV = 0. Thus 
J// c (4 + 5x 2 yz 2 ) dV = fff c 4 dV = 4 • V(£) = 4 . tt(2) 2 (4) = 64tt. 

39. m = fff E p(x, y, z) dV = £ 2 dz dy dx = £ ff 2(1 + x + y) dy <fe 

= /J [2» + 2xy + yXZf** = So ( 2 + 2* 3/2 + x) dx = [|x 3 / 2 + fx 5 /* + ^ = f§ 

i 

i>4. = SS.(e *4* V' dV = So Sf So +X+V dz dy dx = ff 2x(l + x + y) dy dx 

= [2xy + 2x 2 y + xyXZfdx = j^x 3 / 2 + 2x 5 / 2 + x 2 ) dx . [fx 5 / 2 + fx 7 / 2 + ^x 3 ]] = fg 

M« = /JL f > *) = £ j* 1 *** 2y dzdydx = ft ff 2y(l + x + y) dy dx 

= So lv 2 + *v 2 + hXZfd* = So 1 (■ + * 2 + §* 3/2 ) & = [|x 2 + ^ + ^<>]l = % 

A4, = JJ& V, *) W - So Sf So +X+V 2* dz dy dx = £ ff [z 2 ] dy dx =£^(1+*+ y) 2 dy dx 

- /o io^O + 2* + 2y + 2xy + x 2 + y 2 ) dy dx = £ [y + 2xy + y 2 + xy 2 + x 2 y + ±y 3 ] J^f* dx 

= # (vs + ix 3 / 2 + x + x 2 + x 5 / 2 ) dx = [fx^ 2 + ^x 5 / 2 + k + ix 3 + fx 7 / 2 ] ; = m 

^ . 79 . . , . . , /M» M„ M ly \ /358 33 571\ 

Thus the mass m % and the center of mass is (x, y, z) = — , — * j = ^— , 

«■ ™ = /o"/;/o a (^ + 2/ 2 + * 2 ) ^ = /o7o a [K + ™j 2 + ™ 2 }IZ d v dz = Solo" (f« 3 + <*y 2 + a ^ 2 ) 

= £ [ia^y + lay 3 + ayz^Z^ = J? (K +^ 2 ) * = + = K + ^ = 

M». = /o JSTJf [x 3 + x(y 2 + z 2 )] dxd»dz = / 0 ° /„" [la 4 + |a 2 (y 2 + z 2 )] dy dz 

= £ (ia 5 + ia 5 + ia 3 z 2 ) dz = ^a 6 + |a 6 = ^a 6 = JW„ = M xu by symmetry of J5 and p(x,y, z) 
Hence (x,y,z) = (^a, ^a, ^a). 
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«• & = So So So KV 2 + * 2 ) ^ dy dx = fe Xf-Jj* (Li/ 2 + ±L 3 ) dy dx = k £ f L 4 d* - %kL 5 . 
By symmetry, 7 X = /„ = h = f/cL 5 . 

«. /; = /// E (x 2 + y 2 ) p(x, y, z) dV = // \ft k(x 2 + y 2 ) dz] dA = // fc(x 2 + y*)h dA 

= kh (r 2 ) r dr d& = fc/t j 0 2 " d<? % r 3 dr = fcAf» [Jr 4 ] \ = 2 W fch • X = 
47. (a) m = J* £ £"* v^T^dzdj/dx 

(b) (x,y, 2) where x = A & £ x y/^+^dz dy dx,y = i /* £ /*"» y ^S^+F^ dy dx, and 
* = 4 /-J /o~ W 2 s/x 2 +y 2 dzdydx. 

(c) & = & & £~V + l/ 2 )v/^ :5 ~r^^ dy dx = £ £ /„'- V + y 2 ) 3 / 2 d* dy dx 

49. (a) m - gjS^gfr + x + y + 2) d* dy dx = §f + £ 
(b) <&?,!) = (m" 1 flJS^JS x(l + x + y + 2) dzdy dx, 

™ -1 / 0 7o v/r ^/o" + dx, 

_ /* 28 3071- + 128 45tt + 208 \ 
~ V9tt + 44 ' 45-tt + 220 ' 135tt + 660 J 



(c) P(X + Y + Z < 1) = P((X, Y, Z) 6 E) where E is the solid region in the first octant bounded by the coordinate planes 
and the plane x + y + z = 1. The plane x + y + * = 1 meets the xy-plane in the line x + y = 1, so we have 




68 + 15tt 
240 



51. (a) f(x, y , z) is a joint density function, so we know / j / R3 f(x, y, z) dV = 1. Here we have 

/// R 3 /(*, V, *) dV = /_~ Ho He 2/- *) ^ dy dx = / 0 2 / 0 2 f 0 2 Cxy, d 2 dy dx 
= 0 / 0 2 xdx tfydy / 2 ,d 2 = C[±x 2 ] 2 [ly 2 ] 2 [I* 2 ] 2 = 8C 




(b) P(A' < 1, y < 1, Z < 1) = fl^ /(x, y, 2 ) dz dy dx = £ £ j£ \xyz dz dy dx 

= I £ xdx J' ydy tfzdz = I[±x 2 ] 0 [ly% [lz% = I(±) 3 = X 



p(x + r + z < i) = /// E /(x, y, *) dV = ggr*Jt*~* N* & ^ 



= i /o/o 1- " ■rHf^KZSr"^' - ^ So So ~ x «*d - * - 1/) 2 
= fiftV - 2x2 + *)y + ( 2 * 2 - 2 *)v 2 + *y 3 ) dy dx 

= TV So [(s 3 - 2x 2 + x)iy 2 + (2x 2 - 2x)iy 3 + x^r/)]^ dx 
= ^ £(* - 4x 2 + 6x 3 - 4x< + x 5 ) dx = ite) = ^ 
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to.V(E)=L 3 => / avc = p / jf jf xyzdxdydz = j^ £ xdx j\jdy j\dz 

~ ^ 3 L 2 J 0 L 2 J 0 L 2 J 0 L3 2 2 2 8 

55. (a) The triple integral will attain its maximum when the integrand 1 - x 2 — 2y 2 — 3z 2 is positive in the region E and negative 
everywhere else. For if E contains some region F where the integrand is negative, the integral could be increased by 
excluding F from E, and if E fails to contain some part G of the region where the integrand is positive, the integral could 
be increased by including G in E. So we require that x 2 + 2y 2 + 3z 2 < 1. This describes the region bounded by the 
ellipsoid x 2 + 2y 2 + 3z 2 = 1. 

(b) The maximum value of fff E (1 - x 2 - 2y 2 - 3z 2 ) dV occurs when E is the solid region bounded by the ellipsoid 
x 2 + 2y 2 + 3z 2 = 1. The projection of E on the .ri/-plane is the planar region bounded by the ellipse x 2 + 2y 2 = 1, so 

E = {(.x, y, z) | -1 < x < 1, -^1(1 -a?) < y < ^(l-s 2 ), - J$(l-x'-2y*) < z < ^1(1-^-2^) } 



and 



IB 

using a CAS. 



■ 2 -3z 2 )dV = I I™ ' / _ _(l-x 2 -2y 2 -3z 2 )dzdydx = 



(1-x 2 - 2y 



4n/6 
■45-' 



15.8 Triple Integrals in Cylindrical Coordinates 



1 (a) 



(b) 




7T 

From Equations 1, x = r cos 0 = 4 cos - = 4 • 5 = 2, 

(/ = r sin0 = 4 sin ^ = 4 • ^ = 2^, 2 = -2, so the point is 

(2, 2\/3, -2) in rectangular coordinates. 



x = 2cos(-|) = 0, y = 2sin(-f ) = -2, 

and z = 1, so the point is (0, -2, 1) in rectangular coordinates. 
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SECTION 15.8 TRIPLE INTEGRALS IN CYLINDRICAL COORDINATES □ 277 
3. (a) From Equations 2 we have r 2 = (-1) 2 + l 2 = 2 so r = y/2; tan 6* = = -1 and the point (-1, 1 ) is in the second 
quadrant of the xy-plane, so 0 = *f + 2jw; z = L Thus, one set of cylindrical coordinates is (\/2, x> 1 )- 

(b) r 2 = (-2) 2 + (2n/3) 2 = 16 so r = 4; tan0 = fejf = - and the point (-2, 2y / 3 ) is in the second quadrant of the 
x?/-plane, so 0 = 3p + 2n7r; z = 3. Thus, one set of cylindrical coordinates is (4, ^,3). 

5. Since 0 = f but r and z may vary, the surface is a vertical half-plane including the z-axis and intersecting the xi/-plane in the 
half-line y = x, x > 0. 

7. z = 4 - r 2 = 4 - (x 2 + y 2 ) or 4 - x 2 - y 2 , so the surface is a circular paraboloid with vertex (0, 0, 4), axis the z-axis, and 
opening downward. 

9. (a) Substituting x 2 + y 2 = r 2 and x = r cos 0, the equation x 2 - x+y 2 + z 2 = 1 becomes r 2 - r cos 6 + z 2 = 1 or 
z 2 = l + rcos0-r 2 . 
(b) Substituting x = rcosfl and y = rsintf, the equation z = x 2 - y 2 becomes 
z = [r cos 0f - (r sin 0) 2 = r 2 (cos 2 0 - sin 2 6) or z = r 2 cos 20. 

11. 0 < r < 2 and 0 < z < 1 describe a solid circular cylinder with 

radius 2, axis the z-axis, and height 1, but — 7r/2 < 0 < n/2 restricts 
the solid to the first and fourth quadrants of the xi/-plane, so we have 
a half-cylinder. 

13. We can position the cylindrical shell vertically so that its axis coincides with the z-axis and its base lies in the x?/-plane. If we 
use centimeters as the unit of measurement, then cylindrical coordinates conveniently describe the shell as 6 < r < 7, 

0 < 0 < 2tt, 0 < z < 20. 




15. 




The region of integration is given in cylindrical coordinates by 
E= {(r,0,z) | -tt/2 < 0 < tt/2, 0 < r < 2, 0 < z < r 2 }.This 
represents the solid region above quadrants I and IV of the xy-plane enclosed 
by the circular cylinder r = 2, bounded above by the circular paraboloid 
z = r 2 (z = x 2 + y 2 ), and bounded below by the xy-plane (z = 0). 

Jo JiT r dz dr d0 = r_i% f 2 [rz] dr d0 = ^ / 0 2 dr d0 
= i:i%d0f o 2 rUr=[0]H 2 /2 [y)l 
= 7T (4 - 0) = 4tt 
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17. In cylindrical coordinates, E is given by {(r, 0, z) | 0 < 0 < 2tt, 0 < r < 4, -5 < z < 4}. So 

ffSm = C So /-a r dz dr d6 = ^ *> Jo <* * ft * 

19. The paraboloid z = 4 - x 2 - y 2 = 4 - r 2 intersects the xy-plane in the circle x 2 + y 2 = 4 or r 2 = 4 =» r = 2, so in 
cylindrical coordinates, E is given by {(r, 0, z) 1 0 < 0 < tt/2, 0<r<2,0<z<4-r 2 }. Thus 

SJSs (*+»+ *) <*V = /; /2 / 2 f 0 , - r2 (r cos 0 + r sin 0 + z) r dz dr dO = f 2 \r 2 (cos 0 + sin 9)* + irz 2 ] II*"" 2 dr 
= fo' /2 lo - r<)(co S 6 + sinS) + |r(4 - r 2 ) 2 ] drd0 

= .C /2 [(fr* - + sin*) - &(4 - r 2 )XZl d0 

. = /; /2 [«(cos* + sinS) + f } dO = [f§(sinr? - ccs0) + f 0}^ 
= H(l-0) + f . f -M( 0 -l)-0=f 7 r+^ 

21. In cylindrical coordinates, £ is bounded by the cylinder r = 1, the plane z = 0, and the cone z = 2r. So 
E={(r,0,z) \O<0< 27r,0 < r < 1, 0 < z < 2r} and 

/// E x 2 dV = f 2 r 2 cos 2 0 r dz dr d0 = jfjj* [r 3 cos 2 0 z] ^ dr d0 = J*£ ^ cos 2 0 dr d0 

= C [ffW^ d0 = f ^ cos 2 0d0 = \ C \ (1 + cos20) d9 = \ [0 + \ rinS»]f = f 

i 

23. In cylindrical coordinates, E is bounded below by the cone z = r and above by the sphere r 2 + z 2 = 2 or z = v^-r 2 . The 
cone and the sphere intersect when 2r 2 = 2 => r = 1, so E = {(r, 0, z) | 0 < 0 < 2tt, 0 < r < 1, r < z < \/2-r 2 } 
and the volume is 

///, ^ = r&j^r*** = r/o m:=/^ *■* = jm (n^ 3 - ^ *«» 

= £" d0 £ (rV2^ - r 2 ) dr = 2* [-1(2 - r 2 ) 3 ' 2 - \r*]\ 
= 2* H) (1 + 1 - 2 3 ' 2 ) = -§* (2 - 2V2) = |* (V2 - 1) 

25. (a) The paraboloids intersect when x 2 + y 2 = 36 - 3x 2 - 3y 2 x 2 + y 2 = 9, so the region of integration 

is D = {(x,y) | x a +y 2 < 9}. Then, in cylindrical coordinates, 
E = {(r, 0, z) | r 2 < z < 36 - 3r 2 , 0 < r < 3, 0 < 0 < 2tt} and 

? = CfiS? ~ 3 "* r dz dr d0 = f 2 V 0 3 (36r - 4r 3 ) dr d0 = /*" [l8r 2 - r<] ^ d^ = J 2 ^ 81 d<? = 162,r. 

(b) For constant density K, m = KV - XQ2irK from part (a). Since the region is homogeneous and symmetric, 
My. = M xz = 0 and 

i 
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M„ = J* / 0 3 rd*dr dfl = tf/o* Jo rft^E?"** drdS . 

= f /o " /o K(36 " 3r 2 ) 2 -r*)drde = f ^ dd J«(8r* - 216r 3 + 1296r) dr 
- | (27r)[|r 8 - ^r 4 + r 2 ] 3 = ^(2430) = 2430^K 

27. The paraboloid z = 4x 2 + 4?/ 2 intersects the plane z = a when a = 4x 2 + 4i/ 2 or x 2 +y 2 = \a. So, in cylindrical 
coordinates, E = {(r, 0, z) | 0 < r < \y/a, 0 < 5 < 27r, 4r 2 < z < a}. Thus 

/■2ir ry/a/2 pa p27r py/a/2 

m= / / / Krdzdrd9 = K / (ar - 4r 3 )drd6> 

Jo JO J4r 2 JO Jo 



= /<T r [|ar 2 - r*]^f /2 dO = J<T jf* > 2 dB = ia 2 ^ 
Jo Jo 



Since the region is homogeneous and symmetric, M yz = M xz = 0 and 

r2n fy/a/2 ra r2x p^/a/2 

M xy = J J J ^ Krz dz dr dd = K J J (\a 2 r - 8r 5 ) dr dd 

= l<fj[Wr 2 ~ lr G )Zf /2 dO = K f~" ±a 3 d9 = ±a\l< 
Hence (x,y,z) = (0,0, fa). 

29. The region of integration is the region above the cone z = sfx 2 + y 2 , or z = r, and below the plane z = 2. Also, we have 

-2 < y < 2 with - y/4 - y 2 < x < y/4 -y 2 which describes a circle of radius 2 in the rry-plane centered at (0, 0). Thus, 

r 2 r\/i-v- r 2 r 2w r 2 r 2 r 2 '" r 2 r 2 

/ / /, xzdzdxdy= \ \ \ {r cos 9) zrdzdrdO = / / r 2 (cos 9) z dz dr d9 

J -2 J-^/4-v 2 Jv^+a 2 •' 0 *• Jr Jo -> 0 

= / 0 2 V 0 V (costf) [iz 2 ]!: 2 drd9= | r 2 7 0 V (cos*) (4 - r 2 ) drd9 

= \ C <**9d0g (4r 2 - r«) dr = § [sin*] 2 * [f- 3 - Ptf = 0 

31. (a) The mountain comprises a solid conical region C. The work done in lifting a small volume of material AV with density 
g{P) to a height h(P) above sea level is h{P)g(P) AV. Summing over the whole mountain we get 
W = JJj c h(P)g(P)dV. 

(b) Here C is a solid right circular cone with radius R = 62,000 ft, height H = 12,400 ft, 
and density g(P) = 200 lb/ft 3 at all points P in C. We use cylindrical coordinates: 

W = ltl"So m ~ :/H) z ■ WOrdrdzM = 2tt / 0 H 200z[±r 2 ];:* (1 - j/f " dz 

r" r 2 / z\2 n r H / 2z 2 z 3 \ 

- m *L "-('-«) ^ = ™-« ! / o ('; 

- *>**■ [t " S + M " " ^ (t " T + ?) 

= f 7rH 2 ff 2 = f 7r(62,000) 2 (12,400) 2 a 3.1 x 10 18 ft-lb 




© 201 2 Ccngnge l.mrnine. All Ki(-lus Rcserv't.1. May nol be scanned, copied, or duplicaled. or poslcd lo n publicly accessible websilc. in whole or in pan. 

www.elsolucionario.net 



280 □ CHAPTER 15 MULTIPLE INTEGRALS 

1 5.9 Triple Integrals in Spherical Coordinates 



1. (a) : f Umm* From Equations 1,.t = psin<£cos0 = 6sinfcosf = 6 • i ■ ! = §, 

y = psin0sin0 = 6sin£ sin f =6- i • ^ = ^.and 
z = pcos0 = 6cosf = 6 • ^ = 3^, so the point is (^,^,3^ in 
rectangular coordinates. 

x = 3sin *f cos § = 3 • 0 = 0, 
y = 3 sin ^ sin f = 3 • ^ • 1 = and 

2 = 3cos ^ = 3 (-^) = so the point is (o, ^f, in 

rectangular coordinates. 

3. (a) From Equations 1 and 2, p = y/x 2 + y 2 + z 2 = y/0 2 + (-2) 2 + 0 2 = 2, cos<A = - = £ = 0 aa> 0=^,and 

p 2. 2 



(b) 




(3.f.¥) 



COS0 : 



psin^ 2sin(;r/2) 



0 3?r / 37r 7r \ 

= 0 => 0 = — [since y < 0]. Thus spherical coordinates are ( 2, — , — J . 



(b) p = vA + 1 + 2 = 2, cos<£ = - = => 4>=^,and 

pi 4 



COS0 = 



-1 



-1 



1 37T 

6> = — [since y > 0]. Thus spherical coordinates 



are 



psin<?!> 2sin(37r/4) 2(^/2) ^2 

5. Since 0 = f, the surface is the top half of the right circular cone with vertex at the origin and axis the positive z-axis. 

7. p = sin0sin0 p 2 = psinflsintf. O x 2 + y 2 + z 2 = y x 2 + y 2 - y + \ + z 2 = \ 

x 2 + (y - |) 2 + z 2 = \. Therefore, the surface is a sphere of radius ^ centered at (0, \ , 0). 

9. (a) x = p sin <j> cos 9, y = p sin <j> sin 61, and * = pcos<£, so the equation z 2 = x 2 + y 2 becomes 

(pcos^) 2 = (psin<£cos0) 2 + (psin,/>sin0) 2 or p 2 cos 2 <j> = p 2 sin 2 r*>. If p ^ 0, this becomes cos 2 <j> = sin 2 </>. (p = 0 
corresponds to the origin which is included in the surface.) There are many equivalent equations in spherical coordinates, 
such as tan 2 <t> = 1, 2 cos 2 <j> = 1, cos 2<j> as 0, or even 0 = -J, 0 = 2jL. 

(b)s 2 + z 2 =9 O (psin</>cos0) 2 + (pcos<£) 2 = 9 p 2 sin 2 <p cos 2 0 + p 2 cos 2 </> = 9 or 

p 2 (sin 2 </> cos 2 0 + cos 2 <f>) = 9. 
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11. 2 < p < 4 represents the solid region between and including the spheres of 
radii 2 and 4, centered at the origin. 0 < <t> < f restricts the solid to that 
portion on or above the cone 4> = f , and 0 < 6 < % further restricts the 
solid to that portion on or to the right of the xz-plane. 




13. p < 1 represents the solid sphere of radius 1 centered at the origin. 

X < <t> < * restricts the solid to that portion on or below the cone cj>=^f. 







/ 
/ 


\ 

X. 










-*< P =\ 



15. z > y/x 2 + y 2 because the solid lies above the cone. Squaring both sides of this inequality gives z 2 > x 2 + y 2 

z 2 = p 2 cos 2 <j> > \p 2 cos 2 4> > 5. The cone opens upward so that the inequality is 



2z 2 > x 2 + y 2 + z 2 = p 2 



coscj>> -jj, or equivalently 0 < <p < In spherical coordinates the sphere z = x 2 + y 2 + z 2 is p cos (j> = p 2 => 
p = cos <f>. 0 < p < cos 4> because the solid lies below the sphere. The solid can therefore be described as the region in 
spherical coordinates satisfying 0 < p < cos0, 0 < 0 < j. 



17. 




The region of integration is given in spherical coordinates by 

E = {{p,6,<t>) \0<p<3,0<9< tt/2, 0 < <f> < tt/6}. This represents the solid 

region in the first octant bounded above by the sphere p = 3 and below by the cone 

<t> = 7r/6. 

f 0 " Jo P 2 ^dpd0d<j> = /; /6 sin^# ft* d9 f a s p 2 dp 

= [-cos0] o ^ [e]^[i P r 0 

-(*-f)(5)«-?o-*> 



19. The solid E is most conveniently described if we use cylindrical coordinates: 
E= {(r,9,z) |0 < 9 < f,0 < r <3,0 < z < 2}. Then 
SSf E /O, y,z)dV = /; /2 / 0 3 / 0 2 f(r cos 9, r sin 9, z) r dz dr dO. 
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282 □ CHAPTER 15 MULTIPLE INTEGRALS 

21. In spherical coordinates, B is represented by {(p, 0, <f>) | 0 < p < 5, 0 < 9 < 2tt, 0 < 0 < n }. Thus 

Mb (* 2 + V 2 + dV = / 0 Vo Vo (P 2 ) V ™ * dP dO d<t> = £ sin 0 d<£ f dB £ p° dp 

• = a^*m„ w 140(2 49.7 

23. In spherical coordinates, £ is represented by {(p, 0, </>) \ 2 < p < 3, 0 < 0 < 2tt, 0 < <j> < n } and 
x 2 + y 2 = p 2 sin 2 4>cos 2 0 + p 2 sin 2 <j>mn 2 9 = p 2 sin 2 0 (cos 2 0 + sin 2 0) = p 2 sin 2 </>. Thus 
fff E (* 2 +V 2 )dV = £ $ (p 2 sin 2 <f) p 2 sin 0 dp d0 # = ft sin 3 </> d0 dB / 3 p 4 dp 

= /;(l-cos 2 <« S in4>d4» [B] 2 ; [\p%= [-cos«A+|cos 3 ^; (2*).- | (243 -32) 
= (l_| + l_|)f»(^) != l^ 

25. In spherical coordinates, £ is represented by{(p,0,<tf>)|O<p<l,O<0<f,O<0<f}. Thus 

fff E xe x2+ " 2+ * 2 dV = fi /2 j* 12 ^(p S m4>cos8)e" 2 p 2 sin </>dpd0dtf> = £ /2 sin 2 ^dtf. ft' 2 Jo P 3 ^ d P 

= j; /2 |(i-co S 20)d^/;/ 2 COS 0d0 (^pV^-^v^dp) 

^integrate by parts with u — p 2 , dv = pe p2 dpj 
= [^-i sin2^ /2 [sin^/ 2 [|pV 2 - |/]| = (f - 0) (1 - 0) (0 + |) = f 

27. The solid region is given by E = {(p, 0, 0) | 0 < p < a, 0 < 0 < 2tt, f < <t> < f } and its volume is 

V = USm dV = S:j! It JoV sin 0 dP dB d<l> = /;/ c 3 sin 4> d<P dB f* p 2 dp 
' = [- ««g [Bt [\p% = (-1 + (±a 3 ) = ^a 3 

29. (a) Since p = 4 cos <j> implies p 2 = 4p cos <t>, the equation is that of a sphere of radius 2 with center at (0, 0, 2). Thus 

• v= jfx" /r° Vsin^pd^ = rr 3 iotst* sin w * = ^ cos3 ^ s{n * d4>de 

= f HP **V}£f * = r HP (A - 1) d0 = «C = 1Chr 

(b) By the symmetry of the problem M y= = M x= = 0. Then 

= ft" So '* ft"" * P 3 cos<p S \ii<t>dp d4>dB = j 2 "j; /3 cos <£sin <j> (64 cos 4 </>) <M 
= £"64 [-1 iw^j jy = Jf 2 i dB = 21* 
Hence (x,y,*) = (0,0,2.1). 
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31. (a) By the symmetry of the region, M yz = 0 and M xx = 0. Assuming constant density K, 
m = fff E KdV — K fff E dV = %K (from Example 4). Then 

= ^.Clo^^cos^ {cos 4 ^dd>de = \Kfi*dO /^'cos^sincAdcA 

= \ K [< H «• K /4 = **W H) [(^) 6 - 1] - (-1) = If* • 

Thusthecentroidis(w)= ^,^,*§*) = ^,0,^gp) = (0,0, £)• 
(b) As in Exercise 23, x 2 + y 2 = p 2 sin 2 0 and 

«• = ///a (* 2 + y 2 ) * rfV = K C tt'* /cT V sin2 <« P 2 sin * * & = K C ™ 3 <t> [§P 5 ] * * d * 
= ^ 3 <*«* 5 MM = f# Jf « Jo" 74 cos 5 *(l - cos 2 <j>) sin 0 d0 

= MtW [-i (^) 6 + 1 (^) 8 + t - 1] - (ft) - SI* 

33. (a) The density function is p(x, y, z) = K,a constant, and by the symmetry of the problem M xz = M vz = 0. Then 

M xv = / o 2 *r;/ 2 r;/Cp 3 8 in<£cos^^^ But the mass is /<T(volume of 

the hemisphere) = § 7r/f a 3 , so the centroid is (0, 0, fa) . 

(b) Place the center of the base at (0, 0, 0); the density function is p(x, y, z) = K. By symmetry, the moments of inertia about 
any two such diameters will be equal, so we just need to find I x : 

I* = /o X A Jo (tfp 2 sintf)p 2 (sin 2 0 sin 2 6 + cos 2 <j>) dp d4>d0 
= K fi*JZ /2 { S m 3 0 sin 2 61 + sin0 cos 2 </;) (±a 5 ) d<fid0 

= |/Ca 5 f [sin 2 9 (- cos 0 + | cos 3 0) + (-1 cos 3 0)]^ /2 d* = \Ka* [| sin 2 0 + J] d0 
= iKa 5 [§ (ifl - i sin 26) + = \Ka*> [§(* - 0) + £(2* - 0)] = ^Ka 5 7r 

35. In spherical coordinates z = y/x' 2 + y 2 becomes cos <\> = sin <t> or <j> = -J. Then 

V = J?g*g P *sm<t>dpd4>de . /»* d6> g»*+4$ £ P 2 dp = 2. [-4 + l) (I) = 1.(2 - V2), 
M IV = fi"fi /4 fi P 3 sm<t>cos<j>dpd4>d9 = 27r[-i cos20]; /4 (±) = f and by symmetry M yz = Af„ = 0. 
Hence (x,y,z)= (o,0, ^J*^ )- 

37. In cylindrical coordinates the paraboloid is given by z = r 2 and the plane by z = 2r sin 0 and they intersect in the circle 
r = 2 sin 0. Then I dK = fl / r 2rain * rz dz dr d0 = f [using a CAS]. 
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39. The region E of integration is the region above the cone z = y/x 2 + y 2 and below the sphere x 2 + y 2 + z 2 - 2 in the first 
octant. Because E is in the first octant we have 0 < 9 < § . The cone has equation <f> = j (as in Example 4), so 0 < <j> < f , 
and 0 < p < \/2. So the integral becomes 

fo' 1 lo^ 2 Jo (p sin c/i cost?) (psin^sinO) p 2 sin <j> dp dO d<j> ■ 

= J^sin^d^J^^ecosOde jf P Up=(£ / <(l-co S 2 <t>) S in<l>d<fi) fr&tff* 

41. The region of integration is the solid sphere x 2 +y 2 + (z — 2) 2 < 4 or equivalently 

p 2 sin 2 0+(pcos<£-2) 2 = p 2 -4pcos0 + 4<4 =s> p < 4cos<£, so 0 < 0 < 0 < <j> < f , and 
0 < p < 4cos</,. Also (x 2 + y 2 + z 2 ) 3/2 = (p 2 ) 3/2 = p 3 , so the integral becomes 

/; /! /„ 2 7 0 4 ™* (P 3 ) P 2 smtdpdOdci, = /; /2 j 0 2 " sin^ [Ap 6 ]^ c °^ 464$ = | /j" 2 / 0 2 * sin 0 (4096 cos 6 0) 

= ±(4096) j^cos^sin^ / o 2 ^0 = [->s 7 ^ /2 [fl] 2 * 

43. In cylindrical coordinates, the equation of the cylinder is r = 3, 0 < z < 10. 
The hemisphere is the upper part of the sphere radius 3, center (0, 0, 10), equation 

r 2 + (z- 10) 2 = 3 2 , z > 10. In Maple, we can use the coords=cylindrical option 
in a regular plot3d command. In Mathematica, we can use ParametricPlot3D. 



45. If E is the solid enclosed by the surface p = 1 + ± sin 60 sin 5(/>, it can be described in spherical coordinates as 

E = {(p,0,</>) | 0 < p < 1 + i sin 66< sin 50,0 < 0 < 2tt,0 < Its volume is given by 

ViE) = Mb dV = /; £ + ^°°>"^ p 2 s^dpdOd^ = ig* [using a CAS]. 

47. (a) From the diagram, z = r cot <j> 0 to z = \/<i 2 - r 2 , r = 0 
to r = o sin <j> 0 (or use a 2 - r 2 = r 2 cot 2 <£ 0 ). Thus 

= 2tt J Q a sin *° (r - r 2 cot <f> 0 ) dr 

= 2 f [-(a 2 -r 2 )3/ 2 -,3 cot0o ]" i "^ 

= 2 r[- (a 2 - a 2 sin 2 </■>„) 3/2 - a 3 sin 3 tf> 0 cot <j> 0 + a 3 ] 
= fj7ra 3 [l — (cos 3 «l> 0 + sin 2 <f> 0 cos (j> 0 )] = §Ta 3 (l - cos<j!> 0 ) 
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(b) The wedge in question is the shaded area rotated from 9 = 9i to 9 = 9 2 . 
Letting 

Vij = volume of the region bounded by the sphere of radius p t 
and the cone with angle 4> 0 (9 = 9\ to 0 2 ) 

and letting V be the volume of the wedge, we have 

V = (V 22 - V 2 i)-(Via-Vu) 
•m\ffk- - cos 9 > 2 ) - 4(1 - cos 4> x ) - p\{\ - cosM + joftl - cos^)] 

= i(02 - 9i)[{4 - Pl)(l - cos0 2 ) - (pi - p?)(l - ooBfc)] = tyfc - 0 1 )[(pl - p?)(cos 9 i 1 - cos<* 2 )] 



* 






Pi 












0 




y 



r&2 fPi sin <t>t prcottfri 

Or: Show that V = ' " rdzdrd.9. 

J 9, Vp.sin*, ./rcot<p 2 



yfP2 s ' n #2 fr cot <t>i 
Pl sin*! Jrcot* 2 

(c) By the Mean Value Theorem with / (p) = p 3 there exists some p with p 2 < p < p 2 such that 

/(p 2 ) - /(/9 X ) = /'(p)(p 2 - Pi) or p? - p 2 = 3p 2 Ap. Similarly there exists <j> with <•/>,<</>< <p 2 
such that c.osi?i 2 - cos4> 1 = f— s$a$J A$. Substituting into the result from (b) gives 
AV = {p 2 Ap)(0 2 - 0i)(sin£) A0 = p 2 sin 0 Ap Atf. A0. 



15.10 Change of Variables in Multiple Integrals 



1 x = 5u - v, y = u + 3v. 



The Jacobian is 



\u, v) 



dx/du dx/dv 




5 -1 


dy/du dy/dv 




1 3 



= 5(3) -(-!)(!) = 16. 



3. x — e r 


sm9, y = 


e r cos 9. 




d(x,y) 




dx/dr 


dx/d9 




d(r,9) 




dy/dr 


dy/d9 





— e sint* e cosy 
e r cos 9 —e T sin 0 



5. x = u/v, y = v/w, z = w/u. 



d(u, v, w) 





dx/du 


dx/dv 


dx/dw 




l/v 


—u/v 2 




dy/du 


dy/dv 


dy/dw 




0 


l/w 




dz/du 


dz/dv 


dz/dw 




—w/u 2 


0 




1 l/« 


—v/w 2 






0 


—v/w 




u | o 


1/tl 


1 - 


-w/u 2 


l/u 



= e-' e r sin 2 5 - e- r e r cos 2 0 = sin 2 0 - cos 2 5 or - cos 20 



0 

-v/w 2 
l/u 





0 


l/w 


+ 0 






—w/u 2 


0 



/ V u 2 w/ uvw uvw 



7. The transformation maps the boundary of S to the boundary of the image R, so we first look at side Si in the w-plane. Si is 
described by v = 0, 0 < u < 3, so x = 2u + 3v = 2u and ?/ = u - v = u. Eliminating u, we have x = 2y, 0 < x < 6. S 2 is 



© 2012 Ccngagc l earning. All Rights Reserved. May nol be scanned, copied, or duplicaled. or posted to .1 publicly accessible website, in whole or in part. 

www.elsolucionario.net 



286 □ CHAPTER 15 MULTIPLE INTEGRALS 

the line segment u = 3, 0 < v < 2, so x = 6 + 3u and y = 3 - v. Then v = 3 - y => x = 6 + 3(3 - y) = 15 - 3y, 
6 < x < 12. 53 is the line segment v = 2, 0 < u < 3, so a; = 2u + 6 and y = u — 2, giving u = y + 2 
6 < x < 12. Finally, 5-i is the segment u = 0, 0 < v < 2, so x = 3v and 3/ = — d =3> x = 
set 5 is the region R shown in the xy-plane, a parallelogram bounded by these four segments. 

* 

(0.2) 



x = 2y + 10, 
-3y, 0 < x < 6. The image of 



— 0 



s 



(3,2) 



S, (3.0) 




9. Si is the line segment u = v, 0 < u < 1, so y = v = U and x = w 2 = j/ 2 . Since 0 < u < 1, the image is the portion of the 
parabola x = y 2 , 0 < 3/ < 1. 52 is the segment v - 1, 0 < u < 1, thus y - v = 1 and x = u 2 , so 0 < x < 1. The image is 
the line segment y = 1, 0 < x < 1. 5 3 is the segment u = 0,0<7;<l,sox = i/ 2 =0andj/ = w =;> 0 < 3/ < 1. The 
image is the segment x = 0, 0<j/<1. Thus, the image of 5 is the region R in the first quadrant bounded by the parabola 
x = y 2 , the y-axis, and the line y = 1. 





11. R is a parallelogram enclosed by the parallel lines y = 2s - 1, y = 2x + 1 and the parallel lines y = 1 - x, y = 3 - s. The 
first pair of equations can be written as y - 2x = -1, y - 2x = 1. If we let u = y - 2x then these lines are mapped to the 
vertical lines u = —1, u = 1 in the uu-plane. Similarly, the second pair of equations can be written as x + y = 1, s + y = 3, 
and setting v = x + y maps these lines to the horizontal lines v = 1, v = 3 in the uv-plane. Boundary curves are mapped to 
boundary curves under a transformation, so here the equations u = y — 2x, v = x + y define a transformation T~ 1 that 
maps R in the xy-plane to the square 5 enclosed by the lines u = -1, u = 1, v = 1, u = 3 in the wu-plane. To find the 
transformation T that maps 5 to we solve u = y - 2x, v = x + y for x, y: Subtracting the first equation from the second 
gives v - u = 3x =}> x = | - u) and adding twice the second equation to the first gives u + 2v = 3y => 
y = \{u + 2v). Thus one possible transformation T (there are many) is given by x = |(w - w), y = \{u + 2v). 



3 



-1 0 



v = 3 



v=l 
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13. R is a portion of an annular region (see the figure) that is easily described in polar coordinates as 

R = { (r, 0) | 1 < r < V2, 0 < 9 < ir/2 } . If we converted a double integral over R to polar coordinates the resulting region 
of integration is a rectangle (in the rfl-plane), so we can create a transformation T here by letting u play the role of r and v the 
role of 0. Thus T is defined by x = u cos v, y = it sin v and T maps the rectangle S = { (u, v) | 1 < u < y/2, 0 < v < n/2} 
in the tw-plane to R in the x?/-plane. 




15. 



d{x,y) 
d(u, v) 



2 1 
1 2 



1 



= 3 and x - 3y = (2u + ») - 3(u + 2v) = -u - 5v. To find the region S in the w-plane that 



17. 



corresponds to R we first find the corresponding boundary under the given transformation. The line through (0, 0) and (2, 1) is 
y = \x which is the image of u + 2v = i(2u + v) => v = 0; the line through (2, 1) and (1, 2) is x + y = 3 which is the 
image of (2u + v) + (u + 2w) = 3 => U + v = 1; the line through (0, 0) and (1,2) ay = 2x which is the image of 
u 4- 2v = 2(2u + => u = 0. Thus 5 is the triangle 0 < v < 1 - it, 0 < u < 1 in the uu-plane and 

' J'Ir (* - %) dA = ft J*- C-U - 5u) |3j dvdtt = -3/,, 1 [uv + f «»]^- du . 

= -8# ( W - + 1(1 - u) 2 ) = -3[±u 2 - - |(1 - u) 3 ]^ = -3(1 - | + f) = -3 

fl(s,g) _ 



d(u,v) 



2 0 
0 3 



= 6, x 2 = 4u 2 and the planar ellipse 9:r 2 + Ay 2 < 36 is the image of the disk u 2 + v 2 < 1. Thus 



JJ n x 2 dA = // (4n a )(6) dudv = JtSoi^r 2 cos 2 0) rdrdd = 24/^ cos 2 Odd ft r 3 dr 



19. 



(>(■>■.!/) 

d(u,v) 



1/v —u/v 
0 1 



= 24[ix+ isin2x]^ = 24(x)(i) = 6tt 

■ -, xu = u, y = x is the image of the parabola v 2 = u, y = 3x is the image of the parabola 



v 2 = 3u, and the hyperbolas xy = 1, xy = 3 are the images of the lines u = 1 and u = 3 respectively. Thus 



jj xydA = j j u {j^j dvdu = J u(\n V3u - In ^/u ) = f 3 win y^du = 41n >/3 = 21n3. 



21. (a) 



d(x,y,z) _ 



3 /•v / 3u 

o 0 0 



d(u,v,w) 



0 b 0 
0 0c 

ball u 2 + v 2 + w 2 < 1. So 



= aftc and since u = -,v = ~,w = - the solid enclosed by the ellipsoid is the image of the 



r B dV = ffj abcdudvdw = (abc) (volume of the ball) = \irabc 
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x 2 v 2 z- 

(b) If we approximate the surface of the earth by the ellipsoid gjjyjjj + g-jyp + 535(32 = then we can estimate 
the volume of the earth by finding the volume of the solid E enclosed by the ellipsoid. From part (a), this is 
ffJ B dV = |tt(6378) (6378) (6356) * 1.083 x 10 12 km 3 . 

(c) The moment of intcrtia about the z-axis is h = / ff E (x 2 + y 2 ) p(x, y, z) dV, where E is the solid enclosed by 

= abc and 



x 2 v 2 z 2 

-5- + 75- + ~5- = l. Asin part (a), we use the transformation a; = au, y = bv, z = cw, so 

a' fr &■ 

I z = JJJ E (x 2 +y 2 )kdV = JJf k{a 2 u 2 +b 2 v 2 )(abc)dudvdw 



d{x,y,z) 
d(u,v,w) 



= abck J* J 2 " $ (a 2 p 2 sin 2 <f cos 2 6 + b 2 p 2 sin 2 <f> sin 2 9) p 2 sin <f> dp dO d<j> 

= abck [a 2 /; J**£ (p 2 sin 2 <f cos 2 9) p 2 sin <fi dp d9 d<t> + b 2 J? f£ (p 2 sin 2 <f> sin 2 9) p 2 sin <j> dp d9 d<j>] 
= a 3 bck /; sin 3 <j> d<t> J? cos 2 9 d9 £ p 4 dp + ab 3 ck sin 3 Jf sin 2 0 d0 £ p 4 dp 
= a 3 6c/c[icos 3 0-cos^^ [±0 + ± sh^] 2 ,* [±p 5 ] J + afc 3 cA: [| cos 3 4 - cob*]* [|fl-J«to^]f [ip 5 ]i 
= a 3 6cfe (|) (tt) ft) + ab 3 ck (§) (tt) (f) = ±tt (a 2 + b 2 ) abck 



23. Letting u = x - 2y and u = 3a; - y, we have x = t(2v - u) and y = ?(v - 3u). Then ^' V \ 

o[u,v) 



-1/5 2/5 
-3/5 1/5 



1 
5 



and R is the image of the rectangle enclosed by the lines u = 0, u = 4, v = 1, and v = 8. Thus 



25. Letting u = y - x,v = y + x,v/e Have y = |(u + v), z = A(v - 11). Then ^ = 



-1/2 1/2 
1/2 1/2 



= - - and R is the 



image of the trapezoidal region with vertices (-1, 1), (-2, 2), (2, 2), and (1, 1). Thus 

ff cos- — -dA = f f cos- -i dudv = | / fusin-1 dv — \[ 2vsm{\)dv = fsinl 

27. Let u = x + y and v = — x + y. Then u + v = 2y => j/ = A(t* + 11) and w - v = 2x => x=^(u-v). 



d(x,y) _ 1 1/2 -1/2 
1/2 1/2 



-. Now \u\ = \x + y\< \x\ + \y\ < 1 => -1 < U < 1, and 



\v\ = \-x + y\<\x\ + \y\<l => -1 < v < 1. .R is the image of the square 

region with vertices (1, 1), (1, -1), (-1, -1), and (-1, 1). 

So JJ R e-+K dA = § & & e- dudv=\ [<| Li = « — 



> 














1 X 
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15 Review 



CONCEPT CHECK 



CHAPTER 15 REVIEW □ 289 



1. (a) A double Riemann sum of / is E E /(*«»»«) & A > where A ^ is *e area of each subrectangle and (x*,-, y^) is a 

i = 1 j = 1 

sample point in each subrectangle. If f(x, y) > 0, Ihis sum represents an approximation to the volume of the solid that lies 
above the rectangle R and below the graph of /. 

Tn n 

(b) jJ Il f(x,y)dA = lira E E /(««,»&) 

m.,n—oo i _ j j- _ j 

(c) If /(x, y) >0,JJ R f(x, y) dA represents the volume of the solid that lies above the rectangle R and below the surface 
z = /(z> V)- If / takes on both positive and negative values, Jf R f(x, y) dA is the difference of the volume above R but 
below the surface z = f(x, y) and the volume below R but above the surface z = f(x,y). 

(d) We usually evaluate Jf R f{x, y) dA as an iterated integral according to Fubini's Theorem (see Theorem 1 5.2.4). 

(e) The Midpoint Rule for Double Integrals says that we approximate the double integral / f R f(x, y) dA by the double 

m n 

Riemannsum E E f(xi,Vj) &A where the sample points (xi.j/,-) are the centers of the subrectangles. 

(f ) /„vc = jj^ f{x, y) dA where A(R)\s the area ofR. 

i 

2. (a) See (1) and (2) and the accompanying discussion in Section 15.3. 

(b) See (3) and the accompanying discussion in Section 15.3. 

(c) See (5) and the preceding discussion in Section 15.3. 

(d) See (6)-(l 1) in Section 15.3. 

3. We may want to change from rectangular to polar coordinates in a double integral if the region R of integration is more easily 
described in polar coordinates. To accomplish this, we use / f R f(x, y) dA = f£ j\J f(r cos 9, r sin 0) r dr dO where R is 
given by 0 < a < r < b, a < 9 < 0. 

4. (a)m = ff B p(x,y)dA 

(b) M x m ff D yp(x, y) dA, M y = ff D xp(x, y) dA 

(c) The center of mass is (x,y) where x = —*L and y = Mi., 

m m 

(d) h = f] D V 2 P(x, V) dA, 4 = Ifa J P {x, y) dA, fc = jf D (x 2 + rf)p{x, y) dA 

5. (a) P(a <X<b,c<Y<d) = £ £ f(x, y) dy dx 

(b) f(x, y) > 0 and ffa f(x, y) dA = 1. 

(c) The expected value of X is = f f R2 xf(x, y) dA; the expected value of Y is p. 2 =s fj R2 yf(x, y) dA. 
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290 □ CHAPTER 15 MULTIPLE INTEGRALS 

6. A(S) = ff D VlU&y)} 2 + [/•(*, v)] a + 1 dA 

I m n 

7. (a)lf) B f{x,y,z)dV= lim £ £ T, f ( x ijk , Vijk <z* jk )^.V 

l,m,n->ao i = 1 j =lk = l 

(b) We usually evaluate /( f B f(x, y, z) dV as an iterated integral according to Fubini's Theorem for Triple Integrals 
(see Theorem 15.7.4). 

(c) See the paragraph following Example 15.7.1 . 

(d) See (5) and (6) and the accompanying discussion in Section 1 5.7. 

(e) See (10) and the accompanying discussion in Section 15.7. 

(f) See (1 1) and the preceding discussion in Section 15.7. 

8. (a)m = fff B p(x,y,z)dV 

(b) My, s= Jff E xp{x, y, z) dV, M x . = fff E yp(x, y, z) dV, M X1J = fff E zp{x, y, z) dV. 

(c) The center of mass is (x, y, z) where x = ^£ y — , and z = . 

m m m 

m h = IIUV 2 + z 2 M*> V> *) h = IBd? + #>»fo *) ^, h = /Jj> 2 + y 2 )p(x, y, z) dV. 

9. (a) See Formula 15.8.4 and the accompanying discussion. 

(b) See Formula 15.9.3 and the accompanying discussion. 

(c) We may want to change from rectangular to cylindrical or spherical coordinates in a triple integral if the region E of 
integration is more easily described in cylindrical or spherical coordinates or if the triple integral is easier to evaluate using 
cylindrical or spherical coordinates. 

dx dy dx dy 
du dv dv du 

(b) See (9) and the accompanying discussion in Section 15.10. 

(c) See (1 3) and the accompanying discussion in Section 15.10. 

TRUE-FALSE QUIZ 

1. This is true by Fubini's Theorem. 
3. True by Equation 15.2.5. 

5. True. By Equation 15.2.5 we can write £ jg f(x) f(y) dy dx = £ f(x) dx /J f(y) dy. But £ f(y) dy = /J f(x) dx so 
this becomes /(x) dx ft f(x) dx = [/„* f(x) dx] , 

7. True: / f D s J\-x 1 - y 2 dA = the volume under the surface x? + y 2 + z 2 = 4 and above the x?/-plane 

= § (the volume of the sphere x 2 + y 2 + z 2 = 4) = § • §tt(2) 3 = ^?r 
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10. (a) 



d(x,y) 
d(u,v) 



dx/du dx/dv 
dy/du dy/dv 



CHAPTER 15 REVIEW □ 291 
9. The volume enclosed by the cone z = y/x 2 + y 2 and the plane z — 2 is, in cylindrical coordinates, 
V = StfoSr r dz dr d0 * So Vo /* dz dr d0 > 50 thc «»«««»« is false - 

EXERCISES 

1 As shown in the contour map, we divide R into 9 equally sized subsquares, each with area AA = 1. Then we approximate 
j'J R f(x, y) dA by a Riemann sum with m = n = 3 and the sample points the upper right corners of each square, so 



ff R f(x, y )dA* e ; 



i,Vi)AA 

= AA [/(l, 1) + /(l, 2) + /(1, 3) + /(2, 1) + /(2, 2) + /(2, 3) + /(3, 1) + /(3, 2) + /(3, 3)] 
Using the contour lines to estimate the function values, we have 

ff R f(x,y) dA « 1[2.7 + 4.7 + 8.0 + 4.7 + 6.7 + 10.0 + 6.7 + 8.6 + 11.9] « 64.0 

3. £ J 2 {y + 2xe») dx dy = £ [xy + *V] J * = J* (2y + 4e») dy = [y 2 + 4e»] 2 
= 4 + 4e 2 - 1 - 4e = 4e 2 - 4e + 3 

5 - /J Jo* cosC* 2 ) dy da: = /J [ cos(x 2 )y] v y Z X 0 dx = J* x cos(i 2 ) dx =s | sin(x 2 )] J = $ sin 1 

7- Jo" ,fo Sf^V^xdzdydx = £ £ [(ysinx^I^dy dx = /; /J y sin x dy dx 

= K - !/ 2 ) 3/2 sinx]^dx = /; I sinxdx = -| cos< „ f 

9. The region R is more easily described by polar coordinates: R = {(r, 9) \ 2 < r < 4, 0 < 9 < tt}. Thus 
ff R f(x, y) dA = /(r cos 0, r sin 9) r dr d9. 



11. 



r = sin20 



13. 




The region whose area is given by J 0 1T/ ' 2 /q'" 25 r dr d0 is 
{(r,0)|O<0<f,O<r< sin 29}, which is the region contained in the 
loop in the first quadrant of thc four-leaved rose r = sin 29. 

Jo /» C0B (y 2 ) d v = So So cos (v 2 ) dx dy 

= £ cos(y 2 ) [x]lZ v 0 dy = £ y cos(y 2 ) dy 



15. // a ye" dA = £ J 2 ye- dxdy = £ * = /oV" ~ D* " [I* 2 " - $ = " 3 - | = *e a - I 
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17. 



(1.1) 



1 v 




i 

fj D ydA = f>j«: v \jdxdy 

= J-(8y-2y*)dy=[tf-W}l= & 

_ tt3^ _ 8l£ 
"35 " 5 

V = Jo 3 1; C" XV dz dy dx = / 0 3 f* xy[z] ^ dy dx = / 0 3 £ zy (x + y) dy dx 
= tiJo'^y + *V 2 )dydx = j: [i.x 2 y 2 + J*J,*]£o ^ = £ + fx*) dx 



21. 




25. ^ dK = & jVjg- £ - « 2 - = 2 y V dx dz dy = £ /jjg, - V 2 -* 2 )dz dy 

= Jfjg (r 2 cos 2 0)(r 2 sin 2 f?)(l -r 2 )rdrd9 = jfj* ± sin 2 20(r 5 - r 7 
= C } (1 - cos4cJ) - |r«]^ d0 = * DP - I sin4C = & = £ 

27. JJ& y S dV = / 2 2 jy^jff yz dz dy dx = f_ 2 h/dy dx = j 0 7 0 2 ±r 3 (sm* 6) r 

= f /; sin 3 w= ¥ [- cos * + i <V »JJ - H 

29. K = j 0 2 /; (x 2 + 4y 2 ) dy dx = £ [x 2 2/ + ly*} £ dx = / 2 (3x 2 -|- 84) <fe = 176 
31. 




(0.0. 1)^ y + 2z = 2 

^ (0. 2, 0) 



V = /oJo"/o ( "" ,/2 dzdxdy = £jj (1 - ly) dxdy 

= / 0 2 (»-i»»)<fr = f 
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33. Using the wedge above the plane z = 0 and below the plane z = mx and noting that we have the same volume for m < 0 as 
for m > 0 (so use m > 0), we have 

V = 2f°' 3 f/^mxdxdy = 2/ 0 a ' 3 Im(a 2 - 9y 2 )dy = m[a*y - 3y 3 ] 0 a/3 = m(±a 3 - fa 3 ) = $ma». 
35. (a) m = J* f^ydxdy = J* (y-tf»)# = * - 1 = | 

(b) 14, = xy dzdy = g - v 2 ) 2 dy = -4(1 - y 2 ) 3 ]' = 4, 

M, = Jo 1 /; 2/ 2 ^*/ = £ (y 2 - y 4 )dy = & Hence = (|, *). 
00 T, = » 3 ^dv = Jo (V 3 -y 5 )dy = ± 

h = JoJo V v* 2 ^ = /o W - v 2 ) 3 *v = - y 2 ) 4 ]^ = 

/0-/. + ^-|,r = ^ = i "* ^=^,andf 2 = ^ = | » f=^. 



37. (a) The equation of the cone with the suggested orientation is (h - z) = | ^/x 2 + y 2 , 0 < z < /i. Then V = j7ra 2 /i is the 
volume of one frustum of a cone; by symmetry M yz = M xz = 0; and 



M IV = jf I zdzdA = l 11 r Z dzdrde^lr h - { a-r?dr 



irh-'a 



2 „2 



j-h-(h/a)^/x^ + ^ fit pa f(h/a)(a-T) 

J) 

Hence the centroid is (x, y , z) = (0, 0, \ h) . 

«-rrr M '*--r5*'-^- ! ?(f-<)- ! * 

39. Let Z? represent the given triangle; then D can be described as the area enclosed by the x- and y-axes and the line y = 2 - 2x, 
or equivalently D = {{x, y)|0<x<l, 0<y<2- 2x). We want to find the surface area of the part of the graph of 
z = x 2 + y that lies over D, so using Equation 15.6.3 we have 

A(s) = IL f+W+W dA = IL ^ i+(2 * )2+(i)2<M - /T 2 * v*+3?#* 

= £ [y ]lzl~ 2x dx = £(2 - 2x) JT+Wdx = jg 2 V2 + IxSdx - £ 2x s/2 + 4^ dx 

Using Formula 21 in the Table of Integrals with a = y/2, u = 2x, and du = 2 dx, we have 

jf 2 \/2 + 4x 2 = x y/2 + 4x 2 + In (2a; + a/2 + 4a; 2 ). If we substitute u = 2 + 4x 2 in the second integral, then 
du = 8xdxandf2xV2 + 4x 2 dx=\J^idu=\ ■ §u 3/2 = £(2 + 4x 2 ) 3/2 . Thus 

A(S)= [x V2 + 4x 2 + ln(2x + V2 + 4x 2 ) - |(2 + 4s 2 ) 3/2 ]^ 

= + In (2 + v/6) - £(6) 3 ' 2 - In y/2 + ^ = In 2±^ + a£ 
= ln( v / 2 + v / 3) + ^«1.6176 
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41. 




3 r-i/9-l 2 



(x 3 + xy 



r 3 /-v/9-x2 



x(x 2 +y 2 )dydx 



2 )dydx=[ P 

= f"_i% cos Ode j 3 rUr 

■Ml [Flo = 2- |(243) = ^ =97.2 



43. From the graph, it appears that 1 - x 2 = e x at x « -0.71 and at 
x = 0, with 1 - x 2 > e x on (-0.71, 0). So the desired integral is 

n D y 2 dA*f_ on j;r-v 2 d V dx 

= I/_° 071 [(l-*Y-e 3 *]dx 



1.25 




0.25 



-0.25 



45. (a) f{x,y) is a joint density function, so we know that f/ R2 f{x,y) dA = 1. Since f(x, y) = 0 outside the rectangle 
[0,3] x [0,2], we can say 

// R2 f(x, y) dA = J% f(x,y) dy dx = J 3 J 2 C(x + y) dy dx 

= Cf 3 [xy + iy 2 ]^ dx = Cf 3 (2x + 2)dx = C[x 2 + fag = 15C 

Then 15C = 1 => C = ±. 
(b) P(X <2,Y>1) = f(x,y)dydx = f 2 f 2 jg(x, V )dtt*t = ± f 2 [xy + \y 2 }^ dx 



(c) P(X + Y < 1) = P((X, y) e D) where D is the triangular region shown in 
the figure. Thus 

PiX + Y < 1) = ffp f(x,y) dA = Jo 1 Jo 1- * &(* + y) dydx 



= ^/ 0 1 [x(l-x) + I(l-x) 2 ]dx 

= ^/ 0 1 (l-x 2 )dx = ^[x-Ix 3 ]J = i 




1 jc 



47. 



2=l-y 




& ,/o ~" /(*. K *) dz dy dx = £ £~« /(x, |f, z) dx dy d* 
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CHAPTER 15 REVIEW □ 295 

49. Sincew = a;-yandu = a;+2/,a;= |(« + v) and y = ±{v-u). 

51. Let u = y - x and v = y + x so x = y - u = (v - x) - u x = ~(v - u) and y = w - \(v - u) = |(u + u). 

= l _ 2 (2) ~\{\) \ = I ~\ I = -R is the image under this transformation of the square 
with vertices {u, v) = (0, 0), (-2, 0), (0, 2), and (-2, 2). So 

/ L xydA = foil (I) = 1 J ° 2 [v2u ~ * = 1 f ° 2 (2u2 " 1 } du = * ^ - H! = 0 

This result could have been anticipated by symmetry, since the integrand is an odd function of y and R is symmetric about 
the x-axis. 

53. For each r such that D r lies within the domain, A(D r ) = -nr 2 , and by the Mean Value Theorem for Double Integrals there 
exists (x r ,y r ) in A such that / (x r , y r ) = jjp J j f{x,y) dA. But lim + (x r , y T ) = (a, b), 

so lim —-3 [f f{x,y)dA— lim f{x T ,y v ) — /(a, b) by the continuity of /. 
r _o+ irr z J Jd t t— .0+ 



Thus 



d(u,u) " 



1/2 1/2 
-1/2 1/2 



d(x,y) 




dx dy 


dx dy 


d{u,v) 






~dvdu 
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1. * 

5 



4 

3 

2+ 




Let fl = U? =I rti. where 

Ri = ({*.») I »+ 1/ > i + 2,x + y < i + 3, 1 < x < 3,2 < y < 5}. 

S 6 



x+ v = 5 



12 3 * 



//J* + y] (M = E /4 [x + yj dA = gj* + 2/1 /4 «H, since 
[x + yj = constant = i + 2 for (x, y) 6 Ri. Therefore 

= 3A(Ri) + AA{R 2 ) + 5A{R 3 ) + M(J*4) + 7A(R 5 ) 
= 3(i)+4(|)+5(2)+6(|)+7(I)=30 

= /J .il COs(t 2 ) dt dx = Jo /„'' COs(t 2 ) dx dt [changing the order pf integration] 

5. Since |xy| < 1, except at (1, 1), the formula for the sum of a geometric series gives — — — = E {xy) n > so 

1 xy n= o 

/ 0 7o dxdy = J 0 \Q E (*I/) n dxdy = £ dxdy = g [j* x" dx] [j* y» dyl 

71=0 71=0 n=0 L J L J 

= E^-^=Et^ = tW + ^ + --- = £,? =1 ^ 

/ 1= 0 




i ' 



n=0 



7. (a) Since \xyz\ < 1 except at (1, 1, 1), the formula for the sum of a geometric series gives = E (xyz) n , so 

i xyz n=0 

m 1 — L- dx dydz = f j f E W dxdydz=f: f f f (xyz) n dx dy dz 
t — xyz J 0 ,/ 0 J 0 n=0 n=0./0 Jo Jo 

= £ [/o *] [Jo 1 v" *] [Jo *" H-S^TT-^T-^Ti 
g 1 1,1,1, _ ^ J_ 

~^o(^TTp - 1^ + 23 + 33 + '-- r ^ 1 ^ 



(b) Since |-xy^| < 1, except at (1, 1, 1), the formula for the sum of a geometric series gives 



1 + xyz ,f^ 0 



= J2(-xyz) n , so 



1* f P T J—dxdydz= f f f ^i-^Tdxdydz = E f f f\-xyz) n dxdydz 
Jo Jo Jo i+xyz j 0 j 0 j 0 „ =0 t.=o Jo Jo Jo 

^ ~ (-1)" i i l 

„=5>(n+l) 3 l 3 2 3 ,3 3 



» (_ lr -, 

£fa n 3 
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298 □ CHAPTER 15 PROBLEMS PLUS 

To evaluate this sum, we first write out a few terms: s - 1_ ^ + ^ _ ^ + p _ ^ Si °- 8998 - Notice that 

a 7 = i < 0.003. By the Alternating Series Estimation Theorem from Section 1 1.5, we have \s - s e \ < a r < 0.003. 
This error of 0.003 will not affect the second decimal place, so we have s w 0.90. 



„ . „ „ . „ _, du du dx dudy dudz du . , du . n . 

9. (a) i = rcos0, y = rsinfl, z = z. Then — = — — + -3- + y 3- = 5- cos 9 + -3- sin 0 and 

or ox or ay or dz or ox dy 



dr 2 



= cos0 



d 2 udx d 2 u dy d 2 u dz 
dx 2 dr dydx dr dzdx dr 



+ sin< 



d 2 u dy d 2 u dx d 2 u dz' 
dy 2 dr dxdydr dzdydr 



d 2 w .».-.« d l u 



cos 0 sin0 



■. , du du . . du „ . 
Similarly — = — — r sin 0 + — r cos 0 and 
op ox oy 



d 2 u d 2 u , 



d 2 u 



d 2 u 



du 



du 



d 2 u ldu 1 d^ d 2 u d 2 u 2 „ d 2 u . „ d 2 u „ . . du cos0 dusinO 
^ + ro^ + ^W' + o^=d^^ e + W 2Sme + 2 oW X COSeSlne+ ^— + - 



dy r 



d^u n . d 2 u , „ 
: sin 2 61 + -Hr cos 2 0 - 2 



d 2 u 



dx?' 



dy 2 



sin 0 cos 0 



du cos 0 du sin 6 d 2 u 
~dx~ dy~r~ 'dz 2 



dx 2 + 8y 2 + dz 2 



(b) x = psin<j!>cos0, y = psin0sin0, z = pcos<f>. Then 

_ 3u5i dudy dudz _ du du ' , 

Tp-dx-Tp + diTp + d-zd-p- cos0 + -sin0 sm0 + ^cos0, 

dp 2 ~ Sm <t> COS ° [d^o-p + Qy-diQ-p + o7did~p\ 

\SPudy , _d 2 u dx , d 2 ^ dz 
[di/ 2 dp 



and 



+ sin0sin0 



dx dy dp dz di; dp 



9 [dz 2 dp + dx dz dp + dy dz Bp] 

= 2 sin 2 0 sin 9 cos 0 + 2 J^-jt- sin 0 cos 0 cos 0 + 2 J^i- sin <P cos sin 0 

&ydx dzdx dydz 

3 2 U . 2 . 2a , d 2 M . 2 J • 2 n I # 2 U 2 - 

+ 3^ «* a <W 0 + _ sm 2 0sm 2 0 + — cos 2 0 

_. ., , du du . du , . . du 

similarly — = — pcos</>cos0 + — pcos0sin0- — psin<j>>, and 
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50* = 2 dy^x ^ C ° s2 * S ' n 9 008 5 " 2 9^ ^ Sin * C ° S * C ° S 9 



„ d u 2., , , - 3 u j o, 2/ . d u , , , . , „ 
- 2 p sin 0 cos 0 sin 0 + ^-r p cos 0 cos" 0 + ^-y p" cos 0 sir 0 

a?/ £72 Co;-' c*jr 

+ |^p 2 sin 2 0- |^psin0cre(9- |%sin0sin0- ^pcos0 



.du du . . du . , .. 

kn&—= -— psm0sin0 + — psin0cos0, while 

C^U 9 2 U -> o , » . n 0 2 U 0.9, ,'« j, 



+ gj-y p 2 sin 2 0 cos 2 0 - p sin 0 cos 0 - |2 p sin 0 sin 0 



Therefore 



d 2 u 2du cot 0 du 1 d 2 n _1 c^u 

dp* + pdp + p 2 90 p 2 50 2 p 2 sin 2 0d0 2 

dx 2 



= |^ [(sin 2 0 cos 2 0) + (cos 2 0 cos 2 0) + sin 2 0] 



+ 0 [(sin 2 0 sin 2 0) + (cos 2 0 sin 2 0) + cos 2 9] + ^ [cos 2 0 + sin 2 0] 

[ 2sin 2 0 cos0 + cos 2 <j> cos0 - sin 2 0 cos0 - cos0 ~| 
da; [ psin0 _ J 

I" 2 sin 2 0 sin 0 + cos 2 <j> sin 0 - sin 2 0 sin 0 - sin 0 1 
dy [ psin0 

But 2 sin 2 0 cos 0 + cos 2 0 cos 6 - sin 2 0 cos 0 - cos 0 = (sin 2 0 + cos 2 0 - 1) cos 0 = 0 and similarly the coefficient of 
du/dy is 0. Also sin 2 0cos 2 0 + cos 2 0cos 2 0 + sin 2 0 = cos 2 0 (sin 2 0 + cos 2 0) + sin 2 0=1, and similarly the 
coefficient of d 2 u/dy 2 is 1. So Laplace's Equation in spherical coordinates is as stated. 

«• So So So /(*) dtdz d v = Sik /(*) ^ where »i 

-B = {(*, y) I 0 < t < z, 0 < z < y, 0 < u < x}. 
If we let D be the projection of E on the yt-plane then 
D = {(y, t) \ 0 < t < x,t < y < x}. And we see from the diagram 
that E = {(t,z,y) \ t < z < y, t < y < x, 0 < t < x}. So 

J5TJ7JC /(*) di * d y = Sol?!! /(*) dz * * = £ LA" C* - *) f® M «a 

■ = io : [(Iv 8 - ty)f(t)}li: dt = /; [lx 2 -tx- \t 2 + t 2 }f(t) dt 

= /; [\x 2 -tx + i« 2 ] nt) dt = /; (i* 2 - 2tx + * 2 )/(t) dt 

= \I 0 x {x-tff{t)dt 
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300 □ CHAPTER 15 PROBLEMS PLUS 



13. The volume is V = Jff R dV where R is the solid region given. From Exercise 15.10.21(a), the transformation X = au, 
y = bv,z = cw maps the unit ball u 2 + v 2 + w 2 < 1 to the solid ellipsoid 



a + r + w = 1 



4 + £ + 4<i with The 

a 2 6 2 c 2 8(«,W,w) 



transformation maps the 




X 11 Z ' 

plane u + v + w = 1 to - + ^ + - = 1. Thus the region R in xyz-spaw 

corresponds to the region S in ttuu;-space consisting of the smaller piece of the 
. unit ball cut offby the plane u + v + w = l, a "cap of a sphere" (see the figure). 
We will need to compute the volume of S, but first consider the general case 
where a horizontal plane slices the upper portion of a sphere of radius r to produce 
a cap of height h. We use spherical coordinates. From the figure, a line through the 
origin at angle <f> from the z-axis intersects the plane when cos <j> = (f - li) /o =s> 
a = (r - h)j cos cj>, and the line passes through the outer rim of the cap when 
a = r cos </> = (r - h)/r =>• ij> = cos -1 ((r - h)/r). Thus the cap 
is described by {(p, 9, cp) | (r - h)/ cos <j> < p < r, 0 < 9 < 2tt, 0 < <j> < cos" 1 ((r - h)/r) } and its volume is 




rlir pcos 1 ((r-)i)/r) [13 • i] P—v 

= Jo Jo IIP sm ^ P =(,-/,)/co^ 



cos 1 {(,r-h)/r) 



' 3 . , (r - h) 3 . , 

r sin <b - t-t- sin <h 

cos 3 4> 



d(f>d0 



d9 



= 3/7 

a Jo Jo 

- i c [-s «•« -Hr-hf «.-> <:r"'«' J ""' * 

= I io "(i^ " 5^) <« = mrh 2 - \h>){2*) = nh 2 (r - \h) 

(This volume can also be computed by treating the cap as a solid o f revolution and using the single variable disk method; 
see Exercise 5.2.49 [ET 6.2.49].) 

To determine the height h of the cap cut from the unit ball by the plane 
u + v + w = 1, note that the line u = v = w passes through the origin with 
direction vector (1, 1, 1) which is perpendicular to the plane. Therefore this line 
coincides with a radius of the sphere that passes through the center of the cap and 
h is measured along this line. The line intersects the plane at (j, |, |) and the 

sphere at (j-, ^jj, -j^j . (See the figure.) 



line «=»=» 




plane it + v + w — I 



© 2012 Cengage Learning. All Rights Reserved. May ml be scanned, copied, or duplicated, or posted 10 a publicly accessible website, in whole or in part. 

www.elsolucionario.net 



CHAPTER 15 PROBLEMS PLUS □ 301 



The distance between these points 'ah = = - = 1- -fa. Thus the volume of R 

= abc ■ *fc»(r - |k) = ofe. r(l - [l - | (i - £)] 



is 
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16 □ VECTOR CALCULUS 



16.1 Vector Fields 



I. F{x,y) =0.3i-0.4j 

AH vectors in this field are identical, with length 0.5 and 
parallel to {3, -4>. 



3. F(x,y) = -ii + (»-*)J 

The length of the vector — — x) j is 

\J\ + iv - X Y- Vectors along the line y = x are 
horizontal with length ^. 



9. F(x,y,z) = ik 

At each point (x, y, z), F(x,y, z) is a vector of length \x\. 
For x > 0, all point in the direction of the positive z-axis, 
while for x < 0, all are in the direction of the negative 
z-axis. In each plane x = k, all the vectors are identical. 



\ \ 



\ \ 
\ \ 



\ 



A 



/ 



2 x 



5. F(z,y) = 
The length 


yi + xj 

s/x 2 + y 2 

of the vector v . i + xi is 1. 


y 

\ V* 

\ \ N 


V? t 

1 1 , 




' I £ 


\ \ Y 
^\ \ 


7. F(x,y,z) 
All vectors 
length L 


= k 

in this field are parallel to the s-axis 


2, 

and have i 
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304 □ CHAPTER 16 VECTOR CALCULUS 



11. F(x, y) = (x, -y) corresponds to graph IV. In the first quadrant all the vectors have positive x-components and negative 
y-components, in the second quadrant all vectors have negative x- and y-components, in the third quadrant all vectors have 
negative x-components and positive y-components, and in the fourth quadrant all vectors have positive x- and y-compdnents. 
In addition, the vectors get shorter as we approach the origin. 

13. F(x, y) - <y, y + 2) corresponds to graph I. As in Exercise 1 2, all vectors in quadrants 1 and II have positive x-components 
while all vectors in quadrants III and IV have negative x-components. Vectors along the line y = -2 are horizontal, and the 
vectors are independent of x (vectors along horizontal lines are identical). 

15. F(x, y y x) == i + 2j + 3 k corresponds to graph IV, since all vectors have identical length and direction. 

17. F(x, y, z) — x i + y j + 3 k corresponds to graph III; the projection of each vector onto the xy-plane is x i + y j, which points 
away from the origin, and the vectors point generally upward because their z-components are all 3. 

19. 



4.5 



-4.5 





. r 


\ \ > < ■ 


. . . . i 


u » . • 


. ■ . , i 


I I . . ■ 


■ ■ . i i 


1 1 . ■ 


■ . i i 


| 1 . • 


... i i 


1 1 • • ' 


... i 1 


1 1 ■ ■ ■ 


■ ' 1 ' 1 


I . . ■ ■ 


■ - » v V 


1 . . . . 

\ 


• - * \ \J 



The vector field seems to have very short vectors near the line j/ = 2x. 
For F(x, y) = (0, 0) we must have y 2 - 2xy = 0 and 3xi/ — 6x 2 = 0. 
4-5 The first equation holds if y = 0 or y = 2x, and the second holds if 

x = 0 or y = 2x. So both equations hold [and thus F(x, y) = 0] along 
the line y = 2x. 



-4.5 



21. f(x,y) = xe'» ^ 

V/(x, y) = U{9, y) i + /„ (x, y) j = (a«*» • y + + (xe*» • x) j = (xy + l)e*" i + 

y 



23. V/(x,y,z) = f x (x,y,z)i + f v (x,y,z)j + f;(x,y,z)k = 



j + 



v/? + y 2 + ; 2 v/x 2 +y 2 + z 2 v/x 2 +y 2 + z 2 



25. f(x,y) 



V 



V/(x,y) = 2xi-j. 



The length of V/(x, y) is V4x 2 + 1. When x / 0, the vectors point away 
from the y-axis in a slightly downward direction with length that increases 
as the distance from the y-axis increases. 



2x 



4y 



27. We graph V/(x, y) = ^ . , j 

a contour map of /. 



j along with 



The graph shows that the gradient vectors are perpendicular to the 
level curves. Also, the gradient vectors point in the direction in 
which / is increasing and are longer where the level curves are closer 
together. 




© 2012 Ccngage Learning. All Rights Reserved. May nol be scanned, copied, or duplicated, or posted to a publicly accessible website, in whole or in pan. 

www.eisoiucioiiaho.iiei 



SECTION 16.2 LINE INTEGRALS □ 305 

29. /(«, y) = x 2 +y 2 V/(x, y) = 2x i + 2yj. Thus, each vector V/ (x, y) Has the same direction and twice the length of 
the position vector of the point (x, y), so the vectors all point directly away from the origin and their lengths increase as we 
move away from the origin. Hence, V/ is graph III. 

31. /(x, y) = (x + y) 2 =# V/(x, y) = 2(x + y) i + 2(x + ?/) j. The x- and y-components of each vector are equal, so all 
vectors are parallel to the line y = x. The vectors are 0 along the line y = -x and their length increases as the distance from 
this line increases. Thus, V/ is graph II. 

33. At t = 3 the particle is at (2, 1) so its velocity is V(2, 1) ?= (4, 3). After 0.01 units of time, the particle's change in 



I be approximately at the 







location should be approximately O.G 
point (2.04,1.03). 

35. (a) We sketch the vector field F(x, y) = xi — y j along with 
several approximate flow lines. The flow lines appear to 
be hyperbolas with shape similar to the graph of 
y = ±l/x, so we might guess that the flow lines have 
equations y = C/x. 



(b) If x — x(t) and y = y(t) are parametric equations of a flow line, then the velocity vector of the flow line at the 
point (x, y) is x'(t) i + y' {t) j. Since the velocity vectors coincide with the vectors in the vector field, we have 
x'(t) i + y'(t) j = x i - y j => dx/dt = x, dy/dt = -y. To solve these differential equations, we know 
dx/dt = x => dx/x = dt => In |x| = t + C => x = ±e t + c — Ae % for some constant A, and 
dy/dt = -y dy/y = -dt => In \y\ = -t + K => y = ±e _t + K = Be~ l for some constant B. Therefore 
xy = Ae t Be~ t = AB = constant. If the flow line passes through (1, 1) then (1) (1) = constant =1 => xy = \ => 
y = 1/x, x > 0. 

16.2 Line Integrals 

I. x = t 3 and y = t, 0 < t < 2, so by Formula 3 



= A j K + 1)""]' - A<i«"'' - »« A (i« vTB-i) 

3. Parametric equations for C are x = 4 cost, 2/ = 4sint, — § < i < f . Then 

f c xy 4 ds = JT^ 2 (4 cos t) (4 sin t) 4 v/(-4sini) 2 + (4 cost) 2 = /T^ 2 4 5 cos i sin 4 1 ^/16(sin' J t + cos 2 t) dt 
= e /:^ 2 (sin 4 tcost)(4)dt = t]^ = 1638.4 
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306 □ CHAPTER 16 VECTOR CALCULUS 
5. If we choose x as the parameter, parametric equations for C are x = x, y = Vx for 1 < x < 4 and 

/ c (xV-^)dy = /;[x 2 .(^) 3 -^]^dx=I/ 1 4 (^ 3 -l)^ 



7. 


> 




(2. 1) 


C = Ci +C 2 












On (7i : x = x, y = 


±x =>• dy = §dx, 0 < x < 2. 




0 




(3,0) .t 


On C2: x = x, y = 


3 - x =► dy = -dx, 2 < x < 3. 



/ c (x + 2y) dx + x 2 dy = f Ci (x + 2y) dx + x 2 dy + (x + 2y) dx + x 2 dy 

= / 2 [x + 2 (ix) + x 2 (I)] dx + / 2 3 [x + 2(3 - x) + x 2 (-l)] dx 
= J 2 (2x+ix 2 )dx + / 2 3 (6-x-x 2 )dx 

= [* 2 + ^] 2 + [6x-ix 2 -Ix^ = f -0 + f-f = § 
9. x = 2sint, y = 4, z = -2cosf, 0 <t< ir. Then by Formula 9, 

f c xyzda =/;(2sini)( i )(-2co S t) V / (f ) 2 + f| ) a + (%f dt 

= /* -4<sint cos t y/{2 cosi) 2 + (l) 2 + (2 sin t) 2 dt = /„* -2tsin2t ^(cos 2 t + sin 2 i) -f 1 dt 

= -2 V5 /; t sin » A = -2 [- 1| cos 2t + | sin »] J [^*J2££ ] 

= -2>/5(-f -0) = n/5tt 

11. Parametric equations for C are x = t, y = 2t, z = 3t, 0 < t < 1. Then 

/ c xe«" ds = £ te^^F+F+FlB = v^i/J te^dt = 7U [^e 6 ^ = #(e 6 - 1). 

13. / c xye- dy = gWfrtWi • 2t dt = /J *«✓ £ = = f (e 1 - e°) = f (e - 1) 

15. Parametric equations for C are X = 1 + 3i, y = t, z = 2t, 0 < t < 1. Then 

/ c z 2 dx + x 2 dy + y 2 dz = J,, 1 (2t) 2 •Zdt+(l+ 3t) 2 dt + f 2 • 2 dt = f* (23t 2 + 6t + l) dt 
= [ft 3 + 3(2+ ^ = f +3 + l = f 

17. (a) Along the line x = -3, the vectors of F have positive y-components, so since the path goes upward, the integrand F • T is 
always positive. Therefore / Ci F ■ dr = / Ci F • Tds is positive. 
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(b) All of the (nonzero) field vectors along the circle with radius 3 are pointed in the clockwise direction, that is, opposite the 
direction to the path. So F • T is negative, and therefore F • dr = f Ca F • T da is negative. 

19. r(t) = llt 4 i + t 3 j,,soF(r(f!)) = (ll< 4 )(t 3 ) i + 3(t 3 ) 2 j = lit 7 i + 3t 6 j and r'(t) =44* 3 i + 3t 2 j. Then 

J C F • dr = F(r(t)) ■ r'(t) dt = • 44t 3 + 3t 6 • 3t 2 ) dt = J 0 1 (484t 10 + 9t 8 ) dt = [44t n + t 9 } \ = 45. 

21. / c F • dr = (*hxi» cos(-f. 2 ), (*) • (3t 2 , -2t, 1) d( 

= /^(St'sin* 3 -2tcost 2 + t 4 )dt = [- cos t 3 - sin r 2 + fi 5 ]^ = f - cos 1 -sinl 

23. F(r(i)) = (e e ) (e- {2 ) i + sin ( e -' a ) j = e 1 " 1 " i + sin(e t2 ) j, r'(t) = e f i - Ite^ j. Then 

| F • dr = J* F(r(t)) • r'(t) dt = £ [e'-'V + sin( e -' 2 ) • (-'»*"***)] dt 

= j [e 2i_t2 - 2te~ t2 sin(e"' 2 )] dt « 1.9633 

25. x = « 2 , j/ = £ 3 , z = t 4 so by Formula 9, 

/ c *sin(i/ + z) ds = / 0 5 (t 2 ) sin(4 3 + t 4 )>/(2t) a + (3t 2 ) 2 + (4^)^ 

= / 0 S t 2 sin(t. 3 + f 4 ) v^t 2 + 9r. 4 + m 6 dt « 15.0074 

27. We graph F(«, y) = (» - j/) i + xy j and the curve C. Wc see that most of the vectors starting on C point in roughly the same 
direction as C, so for these portions of C the tangential component F ■ T is positive. Although some vectors in the third 
quadrant which start on C point in roughly the opposite direction, and hence give negative tangential components, it seems 
reasonable that the effect of these portions of C is outweighed by the positive tangential components. Thus, we would expect 
f c F ■ dr = f c F • T ds to be positive. 

To verify, we evaluate f c F • dr. The curve C can be represented by r(t) = 2 cos t i + 2 sin t j, 0 < t < 3 f : , 
soF(r(t)) = (2cost - 2sint) i + 4costsint j and r'(t) = -2sinti + 2costj. Then 

j c F.dr=/ 0 ^ 2 F(r(t.)).r'(t.)d* 

= ft' 2 [-2 sin t(2 cos t - 2 sin t) + 2 cos t(4 cos t sin t)] dt 
= 4 ft' 2 (sin 2 t - sin * cos t + 2 sin t cos 2 1) dt. 
= 37r + § [using a CAS] 

-2.5 

29. (a) / C F ,dr = £ cV*-\t*} • <^3t 2 >dt = £ + St 7 ) dt = [e' 2 " 1 + ft»]* = % - l/e 
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308 □ CHAPTER 16 VECTOR CALCULUS 
(b)r(0) = O, F(r(0)) = (e- 1 ,0); 

<*HMi}. F ( r W)=( e " 1/2 ^>= 

r(l) = (l,l), F(r(l)) = (l,l). 

In order to generate the graph with Maple, we use the line command in 
the plottools package to define each of the vectors. For example, 
vl:=line([0,0], ■ [exp(-l) , 0] ) : 



2.1 



{ 






F(r(l))/ 




/MM 

WW) 





2.1 



-0.2 



generates the vector from the vector field at the point (0, 0) (but without an arrowhead) and gives it the name vl. To show 
everything on the same screen, we use the display command. In Mathematica, we use ListPlot (with the 
Plot Joined - > True option) to generate the vectors, and then Show to show everything on the same screen. 

31. i = e~' cos4i, i/ = e"'sin4t, z = e~', 0 < t < 2tt . 



Then 



^ = e-'(cos4*)(4) - e-' sin4* = - e -'(-4cos4t + sin 4/:), and ^ = -e" ( , so 



dx 

~di. 



= e" 1 ( - sin At) (4) - e~ 1 cos At = -e~ l (4 sin At + cos At), 



dz 



Therefore 



]j (f ) 2 + (S ) 2 + (^). 2 = Vi-^m^At + cos4t) 2 + (-4cos4( + sin 4^ + 1] 

= e- 1 v/l6(sur At + cos 2 At) + sin 2 At + cos 2 At + 1 = 3v^e'' 

j c x 3 y 2 zds = jffr 4 cos4i) 3 (e- t sin 4t) 2 (e"') (3 s/2e~ f ) dt 

= /** 3 e'-" cos* 41 sin 2 At dt = V2(l- e~^) 



33. We use the parametrization x = 2 cost, y = 2sint, -f < t < f . Then 

ds = f + {^f dt = v^sint) 2 * (2 cos t) 2 c/t = 2c/t, so m = / c feds = 2fc /^f /2 dt = 2fc(7r), 

* = 3*5 r c xfc rfs = i (2 cos 02 dt = £ [4 sin i] ^ = = & / 0 irfTcfa = £ f% ( 2 *n*)2* = 0. 

Hence (x,y) = (£.0). 

35. (a) x = — f xp(x, y,z)ds,y = — I yp(x, y,z)ds,z = — f zp{x, y,z)ds where m = J c , p{x, y, z) ds. 



(b) m = J c kds = k / 0 2 * v / 4sin 2 t + 4cos 2 t + 9 dt = k s/13 ft" dt = 27rfc VlZ, 

x = 1 —= f* 2fe-/l3 sintdi = 0, F = 1 —= / 2fe cosf.rfi = 0, 

27rfeVT3yo 2xfcV13yo 

* = ^7i5 jf * (* W d * = J; ( 27r2 ) = 37r - Hence - (°- °- 37r >- 
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SECTION 16.2 LINE INTEGRALS □ 309 

37. From Example 3, p(x, y) = k(l - y), x = cos t, y = sin t, and ds = dt, 0 < t < n 

/* = | c j/ 2 p(*. y) ds = /o" sin 2 t [fc(l - sin t)] dt = k /"(sin 2 t - sin 3 1) dt 

= ±kK(l-co S 2t)dt-kf 0 "(l-cos>t) Sl ntdt ^Z££££?**] 

=*[t +/ 1 _1 (i-" 2 )H =*(t -t) " 

I y = f c x 2 p{x, y)ds = k ft cos 2 t (1 - sin t) dt = f J*(l + cos 2t) dt - k j* cos 2 t sin t dt 
= fc(f - |) , using the same substitution as above. 

39. W = f c F • dr = J 2 " (t - sint, 3 - cost} • (1 - cost, sinf) dt 
= So" (t-tcost- sin t + sin t cos t + 3 sin t - sin t cos t) dt 
• =/-(t-tcost + 2 S int)dt= [^-(tsint + cost)-2c OS t] 2 ' r [H25E] 
= 2tt 2 

■ 41. r(t) = (2t,t,l -t), 0 < t < 1. 

W = f c F • dr = £ (2t - t 2 , t - (1 - t) 2 , 1 - t - (2t) 2 } • (2, 1, -1) dt 

= £ (4t - 2t 2 + t - 1 + 2t - t 2 - 1 + t + 4t 2 ) dt = j l 0 (t 2 + 8t - 2) dt = [ft 3 + 4t 2 - 2t]J = f 

43. (a) r(t) = at 2 i + 6t 3 j * v(t) = r'(t) = 2at i + 36t 2 j ^ a(t) = v'(t) = 2a i + 66tj, and force is mass times 
acceleration: F(f) = ma(t) = 2mai 4- 6m6t j. 

(b) = / c F dr=/ 0 1 (2mai + 6mMj)- (2ati + 36t 2 j)dt = / 0 1 (4mtt 2 t + 18m6 2 t 3 )dt 
= [2ma 2 t 2 + f m6 2 t 4 ]J = 2ma 2 + f mb 2 

45. Let F = 185 k. To parametrize the staircase, let x = 20 cos t, y = 20 sin t, * = |gt a Mt, 0 < t < 6tt 

W = / c F • dr = C (0,0, 185) • (-20 sint, 20 cos t, f) dt = (185)f Jf dt = (185)(90) H 1.67 x 10 4 ft-lb 

47. (a)r(t) = (cost.sint), 0 < t < 27r, and let F = {a,b). Then 

W = f c F • d r = I f (a, b) ■ (- sin f , cos t) dt = j£" (-a sin t + 6 cos t) dt = [a cos t + b sin t] 2 " 
= a + 0-a + 0r= 0 
(b) Yes. F (x, y) = fex = (fcr, ky) and 

W = / c F • dr =f 2 * (fc cost, A; sint) • {-sint, cost) dt = /^(-fcsint cost + fcsint cost) dt = f Q 2 "0dt = 0. 

49. Letr(t) = {x(t),y(t), z(t)) and v = (vi,V2,v 3 ). Then 

/ c v • dr = £ (»,, «a, «*) ■ <x'(t), j,'(t), *'(«)> dt = £ ft* x'(t) + v 2 y'{t) + v 3 z'{t)\ dt 

= [vi x(t) + v 2 y(t) + v 3 z(t)] a = [vi x(b) + V2 y{b) + v 3 z(b)] - [vi x(a) + v? y(a) + v 3 z(a)] 

= v x [x(b) - x(a)} + v 2 [y(b) - y(a)] + v 3 [z(b) - z(a)] 

= (vi,v 2 ,v 3 ) ■ (x(6) - x(a),y(b) - y(a), z(b) - z(a)) 

= (vi,v 2 ,v 3 ) ■ [{x(b),y(b),z(b)) - <x(a), y(a), z{a))} = v [r(6) - r(a)] 
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310 □ CHAPTER 16 VECTOR CALCULUS 

51. The work done in moving the object is f c F ■ dr = / c F • T ds. We can approximate this integral by dividing C into 

7 segments of equal length As = 2 and approximating F • T, that is, the tangential component of force, at a point «, i/,* ) on 
each segment. Since C is composed of straight line segments, F • T is the scalar projection of each force vector onto C. 
If we choose (x* , y* ) to be the point on the segment closest to the origin, then the work done is 

f c F ■ Tds w £ [F(x* ,y*) • Tfy&affl As = [2 + 2 + 2 + 2 + 1 + 1 + 1](2) = 22. Thus, we estimate the work done to 

i = 1 

be approximately 22 J. 

16.3 The Fundamental Theorem for Line Integrals 

I. C appears to be a smooth curve, and since V/ is continuous, we know / is differentiable. Then Theorem 2 says that the value 
of f c V/ ■ dr is simply the difference of the values of / at the terminal and initial points of C. From the graph, this is 

50 - 10 = 40. 

3. d[2x - 3y)/dy = -3 = d{-3x + Ay - 8)/dx and the domain of F is E 2 which is open and simply-connected, so by 
Theorem 6 F is conservative. Thus, there exists a function / such that V/ = F, that is, f x [x, y) = 2x - 3y and 
f y {x, y) = -3.T + Ay - 8. But f x (x, y) = 2.r - 3?/ implies f(x, y) = x 2 - 3xy + g(y) and differentiating both sides of this 
equation with respect to y gives f y (x,y) = -3x + g'(y). Thus -3x + Ay - 8 = -3a: + g'{y) so g'(y) = Ay - 8 and 
g(y) = 2?/ 2 - 8y + K where K is a constant. Hence f(x, y) = x 2 - 3xy + 2y 2 - 8y + K is a potential function for F. 

5. d(e x cosy)/dy = — e x siny, d(e x siny)/dx = e 3 siny. Since these are not equal, F is not conservative. 

7. d(ye x + siny)/dy = e x +cosy = d{e x +xcosy)/dx and the domain of F is R 2 . Hence F is conservative so there 
exists a function / such that V/ = F. Then /*(*, y) = ye x + siny implies f{x, y) = ye x + x sin?/ + g(y) and 
fv(x,y) = e x + xcosy + g'{y). Bvstf y (x,y) = e x + x cosy so g(y) = K and f(x,ij) = ye x + x sin y + K is a potential 
function for F. 

9. d{\sxy + 2xy 3 )/dy = l/y + 6xy 2 = d(3x 2 y 2 +x/y)/dx and the domain of F is{(x,y) \ y > 0} which is open and simply 
connected. Hence F is conservative so there exists a function / such that V/ = F. Then f x (x, y) = In y + 2xy 3 implies 
f(x,y) = x\ny + x 2 y 3 + g{y) and f y (x,y) = x/y + 3x 2 y 2 + g'(y). But/„(x,y) = 3x 2 y 2 + x/y so g'(y) = 0 ^> 
g{y) = K and /(s, y) = xhiy + x 2 y 3 + K is a potential function for F. 

II. (a) F has continuous first-order partial derivatives and ^ 2xy = 2x = — (x 2 ) on R 2 , which is open and simply-connected. 

Thus, F is conservative by Theorem 6. Then we know that the line integral of F is independent of path; in particular, the 
value of f c F ■ dr depends only on the endpoints of C. Since all three curves have the same initial and terminal points, 
J c F • dr will have the same value for each curve. 
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SECTION 16.3 THE FUNDAMENTAL THEOREM FOR LINE INTEGRALS □ 311 

(b) We first find a potential function /, so that V/ = F. We know / x (x, y) = 2xy and f y {x,y) = x 2 . Integrating 
/r(x, y) with respect to w, we have f(x, y) = x 2 y + g(y). Differentiating both sides with respect to y gives 
fy{x, y) =x 2 + g'(y), so we must have x 2 + g'(y) = x 2 g'{y) = 0 g(y) = K,a constant. 
Thus f{x, y) = x 2 y + K. All three curves start at (1, 2) and end at (3, 2), so by Theorem 2, 
f c F ■ dr = /(3, 2) - /(l, 2) = 18 - 2 = 16 for each curve. 

13. (a) /„(*, 1/) = xy 2 implies /(a:, y) = ±x 2 y 2 + S (y) and /„(x, y) = x 2 y + g'{y). But / y (i, y) = x 2 y so </(y) = 0 => 
#(y) = jFC, a constant. We can take K = 0, so f(x, y) = \x 2 y 2 . 

(b) The initial point of C is r(0) = (0, 1) and the terminal point is r(l) = (2, 1), so 
r c F-dr = /(2,l)-/(0,l) = 2-0 = 2. 

15. (a) f x (x,y,z) = yz implies f(x,y, z) = xyz + g(y, z) and so f y {x,y,z) = xz +g v (y,z). But f y {x,y,z) = xz so 
9v(v< z ) = 0 => g(y,z) = h(z). Thus f{x,y,z) = xyz + h(z) and f z (x,y,z) = xy + h'(z). But 
f z (x, y, z) = xy + 2z, so h'(z) =1z h{z) = z 2 + K. Hence /(x, y, z) = xyz + z 2 (taking K = 0). 

(b) f c F • dr = /(4, 6, 3) - f (CO, -2) - 81 - 4 = 77. 

17. (a) /^(x, I/, *) = yze xz implies /(*, y, 2) = ye" + £,(y, z) and so f y (x, y, 2) = e xz + £t v (y, z). But f y (x, y, z) = e xz so 
9v(Vi z) = 0 =► g(y, z) = /i(z). Thus f(x,y, z) = ye xz + h{z) and / = (x,y, z) = xye xz + h'(z). But 
/*(*, y, z) = xye XI , so /i'(z) =0 => /i(z) = K. Hence f(x,y,z) = ye xz (taking K = 0). 

(b) r(0) = (1, -1, 0), r(2) = (5, 3, 0) so f c F • dr = /(5, 3, 0) - /(l, -1, 0) = 3e° + e° = 4. 

19. The functions 2x6^" and 2y - x 2 e~" have continuous first-order derivatives on R 2 and 

— (2xe~") = -2xe~ v = — (2y - x 2 e _y ), so F(x,y) - 2xe~ v i + (2y - x 2 e~'')j is a conservative vector field by 

Theorem 6 and hence the line integral is independent of path. Thus a potential function / exists, and f x {x, y) = 2xe~ y 
implies /(x,y) = x 2 e~ v + g(y) and f y (x,y) = -x 2 e~ y + g'(y). But f y (x,y) = 2y- x 2 eT v so 
g'{y) = 2y p(y) = y 2 + K. We can take K = 0, so f(x, y) = x 2 e~ y + y 2 . Then 

f c 2xe-» dx + (2y - x 2 c' y ) dy = f(2, 1) - /(l, 0) = Ae~ l + 1 - 1 = 4/e. 

21. If F is conservative, then f c F ■ dr is independent of path. This means that the work done along all piecewise-smooth curves 
that have the described initial and terminal points is the same. Your reply: It doesn't matter which curve is chosen. 

23. F(x, y) = 2y 3/2 i + 3x y/y j, W m f c F • dr. Since d(2y 3/2 )/dy = 3 y/y <= d(3x y/y )/dx, there exists a function / 
such that V/ = F. In fact, f x (x,y) = 2y 3/2 =* f(x,y) = 2xy 3/2 +g{y) => f v (x,y) = 3xi/ 1/2 + g'(y). But 
/« (x, y) = 3x ^/y so g'{y) = 0 or y(y) = K. We can take A" = 0 s» /(x, y) = 2xy 3/2 . Thus 
= J c F ■ dr = /(2, 4) - /(l, 1) = 2(2)(8) - 2(1) = 30. 
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312 □ CHAPTER 16 VECTOR CALCULUS 



25. We know that if the vector field (call it F) is conservative, then around any closed path C, f c F • dr — 0. But take C to be a 
circle centered at the origin, oriented counterclockwise. All of the field vectors that start on C are roughly in the direction of 
motion along C, so the integral around C will be positive. Therefore the field is not conservative. 



27. 
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rrom the grapn, it appears that r is conservative, since around all closed 
paths, the number and size of the field vectors pointing in directions similar 
to that of the path seem to be roughly the same as the number and size of the 
vectors pointing in the opposite direction. To check, we calculate 

Q Q 

— (siny) = cosy = — (1 + xcosy). Thus F is conservative, by 
ay ox 




Theorem 6. 

29. Since F is conservative, there exists a function / such that F = V/, that is, P = f x , Q = f v , and R = f z . Since P, 
Q, and R have continuous first order partial derivatives, Clairaut's Theorem says that dP/dy = f xy = f yx = dQ/dx, 
dP/dz = f xz = f m = dR/dx, and dQ/Oz = f yz = f zy = 8R/dy. 

31. D = {(x, y) | 0 < y < 3} consists of those points between, but not 
on, the horizontal lines y = 0 and y = 3. 

(a) Since D does not include any of its boundary points, it is open. More 
formally, at any point in D there is a disk centered at that point that 
lies entirely in D. 

(b) Any two points chosen in D can always be joined by a path that lies 
entirely in D, so D is connected. (I? consists of just one "piece") 

(c) D is connected and it has no holes, so it's simply-connected. (Every simple closed curve in D encloses only points that are 
in£>.) 

33. D = {(x, y) | 1 < x 2 + y 2 < 4, y > 0} is the semiannular region 
in the upper half-plane between circles centered at the origin of radii 
1 and 2 (including all boundary points). 

(a) D includes boundary points, so it is not open. [Note that at any 
boundary point, (1,0) for instance, any disk centered there cannot lie 
entirely in D.] 

(b) The region consists of one piece, so it's connected. 

(c) D is connected and has no holes, so it's simply-connected. 




35. (a) P = 



8P _ y 2 -x 2 x 8Q 

(x 2 +J/ 2 ) 2 and ^- x2 + y2 > dx 



y 2 - x 2 ^ dP 



dQ 



x 2 +y 2 ' dy 

(b) Ci:x= cost, y = sint, 0 < i <.tt, C 2 : x = cost, y = sint, t = 2ir to t = tt. Then 

f F ., r= r (-sint)(-sint) + ( cost)(c OS t) dt= = and / F • dr = f « = 

Jc, Jo cos t + Sln 4 ./o Jc 2 JlT 
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Since these aren't equal, the line integral of F isn't independent of path. (Or notice that J C;j F • dr = f 2 * dt = 2ir where 
Cz is the circle x 2 + y 2 = 1, and apply the contrapositive of Theorem 3.) This doesn't contradict Theorem 6, since the 

domain of F, which is R 2 except the origin, isn't simply-connected, 
i 

16.4 Green's Theorem 

1. (a) Parametric equations for C are x = 2 cos t, y = 2 sin t, 0 < t < 2n. Then 

§ c (x -y)dx+(x + y) dy = [(2 cos t - 2 sin t) ( -2 sin i) + (2 cos t + 2 sin t) (2 cos t)\ dt 
m J 2 * (4 sin 2 t + 4 cos 2 t) dt = C 4 dt = it] 2 ; = 8tt 
(b) Note that C as given in part (a) is a positively oriented, smooth, simple closed curve. Then by Green's Theorem, 
fat* -y)dx + (x + y) dy = SJ D [£( x + y )-^( x - „)] dA = f f D [i _ (_i)] dA m 2 di4 
= 2A(D) = 2?r(2) 2 = 8tt 

3. (a) Jff _ ^ Ci: x = t => dx - dt, y = 0 => dy = 0dt, 0 < t < 1. 

C 2 :x = l =>• dx = 0dt, y = t => dy = dt,Q<t<2. 
C 3 :x = l-t dx = -dt, y = 2-2t =i> dy=-2dt, 0 < t < 1. 




Thus § c xydx + x 2 y 3 dy = $ xydx + x 2 ifdy 

Ci + c 2 + c 3 

= Jo 6* + / 0 2 * 3 * + Jo' [-(1 - t)(2 - 2t) - 2(1 - i) 2 (2 - 2tf] dt 
= 0+[^]o+[§(l-0 3 + f(l-*) 6 ]o=4-f -I 
(b) / c xj/dx + xV dy = [£ (xV) - £ (xj,)] dA = f 2x (2xy 3 - x) dydx 
= £ [£V - x,]- 2 * dx = ^(Sx 5 - 2x 2 ) dx = | - f = | 

The region £> enclosed by C is given by {(x, y) | 0 < x < 2, x < y < 2x}, so 
J c xy 2 dx + 2x 2 2/ dy = ff D [& (2x 2 y) - £ (ay a)] <u 

f Jo r x 2 "( 4x 3/ - 2a; J/) <% dx 
= fo W'Y^Jdx 
- f 0 2 3x 3 dx= fx 4 ] 2 = 12 



7. / c (2/ + ) dx + (2x + cos y 2 ) dy = jf D [& (2x + cos j/ 2 ) - £ (» + )] dA 

= foffd ~ 1) dx dy = fitf" - y 2 ) dy = J 
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9. J c y 3 dx - x 3 dy = JJ D [& (-x 3 ) - £ (y 3 )] dA = Jf D (-3x* - 3y 2 ) dA = jf / 2 (-3r 2 ) r dr dO 

= -3 J 2 * dO / 0 2 r 3 dr = -3(2tt)(4) = -24tt 

11. F(x,y) = (y cos x - xy sin x,xy + x cos x) and the region D enclosed by C is given by 

{(x, y)|0<x<2,0<|/<4 - 2x}. C is traversed clockwise, so -C gives the positive orientation. 

/ C F dr = - /_ c (y cos x - xysiux)dx + (xy + xcosx) dy = - J/ D ^ (xy + xcosx) - j|j (y cosx - xysinx)j d/ 



= - J/ D (y - x sin x + cosx - cosx + xsinx) dA = -J 2 / Q 4 21 ydydx 



= - /o [ 3» 2 ] ::r 2X d * = - Jo 5 (4 " 2x) 2 dx = - ,/ 0 2 (8 - 8x + 2x 2 ) dx = - [8x - 4x 2 + fx 3 ] 
= -(l6-16 + f -0)=-f 



13. F(x, y) = (y - cos y, x sin y) and the region D enclosed by C is the disk with radius 2 centered at (3, -4). 
C is traversed clockwise, so —C gives the positive orientation. 

f c F • dr = - / c (y - cost/) dx + (xsiny) dy = - fj D (xsiny) - ^ (y - cosy)] dA 

= - // D (siny - 1 - siny) dA = f/ D dA = area of D = tt(2) 2 = 47r 

15. Here C = Ci + C 2 where 

Ci can be parametrized as x = f, y = 1, — 1 < t < 1, and 

C-x is given by x = -t, y = 2-t 2 , -1 < i < 1. 
Then tlie line integral is 

§ y V dx + xV dy - /* [1 • e 1 + t 2 e • 0] dt 

+ £»K> - t 2 ) 2 e-'(-l) + (-A) 2 e 2 -' 3 (-2t)]dt 

= /ije' " (2 - * 2 )V - 2t 3 e 2 - t2 ] di = -8e + 48c" 1 
according to a CAS. The double integral is 




(-1, i) 



■//.(«- S3 -jO" 



(2xe y - 2ye*) dy dx = -8e + 48e l , verifying Green's Theorem in this case. 



17. By Green's Theorem, W = / c F • dr = J c x(x + y) dx + xy 2 dy = // D (y 2 - x) d/t where C is the path described in the 
question and D is the triangle bounded by C. So 

W = /?tV - *) = Jo ilV 3 ~ *V]IZI~' dx = £ - x) 3 - x(l - x)) dx 

= - *) 4 - i* 8 -1- = H +i) - (-&) = 

19. Let Ci be the arch of the cycloid from (0, 0) to (27T, 0), which corresponds to 0 < t < 2tt, and let Ci be the segment from 
(2tt, 0) to (0, 0), so C 2 is given by x = 2n - t, y = 0, 0 < t < 2tt. Then C = C\ U C 2 is traversed clockwise, so -C is 
oriented positively. Thus -C encloses the area under one arch of the cycloid and from (5) we have 

A = - §_ c V dx = f Ci ydx + f C2 y dx = - cos f.)(l - cos *) dt + 0 (-dt) 

= J^(l - 2cosi + cos 2 t)dt + 0 = [t - 2sint +%t + \ sm2t] 2 Q n = 3tt 
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21. (a) Using Equation 16.2.8, we write parametric equations of the line segment as x = (1 - t)xi + tx 2 , y = (1 - t)yi + ty 2 , 

0 < t < 1. Then dx = (x 2 - ii) tit and dy = (y 2 - yi) dt, so 

/ c x ft - V dx = £ [(1 - t)xi + tx 2 ](y 2 - yi)dt + [(1 - t)yi + ty 2 ](x 2 -xi)dt 

= fo (ziO/2 - Vi) - mfa - xi) + t[(y 2 - yi)(x 2 - si) - (x 2 - xi)(y 2 - yi)])dt 
= Jo (xiy 2 - x 2 yi)dt = x x y 2 - x 2 yi 

(b) We apply Green's Theorem to the path C = Cy U C 2 U • • • U C„, where C { is the line segment that joins (x,, y.) to 
(x i+ i,j/ i+ i) fort = 1, 2, . . , n - 1, and C* n is the line segment that joins (x n ,y n ) to (xi.yi). From (5), 

1 J c x dy - y dx = |/ D dA, where D is the polygon bounded by C. Therefore 

area of polygon = A{D) = ff D dA = ± f c xdy - ydx 

= 2 (ic, xdy-ydx + J^xdy - ydx + ■ ■ • + / CW _ J xdy - ydx + f Cn xdy - ydx) 
To evaluate these integrals we use the formula from (a) to get 

MD) = sKziIrt - x 2 yi) + (x 2 y3 - xajft) + • • • + (a.v-iyn - x n yn-i) + (x„yi - xiy„)]. 

(c) A = §[(0 • 1 - 2 • 0) + (2 • 3 - 1 • 1) + (1 • 2 - 0 ■ 3) + (0 • 1 - (-1) ■ 2) + (^1 • 0 - 0 • 1)] 

= ±(0 + 5 + 2 + 2) = | 
23. We orient the quarter-circular region as shown in the figure. 

A = 50 * = £ dy and v = "^72 £ ?/2(ix - 

Here C = Ci + C 2 + C 3 where Ci: x = t, y = 0, 0 < t < a; 
C 2 :x = acost, y = asint, 0<t<f;and 
C 3 : x = 0, y = a - t, 0 < t < a. Then 

,f c x 2 dy = / Ci x 2 dy + x 2 dy + x 2 dy = £ 0 dt + /^(a cos t) 2 (a cos t) dt + £ 0 dt 
= J^ 2 a 3 cos 3 t dt = a 3 J* /2 (l - sin 2 t) cos t dt = a 3 [sin t - ± sin 3 1] £ /2 = fa 3 

$ c y 2 dx = j Ci y 2 dx + j Cj y 2 dx + j C3 y 2 dx = f* 0 dt + /; /2 (a sin *) 2 (-a sin t) dt + £ 0 dt 

= .f; /2 (-a 3 sin 3 t) di = -a 3 /; /2 (l - cos 2 i) sin t dt = -a 3 [| cos 3 ( - cos iJJ /S = -fa 3 , 
1 f i , 4a _ . . / 4o 4a\ 

so » = ~i^nv dx - sf- Thus (x - ,j) = s* > 

25. By Green's Theorem, -±pf c y 3 dx = -\p Jj D (-3y 2 )dA = JJ D y 2 pdA = 7* and 
ip/ c x 3 dy = W/ D (3x 2 ) dA = ff D x 2 pdA = /„. 

27. As in Example 5, let C" be a counterclockwise-oriented circle with center the origin and radius a, where a is chosen to 
be small enough so that C lies inside C, and D the region bounded by C and C". Here 




P = 



2xy 
(x 2 + y 2 ) 2 



flP = 2x(x 2 + y 2 ) 2 - 2xy ■ 2(x 2 + y 2 ) ■ 2y = 2x 3 - 6xy 2 



dy 



(x 2 +y 2 ) 4 



(x 2 +y 2 ) 3 
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Q=X~t - S = - 2X[X2 + y2)2 - ( f ^ + ^ • - ^ - &X K ■ Thus, as in the example, 

^ (z 2 + y 2 ) 2 dx {x 2 +y 2 ) 4 {x 2 + y 2 Y Fl 

and / c . F ■ dr = j c , F • dr. We parametrize C" as r{t) = a cos t i + a sin t j, 0 < t < 2tt. Then 

/ F ■ dr = /' F - dr = f 2 ( a cos 0 (a sin t) i + (a 2 sin 2 1 - a 2 cos 2 1) j / agint } + V 
/c 7c ./o (a 2 cos 2 t + a 2 sin 2 1) 2 V / 

= | y ^ (- cos t sin 2 1 - cos 3 t) dt - i jf ** (- cos t sin 2 t - cmt (l - sin 2 t) ) dt 

i e** i X 1 * 

= — / cos t dt = — sin t =0 
a Jo o- Jo 



29. Since C is a simple closed path which doesn't pass through or enclose the origin, there exists an open region that doesn't 
contain the origin but does contain D. Thus P = -y/{x 2 + y 2 ) and Q = x/(x 2 + y 2 ) have continuous partial derivatives on 
this open region containing D and we can apply Green's Theorem. But by Exercise 16.3.35(a), dP/dy = dQ/dx, so 
f c F d r = ff D 0<lA = 0. 

31. Using the first part of (5), we have that ff R dx dy = A(R) = J on x dy. But x = g(u, v), and dy = — du + dv, 

and we orient dS by taking the positive direction to be that which corresponds, under the mapping, to the positive direction 
along OR, so 

L x dy = L 9{u ' v) (^ du+ fv <lv ) = I os g{u ' v) ^ du+ v) S * 

= ± fJs [£ (s(u, v)%)-& (g(u, V ) §)] 4A [using Green's Theorem in the m-plane] 
= ± //s (fcf + <0^Sfc ~ W " ?( u < v ) £k) <M [using the Chain Rule] 
-±JT.(fcfe-fcf5)** [by the equality of mixed partials] = ± // s du du 
Tlie sign is chosen to be positive if the orientation that we gave to dS corresponds to the usual positive orientation, and it is 



negative otherwise. In either case, since A(R) is positive, the sign chosen must be the same as the sign of 



Therefore A(R) = Jj d x d y = Jj 



d(x,y) 
d(u,v)' 



d(x,y) 



d(u,v) 



dudv. 



16.5 Curl and Divergence 



1. (a)curlF = VxF: 



i j k 

d/dx d/dy d/dz 
x + yz y + xz z + xy 
d 



-If: 
[By 

= (x - x) i - (y - y) j + (z - z) k = 0 



: (z + xy) - —{y + xz) 



i+ [§x- {v + Xz) -§y- {x + VZ) Y 
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SECTION 16.5 CURL AND DIVERGENCE □ 317 



(b) div F = V • F = (x + yz) + (y + xz) + ^ (z + xy) = 1 + 1 + 1 = 3 



3. (a) curlF = VxF = 



i j k 

d/dx d/dy d/dz 
xye z 0 yze x 
= ze x i + (xye* - yze 1 ) j - xe z k 



= (*e* - 0) i - (yze x - xye z )j + (0 - xe=) k 



(b) divF = V • F = ^ (xyer) + ^ (0) + £ (yze*) = ye' + 0 + ye 1 = y(e z + e*) 



5. (a) curlF = V x F = 



i 

d/dx 

X 



j 



k 

a/dz 



y/x 2 + y 2 + z 2 v/x 2 + y 2 + z 2 ,/x 2 + y 2 + z 2 

(b) divF = V ■ F = £ ^-p + X 2 + ^ + |^ ^ + ^ + ^ + £ ^ ^ 

x 2 + y 2 + z 2 -x 2 x 2 +y 2 + z 2 -y 2 x 2 + y 2 + z 2 - z 2 _ 2x 2 + 2y 2 + 2z 2 



7. (a) curlF = V x F = 



(x 2 +y 2 + z 2 )3/ 2 (x 2 + y 2 + z 2 )3/ 2 (x 2 + y 2 + z 2 ) 3 / 2 ( x 2 + „2 + 2 2 )3 / 2 - y x2 + y 2 + ;2 
I j k 

(0 - e" cosz) i (e : cosx - 0) j + (0 - e* cosy) k 



d/dx d/dy d/dz 
e x sin y e" sin z sin x 



= {— e v cos z, —e z cosx, — e 1 cosy) 

(b) divF = V • F = -j- (e* siny) + -J^- (e w sin z) + (e z sinx) = e* siny 4- e w sinz + e z sinx 
ox ay oz 

9. If the vector field isF = Pi + Qj + i?k, then we know R = 0. In addition, the x-component of each vector of F is 0, so 

m rt , dP dP dP dR dR dR n dQ n . rt . ■ 

P = 0, hence ^ = ^ = ^ = ^- "^" = " a 7 =0 - < < decreases M y increases, so < 0, but Q doesn't change 

in the x- or z-directions, so ^ = ^ = 0. 

+ f + f + 0<. 

<•»«"- (S-S)- + (f-f)^(S-f)^ (0 - 0)i+(0 - 0)J+<0 - 0,k - 

11. If the vector field is F = P i + Q j + R k, then we know R = 0. In addition, the y-component of each vector of F is 0, so 

Q = 0, hence ^ = ^ = ^ = ^ = ^ = ^ = 0. P increases as y increases, so ^ > 0, but P doesn't change in 

dP dP „ 
the x- or z-directions, so = = 0. 



(a)divF= ^ + ^ + ^ =0 + 0 + 0 = 0 

ox 9y Oz 
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318 □ CHAPTER 16 VECTOR CALCULUS 



•-»-(t-S)«+(S-£)'+(S-5)*-«-«M+»-«+(-fE).*-^ 



' dP dP 
Since — > 0, — j-k is a vector pointing in the negative z-dircction. 
oy ay 



13. curlF = V x F = 



{Qxyz 1 - 6xyz 2 ) i - (3y 2 z 2 - 3y 2 z 2 )j + (2yz 3 - 2yz 3 ) k = 0 



i 3 k 

d/dx d/dy d/dz 
y 2 z 3 2xyz 3 3xy 2 z 2 

and F is defined on ail of K 3 with component functions which have continuous partial derivatives, so by Theorem 4, 
F is conservative. Thus, there exists a function / such that F = V/. Then f x {x, y, z) = y 2 z 3 implies 
f(x,y,z) = xy 2 z 3 + g(y, z) and f y (x,y, z) = 2xyz 3 + g y {y,z). But f y (x, y, z) = 2xyz 3 , so g(y, z) = h(z) and 
f(x,y,z) = xy 2 z 3 + h(z). Thus f*(x,y, z) = 3xy 2 z 2 + h'(z) but f z (x,y,z) = 3xy 2 z 2 so h(z) — K, a constant. 
Hence a potential function for F is f(x, y, z) — xy 2 z 3 + K. 



15. curlF = V x F = 



j k 

d/dy d/dz 
3xy 2 z 2 2x 2 yz 3 3x 2 y 2 z 2 
= (6x 2 yz 2 - 6x 2 yz 2 ) i - (Qxy 2 z 2 - 6xy 2 z) j.+ (4xyz 3 - 6xyz 2 ) k 
= 6xy 2 z{l - z)j + 2xyz 2 (2z - 3) k / 0 
so F is not conservative. 



17. curlF = V x F = 



i j k 

d/dx d/dy d/dz 



e" z xze yz xye yz 



= [xyze vz + xe vz - (xyze yz + xe yz )] i - (ye yz - ye yz )j + (ze yz - ze vz ) k = 0 

if is denned on ail ot K , and the partial derivatives or the component functions are continuous, so b is conservative, l nus 
there exists a function / such that V/ = F. Then f x (x, y, z) = e yz implies f{x, y, z) = xe yz + g{y, z) => 
fv(x, y, z) = xze** + g y (y, z). But f y (x, y, z) = xze yz , so g(y, z) = h{z) and /(x, y, z) = xe yz + h(z). 
Thus f z (x, y, z) = xye yz + h'{z) but f z (x, y, z) = xye yz so h(z) = K and a potential function for F is 
f(x,y,z) = xe yz + K. 

19. No. Assume there is such a G. Then div(curlG) = (xsiny) + (cosy) + — (z - xy) = sin y — sin y + 1 ^ 0, 

eta ai/ 02 

which contradicts Theorem 1 1 . 

i j k 



21. curlF 



d/dx d/dy d/dz 
m g(y) Kz) 
is irrotational. 



(0 - 0) i + (0 - 0) j + (0 - 0) k = 0. Hence F = f(x) i + g{y) j + h{z) k 
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For Exercises 23-29, let F(x, y, z) = Pi i + Qi j + Pi k and G(i, y, z) = P 2 i + Q 2 j + P 2 k. 
2, div(F + G) = div(Pi + ft, Ql + Q 2 , Pi + ft) = + + ^± 



aPi , dP 2 , dQ 



dx dy dz 

IQi . dQi , dRi , dR 2 (dP x dQi aPi \ /dft aQ 2 . ap 2 \ 
W + ^ + ^ + ^-[^ + ~W + ~^) + \~dx- + ~dy- + ~dz-) 
= div(Pi,Qi,Ri) + div{P 2 ,Q 2 ,P 2 ) = divF + divG 

div(/F) = div(/(p 1 ,g 1 ,p 1 » = ®*m,fQiJMx) = dJ ^ L + dJJ ^- + 

-('£ + *I) + ('t. + *f) + ('^ + *D 



a/a* a/ay a/a* 

Pi Qi Pi 
p 2 Q 2 P 2 



d_ 


Qi 


Ri 


a 


ft 


Pi 




Pi 




dx 


Q2 


P 2 


53/ 


p 2 


p 2 


-1 


p 2 


Q 2 1 



27. div(F x G) = V • (F x G) = 



+ 



ag 2 ap aQi ap 2 



-K* : SM*-£) + *(* : *)] 



= G-curlF-FcurlG 



29. curl(curlF) = V x (V x F) = 



i j k 

d/dx 8/dy d/dz 

dRi/dy -dQi/dz dPi/dz - dRi/dx dQxjdx - dPx/dy 



\dydx dy 2 dz 2 + dzdx) l+ \dzdy dz* dx 2 + dxdy J 3 



+ 



( o 2 Pi _ d^Rj. _ (PRi a^N 

Vaxa^; dx 2 dy 2 dydz ) 

Now let's consider grad(div F) - V 2 F and compare with the above. 
(Note that V 2 F is defined on page 1 1 19 [ET 1095].) 
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320 □ CHAPTER 16 VECTOR CALCULUS 
grad(divF)- V 2 F = 



d 2 

dx" 



ft d 2 Q x (d 2 Pr d 2 Q, 8 2 RA ( d 2 Pi d 2 Q, d 2 RA . 

i 2 T dxdy dxdz J T \dydx r 8y 2 ^ dydz J J + \dzdx + dzdy + dz 2 ) 



( d 2 p, 

\ dx 2 



+ 



dy 2 



dz 2 



i + 



8 2 Q 
dx 2 



dy 2 



dz 



/a 2 ft a s ft\ l 

+ {dx 2 + dy 2 + dz 2 J k J 

f d 2 Qt ,<?Ri_&Pi_ \ . , ( cPp_ cPfr _ &Qi _ ^QA . 
Vdz3y + &cdz a;/ 2 dz 2 J l+ \dydx + dydz dx 2 dz 2 ) 3 

( d 2 p x &Q 1 _&R L _ k 

\dzdx dzdy dx 2 dy 2 J 



+ 1 



Then applying Clairaut's Tlieorera to reverse the order of differentiation in the second partial derivatives as needed and 
comparing, we have curl curl F = graddiv F - V 2 F as desired. 

z . xi+y$+zk x 



31. (a) Vr = Vsjx 2 + y 2 + z 2 = 



:1 + 



^/x 2 +y 2 +z 2 ' ' y/x 2 + y 2 + z 2 J + y/x 2 + y 2 + z 2 " ^/a; 2 + y 2 + z 2 r 



(b) V x r = 



i J k 

d_ d_ d_ 

dx dy dz 

x y z 



- [I ^ - 1 H 5 + [I w - 1 w] J + [i w - J w] * - o 



(c)V 



(r) V (v'* a +tf a +« 3 )' 



(2x) 



(2tf) 



2 yx 2 "? y 2 + z 2 . 2^ + ^+^ . 2 sjx 2 + y 2 +7 
x 2 +j/ 2 + z 2 1 a; 2 + y 2 + z 2 J x 2 + y 2 + z 

zi + yj +zk 



(2z) 



r_ 



(i 2 +!( J +2 2 ) 3 / 2 
(d) V lnr = V ln(.T 2 + y 2 + z 2 f' 2 = I V ln(x 2 + y 2 + z 2 ) 



x l + y 1 + z 2 



i + 



x 2 + y- + z : 



■3 + 



x 2 + y 2 + z 2 



k = 



_ ai + yj + zk _ _r_ 



i 2 + + z 2 r 2 



33. By (13), ,f c f(Vg) ■ nds = div(/Vg) dA = // D [/div(V S ) + V<? • V/] dA by Exercise 25. But div(Vp) = V 2 9 . 
Hence ff D fV 2 gdA = & /(V<?) -nds- J/ D Vg • V/dA. 

35. Let /(x, y) — 1. Then V/ = 0 and Green's first identity (see Exercise 33) says 

jj D V 2 gdA = § c (Vg) ■ nds - Jf D 0 - VgdA => jfj^ V 2 gdA = 4, Vg ■ nds. But g is harmonic on D, so 
V 2 ff = 0 s* f c Va- nds = 0andf c Z5„cfds = f c (Vg- n) ds = 0. 

37. (a) We know that ui = v/d, and from the diagram sin 0 = d/r =>- v = dui = (sin 0)rw = |w x r|. But v is perpendicular 
to both w and r, so that v = w x r. 
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(b) From (a), v = w x r = 



(c) curl v = V x v = 



i j k 

0 0 a; 

x y z 

i J k 

d/8x d/dy d/dz 
-toy uix 0 
d 
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= (0 • z - uy) i + (wi - 0 • z) j + (0 • y - x ■ 0) k = -uy i + m j 



i + 



1+ 



£(^)-^(-^)]k 



= [w-(-u;)]k = 2wk = 2w 



39. For any continuous function / on R 3 , define a vector field G{x,y,z) = {g(x,y, z), 0,0) where g^as, y, a) = f* f (t,y,z)dt. 
Then div G = ^ (y(x, y, «)) + (0) + ^ (0) = ^ J£ /(t, y, *) ctt = /(x, y, z) by the Fundamental Theorem of 
Calculus. Thus every continuous function / on E 3 is the divergence of some vector field. 



16.6 Parametric Surfaces and Their Areas 

1. P(7, 10, 4) lies on the parametric surface r(u, v) = (2u + 3v, 1 + 5u - v, 2 + u + v) if and only if there are values for u 
and v where 2u + 3v = 7, 1 + 5u - v = 10, and 2 + u + u =s 4. But solving the first two equations simultaneously gives 
u = 2, v = 1 and these values do not satisfy the third equation, so P does not lie on the surface. 

Q(5, 22, 5) lies on the surface if 2u + 3v = 5, 1 + 5u - v = 22, and 2 + u + v = 5 for some values of u and v. Solving the 
first two equations simultaneously gives tt = 4, V = — 1 and these values satisfy the third equation, so Q lies on the surface. 

3. r(u, v) = (u + v) i + (3 - »)J + (1 + 4u + 5u) k = (0, 3, 1) + u (1, 0, 4) + v (1, -1, 5). From Example 3, we recognize 
this as a vector equation of a plane through the point (0, 3, 1) and containing vectors a = (1, 0, 4) and b = (1, -1, 5). If we 



wish to find a more conventional equation for the plane, a normal vector to the plane is a X b 
and an equation of the plane is 4(x — 0) - (y — 3) '— (z - 1) = 0 or 4s — y — z = —4. 



i j k 

1 0 4 
1-1 5 



= 4i- j - k 



5. r(s, t) = (s, t, t 2 - s 2 ), so the corresponding parametric equations for the surface are x = s, y = t, z = t 2 - s 2 . For any 

point (x, y, z) on the surface, we have z = y 2 — x 2 . With no restrictions on the parameters, the surface is z = y 2 — x 2 , which 
we recognize as a hyperbolic paraboloid. 
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7.r(u,v) = (u 2 ,v 2 ,u + v), -1<«<1. -1<«<1. 

The surface has parametric equations x = u 2 , y — v 2 , z = u + v, -1 < u < 1, -1 < v < 1. 

In Maple, the surface can be graphed by entering 
plot3d( [u'2, v"2,u+v] ,u=-l. . l,v=-l. .1) ;. 
In Mathematica we use the ParametricPlot3D command. 
If we keep u constant at w 0 , x = ul, a constant, so the 
corresponding grid curves must be the curves parallel to the 
2/z-plane. If v is constant, we have y — v 2 ,, a constant, so these 
grid curves are the curves parallel to the xz-plane. 

9. t(u,v) = (ucosv, usinv, u 5 ). 

The surface has parametric equations x = u cos v, y = u sin v, 
z = u 5 , — 1 < u < 1, 0 < v < 2tt. Note that if u = uo is constant 
then z = Uo is constant and x = uq cos v, y = no sin v describe a 
circle in x, y of radius |uo|, so the corresponding grid curves are 
circles parallel to the x^-plane. If v = vo, a constant, the parametric 
equations become x = ucos vo, y = U sin «o, z = u a . Then 
y = (tan v 0 )x, so these are the grid curves we see (hat lie in vertical 
planes y = kx through the z-axis. 

11. x = sinv, y = cos u sin Av, z = sin 2w sin 4t>, 0 < u < 2n, -f < v < f . 

Note that if v = v 0 is constant, then x = sin v 0 is constant, so the 
corresponding grid curves must be parallel to the yz-plane. These 
are the vertically oriented grid curves we see, each shaped like a 
"figure-eight." When ti = no is held constant, the parametric 
equations become x = sin v, y = cos u 0 sin Av, 
z = sin2w 0 sin4w. Since z is a constant multiple oiy, the 
corresponding grid curves are the curves contained in planes 
z = ky that pass through the x-axis. 

13. r(u, v) = u cos v\ + u sin v j + v k. The parametric equations for the surface are x = u cos v, y = u sin v, z = v. We look at 
the grid curves first; if we fix v, then x and y parametrize a straight line in the plane z = v which intersects the z-axis. If u is 
held constant, the projection onto the xy-plane is circular; with z = v, each grid curve is a helix. The surface is a spiral ing 
ramp, graph IV. 
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15. r(«, v) = sin v i + cos u sin 2v j + sin u sin 2v k. Parametric equations for the surface are x = sin v, y = cos it sin 2d, 
2 = sin u sin 2d. If v = i>o is fixed, then x = sin Do is constant, and y = (sin 2do) cos it and z = (sin 2uo) sin u describe a 
circle of radius |sin 2do|, so each corresponding grid curve is a circle contained in the vertical plane x — sin vo parallel to the 
yz-plane. The only possible surface is graph II. The grid curves we see running lengthwise along the surface correspond to 
holding u constant, in which case y = (cos uo) sin 2d, z = (sin u 0 ) sin 2d => z = (tan uo)y, so each grid curve lies in a 
plane z = ky that includes the x-axis. 

17. x — cos 3 u cos 3 d, y = sin 3 u cos 3 v, z = sin 3 d. If v = Do is held constant then g = sin 3 Do is constant, so the 

corresponding grid curve lies in a horizontal plane. Several of the graplis exhibit horizontal grid curves, but the curves for this 
surface are neither circles nor straight lines, so graph III is the only possibility. (In fact, the horizontal grid curves here are 
members of the family x = a cos 3 u, y = a sin 3 u and are called astroids.) The vertical grid curves we see on the surface 
correspond to u = uo held constant, as then we have a; = cos 3 uo cos 3 d, y = sin 3 uo cos 3 v so the corresponding grid curve 
lies in the vertical plane y — (tan 3 u Q )x through the z-axis. 

19. From Example 3, parametric equations for the plane through the point (0, 0, 0) that contains the vectors a = (1, -1, 0) and 

b = (0, 1, -1) are x = 0 + u(l) + v{0) = u, y = 0 + u(-l) + d(1) = d-u, z = 0 + u(0) + v(-l) = -v. 

21. Solving the equation for x gives x 2 = 1 + y 2 + \z 2 x = \J\ +y 2 + \z 2 . (We choose the positive root since we want 

the part of the hyperboloid that corresponds to x > 0.) If we let y and z be the parameters, parametric equations arc y = y, 
z = z, x= yjl+y 2 + \z 2 . 

23. Since the cone intersects the sphere in the circle x 2 + y 2 = 2, z = y/2 and we want the portion of the sphere above this, we 
can parametrize the surface asx = x,y = y, z- - x 2 - y 2 where x 2 + y 2 < 2. 

Alternate solution: Using spherical coordinates, x = 2 sin <t> cos 0, y = 2 sin <j> sin 0, z = 2 cos <j> where 0 < <j> < f and 
0 < 9 < 2tt. 

25. Parametric equations are x = x, y = 4 cos 0, z = 4 sin 0, 0 < x < 5, 0 < 6 < 2ir. 

27. The surface appears to be a portion of a circular cylinder of radius 3 with axis the x-axis. An equation of the cylinder is 
y 2 + z 2 — 9, and we can impose the restrictions 0<x<5, y<0to obtain the portion shown. To graph the surface on a 
CAS, wc can use parametric equations x = u,y = Z cos v, z = 3 sin v with the parameter domain 0 < u < 5, ^ < v < 

Alternatively, we can regard x and z as parameters. Then parametric equations are x = x, z = z, y = — — z 2 , where 

0 < x < 5 and -3 < z < 3. 

29. Using Equations 3, we have the parametrization x = x, y = e~ x cos 6, 1 
z = e -I sin0, 0 < x < 3, 0 < 9 < 2ir. 

z 0 
-1 

y x 
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31. (a) Replacing cosu by sin u and sinu by cosu gives parametric equations 

x = (2 + sini;)sinu, y = (2 + siav) cosu, z = u + cost;. From the graph, it 
appears that the direction of the spiral is reversed. We can verify this observation by 

x = (2 + sin v) sin u, y = (2 + sin v) cos u, z = 0, draws a circle in the clockwise 
direction for each value of v. The original equations, on the other hand, give circular 
projections drawn in the counterclockwise direction. The equation for z is identical in 
i z increases, these grid curves spiral up in opposite < 





(b) Replacing cos u by cos 2u and sin u by sin 2u gives parametric equations 

x = (2 + sin v) cos 2u, y = (2 4- sin v) sin 2m, .z = m + cos v. From the graph, it 
appears that the number of coils in the surface doubles within the same parametric 
domain. We can verify this observation by noting that the projection of the spiral grid 
curves onto the ay-plane, given by x = (2 + sin v) cos 2u, y = (2 + sin v) sin 2u, 
z = 0 (where v is constant), complete circular revolutions for 0 < u < it while the 
original surface requires 0 < u < 2n for a complete revolution. Thus, the new 
surface winds around twice as fast as the original surface, and since the equation for z 
is identical in both surfaces, we observe twice as many circular coils in the same 
z-interval. 

33. r(u, v) = (u + v) i + 3u 2 j + (u - v) k. 

r u = i + 6u j + k and r„ = i - k, so r„ x r v = -6u i + 2 j - 6u k. Since the point (2, 3, 0) corresponds to u = 1, v = 1, £ 
normal vector to the surface at (2, 3, 0) is -6 i + 2 j - 6 k, and an equation of the tangent plane is -6x + 2y - 6z = -6 or 

3x - y + 3z = 3. 

35. r(u,v) = ucosiM + usinuj + i;k r(l, §) = (|, 4^ 

!•„ = cos v i + sinv j and r„ = -usin v i + ucos v j + k, so a normal vector to the surface at the point f |, f ) is 
r u (l, f ) x r.(l,f) = i + ^j) x (-^»+ £j + k) = - | j + k. Thus an equation of the tangent plane at 

(|,^,|) b $ (af ._|) -l^-^Q+l^-D-Oor f.- {,+*-§. 

37. r(a,v) =u 2 i + 2u sinv j+u cos uk => r(l,0) = (1,0,1). 
r u = 2ui + 2sint;j + cosi;kandr t , = 2ucosuj - wsinwk, 
so a normal vector to the surface at the point (1,0, 1) is 
r u (l, 0) x r „(l, 0) = (2 i + k) x (2 j) = -2 i + 4 k. 
Thus an equation of the tangent plane at (1, 0, 1) is 
-2(x - 1) + 0(y - 0) + 4(z - 1) = 0 or -x + 2z = L 
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39. The surface S is given by z = f(x, y)=6-3x-2y which intersects the xj/-plane in the line 3x + 2y = 6, so D is the 
triangular region given by {(x, y) | 0 < x < 2, 0 < y < 3 - f x}. By Formula 9, the surface area of S is 

= fJ D JTTTW+FWdA = VTiff D dA = VUA(D) = v'H (i • 2 . 3) = 3v/T4. 
41. Here we can write z = f(x, y) = § - fx - \y and D is the disk x 2 + y 2 < 3, so by Formula 9 the area of the surface is 

«■» - //» i 1 + (=)' + (I)'- " //. V' + (-«' ♦ -*//, « 

43. * = f{x,y) = §( x 3/ 2 + j/ 3 / 2 ) and D = {(*,10 |0 <«s £ 1,Q <y < 1}. Then / x = a?*' 2 , /„ = y x ' 2 and 

= ff D yfiTysf+yiffu = ft ft vi+ 

= J* [§(* + »+ l) 3 ' 2 ]^ dx = § /„' [(x + 2) 3 / 2 - (x + If' 2 } dx 

= § [f (x + 2) 6 ' 2 - |(x + lf' 2 } l Q = ±{? 12 ~ 2 5/2 - 2 5 ' 2 + 1) = ±(3>' 2 ~ 2 ?/2 + 1) 

45. z = f(x, y) = xy with x 2 + y 2 < 1, so f x = y, f y = x => 

A(S) = fj D </T+WT&4A = ft* ft V^TTrdrde = if fi (r 2 + l) 3 / 2 p d6 

= / 0 2 ^(2v / 2-l)^ = ^(2v^-l) 

47. A parametric representation of the surface is x = x, y = 4x + z 2 , z = z with 0<x<l,0<z<l. 
Hence r x x r, = (i + 4 j) x (2z j + k) = 4 i - j + 2z k. 

Note: In general, if y = /(x, z) then r, xr, = ^i-j + ^k and A (S) = JJ yj\ + ^JQ + (^tj dA. Then 

MS) = Jo Jo Vn + ^dxdz m ft 717 + 4z 2 dz 

= | (z vTf+lF + f ln|2z + = ^ + *| [ln(2 + 721 ) - In v^F] 

49. r tt = {2u t v t 0), r„ = {0, u, v) y and r„ x r« = (v 2 , —2uv, 2u 2 ). Then 

MS) = ff D |r„ x r„| d/1 = Jo / 0 2 vV> + 4iiV J + 4u" dt> du = ft ft + 2u 2 ) 2 du du 

= JJ Jb («' + 2 - 2 ) dvdu = ft [I,; 3 + 2 W 2 ,]:: 2 du = ft (f + 4. 2 ) du = [$« + |u 3 ]^ = 4 

51. From Equation 9 we havens) = ff D s/l + (f*) 2 + {f y ) 2 dA. But if \f m \ < 1 and \f v \ < 1 then 0 < {f x ) 2 < 1, 
0<(f v ) 2 <l => 1 < 1 + (U) 2 + (f y ) 2 < 3 =* 1 < y/T+ {f x y + (/ w )a < V3. By Property 15.3.1 1, 
J/ D 1 «L4 < // D VI + (/x) 2 + (Z^) 2 dA < ff D sfidA => < A(S) < v^A(Z?) , 

ttJ? 2 < A(5) < VSirR 2 . 
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326 □ CHAPTER 16 VECTOR CALCULUS 
53. z = f{x,y)=e 



»*-* S withx 2 + y 2 < 4. 



A(S) = // D ^ + {-2xe-* 2 -y 2 ) 2 + (-2ye- 2 -i/ 2 ) 2 <L4 = ff D ^1 + 4(x 2 + y*)e-W) dA 

= /** / 0 2 v/l+4^e-2- 2 rdr d0 = /»* dO f 2 r \/l + ^a~^ d r = 2* / Q 2 r Vl + ^e~^ 2 dr « 13.9783 



55. 



/ 4x 2 4- 4.J 2 

Using the Midpoint Rule with f{x, y) = J 1 + , , 2 , 2v r = 3, n = 2 we have 

« t E .£ ft) ^ = 4 Iftii 1) + /(l. 3 ) + /(3. 1) + /(3, 3) + /(5, 1) + /(5, 3)] « 24.2055 



f 6 f* I 4x 2 + 4v 2 

(b) Using a CAS we have A(S) = JJ g ^ + {1 + * * * » *** *e estimate in part (a) 



to the first decimal place. 
57. z = 1 + 2x + 3y + 4y 2 , so 



a{s) = sl f+WFW dA = I 4 1 1 ^w** = / 4 1 1 v^+ww^. 

Using a CAS, we have 

£ £ ^/14 + 48J/ + 64^ d2/dx = f v/H + {§ ln(ll v/5 + 3^ >/5) ln(3 n/5 + v/H v/5 ) 

or # vT4 + ^ In 1 'v^ + 3 ^Z 5 
or 8 V 14 -t- 16 in 3 ^ +v ^ . 

59. (a) x = asinticosu, y - bsinusinu, z = ccosu =* 

fj + P + J = (sinucos^) 2 + (sinusinu) 2 + (cosu) 2 
- sin 2 u + cos 2 u = 1 
and since the ranges of u and I) are sufficient to generate the entire graph, 
the parametric equations represent an ellipsoid. 

(c) From the parametric equations (with a = 1, b = 2, and c = 3), 
we calculate r u = cos u cos t) i + 2 cos u sin v j — 3 sin it k and 

r„ = -sinusinui + 2sinucosuj. So r„ x r„ = 6sin 2 mcos v i + 3sin 2 usinw j + 2sin ucosuk, and the surface 
area is given by A(S) = ft" ft |r u x r„ | dudv= v/36 sin" 1 U cos 2 v + 9 sin 4 u sin 2 v + 4 cos 2 u sin 2 u du dv 

61. To find the region D: z = x 2 + y 2 implies z + z 2 = 4z or z 2 — 3z = 0. Thus z = 0 or z = 3 are the planes where the 
surfaces intersect. But x 2 +y 2 + z 2 = 4z implies x 2 + y 2 + (z - 2) 2 = 4, so z = 3 intersects the upper hemisphere. 
Thus (z - 2) 2 = 4 - x 2 - y 2 or z = 2 + ^4 - x 2 - 2/ 2 . Therefore D is the region inside the circle x 2 + y 2 + (3 - 2) 2 = 4, 
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that is, D = {(*, y) \ x 2 + y 2 < 3}. 

A(S) = fj yf\ + [(-20(4 - x 2 - j/ 2 )-V2]2 + [(_ y )( 4 - x 2 _ y a)- l /a]2 dA 

= ^(-2 + 4)^=2^^=4^ 

63. Let A(5i) be the surface area of that portion of the surface which lies above the plane z = 0. Then A(S) = 2A(Si). 
Following Example 1 0, a parametric representation of Si is x = a sin <j> cos 0, y = a sin <j> sin 5, 
2 = acos<?!> and |r* x r«| = a 2 sin<£. For D, 0 < </> < § and for each fixed <£, (a; - ±a) 2 +y 2 < (±a) 2 or 
[a sin 4> cos 0 - ± a] 2 + a 2 sin 2 sin 2 0 < (a/2) 2 implies a 2 sin 2 <j> - a 2 sin 0 cos 0 < 0 or 
sin</)(sin<£-cos0)'< 0. But 0 < <j> < f,socos0 > sin</>orsin(f + 9) > sin <j> or <j> - f < 5 < § - <£. 
Hence D = {(<#,(?) |0<<£<f, 0-§<0<f-</>}. Then 

m ) = S?*ff!Sm " 2 sin - a ' Jo" 72 (* - 2 <« sin * «** 

= a 2 [(-7TCOS0) - 2(-<£cos</> + sin^ 2 = a 2 (7r - 2) 

Thus>l(5) = 2a 2 (7r-2). 



Alternate solution: Working on Si we could parametrize the portion of the sphere by x = x, y = y, z = y/a 2 - x 2 - y 2 . 



I 2 2 

Then |r, x r„| = y'l + „ 2 ! 2 „ 2 + „ a _ f 2 . i2 = °_, 



a 2_ a .2_j / 2 a 2_ x 2_j / 2 ^ fl2 _ ^ _ y2 
) _ 0 < (. - (a/2)^ < ft* ^ -" 2 - ? ^ ^ " '^ /2 ^ ^ - r2 

= £g, -a(a 2 - r 2 )^ 2 ];:^ 0 ^ dB = ^ a 2 [l - (1 - cos 2 9)^) d8 
= /:f /2 a 2 (l - |sin0|)d0 = 2a 2 /; /2 (l - sin0)d<? = 2a 2 (f - l) 
Thus A(S) = 4o 2 (f - 1) = 2a 2 (tt - 2). 



(1) Perhaps working in spherical coordinates is the most obvious approach here. However, you must be careful 
in setting up D. 

(2) In the alternate solution, you can avoid having to use |sin 9\ by working in the first octant and then 
multiplying by 4. However, if you set up Si as above and arrived at A(Si) = a 2 7r, you now see your error. 
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16.7 Surface Integrals 



t The faces of the box in the planes x - 0 and x = 2 have surface area 24 and centers (0, 2, 3), (2, 2, 3). The faces in y = 0 and 
y = 4 have surface area 12 and centers (1, 0, 3), (1, 4, 3), and the faces in z = 0 and z = 6 have area 8 and centers (1, 2, 0), 
(1, 2, 6). For each face we take the point fifa to be the center of the face and f(x, y, z) = e"° ■ 1 ( x +'->+*\ so by Definition 1, 
f/ s f(x, y, z) dS m [f(0, 2, 3)](24) + [/ (2, 2, 3)] (24) + [f(l, 0, 3)](12) 

+ [/(l, 4, 3)](12) + [/(l, 2, 0)](8) + [f (I, 2, 6)](8) 
= 24(e-°- 5 + e-°' 7 ) + 12( e -° A + e' 0 8 ) + 8( e -°' 3 + e" 0 9 ) a 49.09 

3. We can use the xz- and yz-planes to divide H into four patches of equal size, each with surface area equal to \ the surface 

area of a sphere with radius V50, so AS = |(4)tt (V50 ) 2 = 25tt. Then (±3, ±4, 5) are sample points in the four patches, 
and using a Riemann sum as in Definition 1 , we have 

JJ H f(x, y, z) dS » /(3, 4, 5) AS + /(3, -4, 5) AS + /(-3, 4, 5) AS + /(-3, -4, 5) AS 
= (7 + 8 + 9 + 12)(25tt) = 900tt « 2827 

5. r(u,v) = {u+v)i + {u- t>)j + (l + 2u + t))k, 0 < u < 2, 0 < v < 1 and 

r u xr„ = (i+j + 2k)x(i-j+k) = 3i+j-2k => \r u x r„| = y/3 2 + l 2 + (-2) 2 = y/U. Then by Formula 2, 
JT s (x + v + z) dS = / / D (u + v + u - v + 1 + 2u + v) \t u x r, | dA = ft ft{iu + v + 1) • Vli du dv 

= s/uft [2u 2 +uv + u\lZ 2 0 dv = VUft (2?; + 10) dv = [v 2 + lOv] J = 11 s/li 

7. t(u, v) = {u cos v, u sin v, v), 0 < u < 1, 0 < v < it and 

r„ xr„ = (cost), sin v,0) x (-usinu,wcosu, 1) = (sinv, - cosv, u) 
|r u xr„| = \/sin 2 u + cos 2 ?; + u 2 = \A/ 2 + 1. Then 

/ / s y dS = Jf D {u sin v)\r u xr v \dA = ft £ (u sin v) • VuHl <fo du = ft uVvJ+1 du ft sin v dv 

= [|(u 2 + If' 2 ]] {-cosv}* = I(2 3 / 2 - 1) ■ 2 = |(2V2 - 1) 
dz dz 

9. z = 1 + 2x + 3y so ^ = 2 and — = 3. Then by Formula 4, 

fj s x 2 yz dS = jf D x 2 yz ^/(^) 2 +(|J + l dA = .f 0 3 ft x 2 y(l + 2x + 3y) 71+9+1 dy dx 

= >/l4 / 0 3 -I- 2a»|f + 3x 2 y 2 ) dydx = VU ft [1* V + xSf + x 2 y 3 } g dx 

= n/U / 0 3 (10x 2 + 4x 3 ) dx = VU [fx 3 + *<] I = in yM 

11. An equation of the plane through the points (1, 0, 0), (0, -2, 0), and (0, 0, 4) is Ax - 2y + z = 4, so S is the region in the 
plane z = A-Ax + 2y overZ) = {{x,y) \ 0 < «< 1,2a — 2 < y < ()}. Thus by Formula 4, 

fj s x dS = ff D x % /(-4) 2 + (2) 2 + l dA = V2T J 2 0 _ 2 x dy dx = V21 ft W^-s dx . 
= v^T r 0 1 (-2x 2 + 2x) dx = V2l [-§x 3 + x 2 ]l = V21 (-f + 1) = # 
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13. S is the portion of the cone z 2 = x 2 + y 2 for 1 < z < 3, or equivalently, 5 is the part of the surface z = y/x 2 + y 2 over the 
region D = {(*, y) \ 1 < x 2 + y 2 < 9}. Thus 



7// v — JL^^HtAt) +ldA 

= J^ x 2 ( x 2 +y 2 )^p±£ + ldA = jj^ V2x 2 (x 2 + y 2 )dA = y/2 jT f\rcos8) 2 (r 2 )rdrde 
= V2j^cos^d9 /»r»* = V2[^ + \dn2e]^ [|r«]° = V2» ■ i(3 e - 1) = 

15. Using a; and z as parameters, we have r(x, z) = zi + (x 2 + z 2 ) j + zk, x 2 + z 2 < 4. Then 

r x x r, = (i + 2xj) x (2z j + k) = 2xi - j + 2z k and \r x x r = | = \/4x 2 + 1 + 4z 2 = y/l + 4(x 2 + z 2 ). Thus 

// s 2/dS = ^ // (x 2 +z 2 )Vl + 4^ + 2 2)^ = / O 2,r / 0 2 7- 2 vT+4^rdrd0 = fi"dOf 2 r 2 VT+^rdr 

= 2 7 r/ 0 2 r 2 v / l + 4r 2 rdr [letu=l+4r 2 r 2 = |(u - 1) and fdu = r dr] 

= 2tt // 7 \(u - 1) y*S ■ §<*U = ^tt /f(tt S ' a - « 1/2 ) du 

■ 

17. Using spherical coordinates and Example 16.6.10 we have r(<l>, 6) = 2sin</>cos0i + 2sin<j!>sin0j + 2 cos 0 k and 

|r# x r,\ = 4sin0. Then /J^B 9 * + y 2 z) dS = /** £ /2 (4sin 2 0)(2cos0)(4sin*O #<0 = 167rsin 4 ^J 2 = 16tt. 
19. S is given by r(u, u) = ui + cosvj + sinnk, 0 < u < 3, 0 < v < w/2. Then 



r t xr,= i x (— sin vj + cos u k) = — cosiu j — sin uk and |r„ X r„| = vcos 2 v +sin 2 v = 1, so 

Jf s (z + x 2 y) dS = fi 1 * f*(sinv + u 2 cos«)(l) dudv = £'*&dnv + 9cosv) dv 

= |-3cosv + 9sini;]; /2 = 0 + 9 + 3-0 = 12 

21. From Exercise 5, r(u, v) = (m + w) i + (tt - ») j + (1 + 2u + v) k, 0 < u < 2, 0 < v < 1, and r u x r„ = 3 i + j - 2k. 
Then 

P(p(«, »)) = (1 + 2ti + o y*H»»-** i - 3(1 + 2u + u ) e (»+»»«-») j + ( u + «)( u - w) k 
= (1 + 2u + t^e" 2 -" 2 i - 3(1 + 2u + V ) e u2 -" 2 j + (u 2 - v 2 ) k 
Because the z-component of r„ x r„ is negative we use -(r„ x r„) in Formula 9 for the upward orientation: 
fj s F ■ dS = jj D F ■ (-(r u x r„)) dA = g f 2 [-3(1 + 2u + „)e" 2 -" 2 + 3(1 + 2u + v)& % ~# + 2(,/ 2 - ,; 2 )] dtidt; 

= j} ,/ 0 2 2( u 2 - u 2 ) dti d» = 2 ft [i u 3 - ™, 2 ] ;;: 2 dt, . 2 £ (| . - 2, 2 ) dv 

= 2[f.-ft; 3 ]J = 2(f-f)=4 

23. P(x,y, z) = xyi + yzj + zxk, z = g(x,y) = 4 - re 2 — y 2 , and 2? is the square [0, 1] x [0, 1], so by Equation 10 

ff s F • dS = JJ D [-xy(-2x) - yz(-2y) + zx] dA = J,, 1 f*\2x 2 y + 2 ? ; 2 (4 - x 2 - y 2 ) + x(4 - x 2 - y 2 )} dydx 
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25. F(x, y,z) = xi - zj + yk, z = g(x, y) = ^A-x 2 -y 2 and D is the quarter disk 
{ (z.2/) 1 0 < x < 2, 0 < j/ < V4-x 2 } . S has downward orientation, so by Formula 1 0, 

ff B F • dS = — ff D [-X • |(4 - x 2 - y 2 r^\-2x) - (-z) ■ §(4 - x 2 - y*)-^(-2y) + y] dA 

= -[[ ( . X \ -^-x'-y 2 - . y o +y\dA 
JJd \^4-x 2 -y 2 V y/4 - x 2 - y 2 ^ 

= " i'/o ^(4 - (x 2 + y 2 ))~ 1/2 dA=- fj 2 j 2 (r cos0) 2 (4 - r 2 )" 1 / 2 r dr d9 

= - j^ /2 cos 2 9 d9 J 2 r 3 (4-r 2 )-^ 2 dr [let U = 4 - r 2 r 2 = 4 - u and -± du = rdr] 

= - /<T /2 (I + § cos2 ^) ^ / 4 ° -i(4 - u)(»r^ du 

= - W + ^e};' 2 h 3/2 i; = -5H)(-»+ ¥ ) = -** 

27. Let 5i be the paraboloid y = x 2 + z 2 , 0 < y < 1 and S 2 the disk x 2 + z 2 < 1, y = 1. Since S is a closed 
surface, we use the outward orientation. 

On Si: F(r(x,z)) = (x 2 + z 2 ) j - z k and r x x r z = 2x i - j + 2z k (since the j-component must be negative on Si). Then 
// Si r-dS= // Hx 2 +z 2 )-2z 2 ]d.4 = -f 0 2 7 0 1 (r 2 + 2r 2 sin 2 e)rdr^ 

= - /<? * /o r3 ( 1 + 2sin2 9 ) <Lrd6 = - f 2 "(l + 1 - cos 26) dO .jg r- 3 
= -[2e-I S in2<[Irt = -4.-| = - 7 r 
OnS 2 : F(r(x,z)) = j - zkandr- x r x = j. Then //- F ■ dS = // (1)<L4 = tt. 

Hence // s F • dS = -n + tt = 0. 

29. Here S consists of the six faces of the cube as labeled in the figure. On Si : 
F = i + 2yj + 3zk, r„ x r z = i and // Si F • dS = dy dz = 4; 

S 2 : F = x i + 2 j + 3.8 k, r- x r x = j and //^ F • dS = /*, J^2dxdz = 8; 
S 3 : F = x i + 2y j + 3 k, r x x r w = k and 'ff^ F • dS = & £ , 3 dx dy = 12; 
S 4 : F = -i + 2yj + 3z k, r s xr, = -i and JJ 5j F • dS = 4; 
S 6 : F = xi - 2j + 3z k, r x x r. = -j and //^ F ■ dS = 8; 

S 6 : F = xi + 2yj - 3k, r„ x r x = -k and ff Sa F • dS = & /f, 3dxdj/ = 12. 

Hence // s F ■ dS = g /J^ F ■ dS = 48. 

31. Here S consists of four surfaces: Si, the top surface (a portion of the circular cylinder y 2 + z 2 = 1); S 2 , the bottom surface 
(a portion of the xy-plane); S 3 , the front half-disk in the plane x = 2, and S 4 , the back half-disk in the plane x = 0. 
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On Si: The surface is s = y/1 -y 2 for0<x<2,-l<y<l with upward orientation, so 

- £ {- vT^P + i(i - iff +»-i»"]^,*=/.M^=l 

On S2: Tlie surface is z = 0 with downward orientation, so 

>4 F • dS = / 0 2 ft (-z 2 ) rf„ dx = / 0 2 ft (0) dx = 0 



On S 3 : The surface is x = 2 for - 1. <y<l, 0,< z < \A - V 2 . oriented in the positive x-direction. Regarding y and 2 as 
parameters, we have r„ xr : = i and 

//. P : dS - ft x 2 dz dy = ft j/ 1 ^ 4 dz dy = 4A (5 3 ) = 2n 



On S4: The surface isx = 0for— l<y<l, 0<z< y/l — y 2 , oriented in the negative x-direction. Regarding y and z as 
parameters, we use - (r„ x r s ) = — i and 

ff m F • dS = ft x 2 & dy = ft jf=* (0) dz dy = 0 

Thus //<, F • dS = f + 0 + 2tt + 0 = 2tt + f . 

33. z = xe" =► dz/dx = e v , dz/dy = xe v , so by Formula 4, a CAS gives 

// s (x 2 + y 2 + z 2 )dS = fofo(x 2 + y 2 + x 2 e 2 «)Ve 2 v + x 2 e 2 " + 1 dxdy m 4.5822. 

35. We use Formula 4 with z = 3 - 2x 2 - y 2 =^ dz/dx = -4x, dz/dy = -2y. The boundaries of the region 

3 - 2x 2 - y 2 > 0 are - J\ < x < J\ and -\/3 - 2x 2 < y < \/3 - 2x 2 , so we use a CAS (with precision reduced to 
seven or fewer digits; otherwise the calculation may take a long time) to calculate 

x 2 y 2 z 2 dS= / j x 2 y 2 (3 - 2x 2 - y 2 )Vl6x 2 + 4y 2 + ldydx « 3.4895 

JJS J-y/V2 J--y/3-2x 2 

37. If 5 is given by y = /i(x, z), then S is also the level surface f(x, y,z) = y - /i(x, z) = 0. 

n - wr&^)\ = ~!mVi~X - and - n is the unit ^0^1la, that points to thc left - Now we proceed as in lhe 



derivation of (10), using Formula 4 to evaluate 



dh. . . dh , 



Us— Ik*--*- 6.™+** i& i+ %J &h»<&« 



where Z? is the projection of S onto the xz-plane. Therefore 
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39. t» = ff s KdS= K- 47r(ia 2 ) = 2-k<?K; by symmetry M xz = M yz = 0, and 

M** = IIs zKdS = Kfi*K ,% b9*4¥st**4b4+* = 27r/ra 3 [-icos20]; /2 = irKa*. 
Hence (x,y,z) = (0,0, |a). 

41. (a)/ ; =// s (x 2 + j, 2 Mx,!/,*)dS 

(b) J : = // s (x 2 + j/ 2 ) (l0 - ^/^TF) dS = // (x 2 + y 2 ) (10 - x/x^TF) v^dA 

= (10r 3 - r 4 ) dr d<? = 2^^) = ^ V^^r 

43. The rate of flow through the cylinder is the flux / J s pvndS = Jj s pv ■ dS. We use the parametric representation 

r{u,v) = 2cosui + 2sinuj + vkfor S, where 0 < u < 2n, 0 < v < 1, so r„ = -2 sin u i + 2 cos u j, r„ = k, and the 
outward orientation is given by r„ x r„ = 2 cos u i + 2 sin u j. Then 

// s pv dS = pj** ( w i + 4sin 2 uj + 4cos 2 uk) • (2cosui + 2sinuj) dvdu 
= p Jo [2v cos u + 8 sin 3 u) dvdu = p ft* (cos u + 8 sin 3 u) du 
= p [sin u + 8 ( - \) (2 + sin 2 u) cos it] J* = 0 kg/s 

45. 5 consists of the hemisphere Si given by z = \Ja 2 - x- -y 2 and the disk 52 given by 0 < x 2 + y 2 < a 2 , z = 0. 
On Si : E = a sin <j> cos 9 i + a sin 0 sin 6 j + 2a cos </> k, 
TV x T» = a 2 sin 2 0 cos 8 i + a 2 sin 2 <t> sin 0 j + a 2 sin 0 cos </> k. Thus 

// A E • dS = JT./^V sin 3 <t> + 2a 3 sin^ cos 2 </>) d<l>d9 

= /oX' V + « 3 ™* cos2 *) d <t>M = (W^l + 5) = !™ 3 
On S 2 : E = xi + i/j, and r„ x r x = -k so J/ s E • dS = 0. Hence the total charge is q = e 0 ff s E • dS = f 7ro 3 e 0 . 

47. ifVu = 6.5(4?/ j + 4z k). S is given by r(x, 9) = x i + \/6 cos 9 j + \/6 sin 9 k and since we want the inward heat flow, we 
use r x x to — -\/6 cos 0 j - \/6 sin 0 k. Then the rate of heat flow inward is given by 
JJ S {-KVu) ■ dS = -(6.5)(-24) dxd9 = (2tt)(156)(4) = 1248tt. 

49. Let S be a sphere of radius a centered at the origin. Then |r| = a and F(r) = cr/\r\ 3 = (c/a 3 ) (x i + y j + z k). A 
parametric representation for S is r(</>, 0) = a sin <j> cos 0 i + a sin 0 sin 5 j + a cos 0 k, 0 < <f> < x, 0 < 9 < 2ir. Then 

= a cos 0 cos 5 i + a cos sin 0 j - a sin 4> k, r 0 = -a sin <j> sin 0 i + a sin </> cos 8 j, and the outward orientation is given 
by r^, x r# = a 2 sin 2 0 cos 0 i + a 2 sin 2 0 sin 6 j + a 2 sin <j> cos 0 k. The flux of F across S is 

// S F- dS = J*/^£(asm*cos0i + asMsin0j + aco8*k) 

• (a 2 sin 2 (j> cos 0 i + a 2 sin 2 (/.> sin 0 j + a 2 sin (j> cos </> k) d0 d(j) 
- f* f 2 " a 3 (sin 3 4> + sin <j> cos 2 d9d<p = c £ / fl 2 " sin 4>d9dcf> = 4wc 
Thus the flux does not depend on the radius a. 
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16.8 Stokes' Theorem 

1. Both H and P are oriented piecewise-smooth surfaces that are bounded by the simple, closed, smooth curve x 2 + y 2 = 4, 
2 = 0 (which we can take to be oriented positively for both surfaces). Then H and P satisfy the hypotheses of Stokes' 
Theorem, so by (3) we know / f H curl F • dS = f c F • dr = jj p curl F • dS (where C is the boundary curve). 

3. The paraboloid z = x 2 + y 2 intersects the cylinder x 2 + y 2 = 4 in the circle x 2 + xj 2 = 4, z = 4. This boundary curve C 
should be oriented in the counterclockwise direction when viewed from above, so a vector equation of C is 
r(£) = 2 cos t i + 2 sin t j + 4k, 0 < t < 2n. Then r'(t) = -2 sin t i + 2 cos t j, 

F(r(t)) = (4cos 2 t)(16)i+ (4 sin 2 *)(16)j + (2 cos t) (2 sin i) (4) k = 64 cos 2 1 i + 64sin 2 tj + 16 sin t costk, 
and by Stokes' Theorem, 

ff s curl F • dS = J c F • dr = ^ F(r (i)) • r' (t) dt = ( - 128 cos 2 t sin t + 128 sin 2 t cos t + 0) dt 
= 128[icos 3 f + isin 3 t]^ = 0 

5. C is the square in the plane z = -1. Rather than evaluating a line integral around C we can use Equation 3: 

// Si curl F ■ dS = f c F • dr = // S2 curl F • dS where Si is the original cube without the bottom and S 2 is the bottom face 
of the cube, curl F = x 2 zi + (xy - 2xyz) i + (y- xz) k. For S 2 , we choose n = k so that C has the same orientation for 
both surfaces. Then curl F • n = y - xz = x + y on S 2 , where z = -1. Thus curl F ■ dS = /*, (i +y)dxdy = 0 
so / / Si curl F ■ t/S = 0. 

7. curl F = -2z \-2xj-2yk and we take the surface 5 to be the planar region enclosed by C, so S is the portion of the plane 
x + y + z = 1 over D = {(*, y) | 0 < x < 1, 0 < ?/ < 1 - x}. Since C is oriented counterclockwise, we orient S upward. 
Using Equation 16.7.10, we have z = g(x, y) = \-x-y,P = -2z, Q = -2x, R = -2y, and 

fc F • dr = ffs curlF ' dS = ffo h(-2*)(-l) - (-2x)(-l) + (-2y)] dA 
= /u/o" I (-2)dydx = -2/ 0 1 (l-x)dx = -l . . 

9. curlF = (xe xy - 2x) i - (ye x,J - y) j + (2z - z) k and we take 5 to be the disk x 2 + y 2 < 16, z = 5. Since C is oriented 
counterclockwise (from above), we orient S upward. Then n = k and curl F ■ n = 2z - z on 5, where 2 = 5. Thus 

§ c ¥ ■ dr = fj s curlF ■ ndS= /J s (22 - z) dS = // s (10 - 5) dS = 5(area of S) = 5(tt ■ 4 2 ) = 80tt 

11. (a) The curve of intersection is an ellipse in the plane x + y + z = 1 with unit normal n = (i + j + k), 
curlF = x 2 j + y 2 k, and curlF • n = -^(x 2 + y 2 ). Then 

fc F • * = ffs 71 (* 2 + ^) dS = fL* + v* < o (- 2 + V 2 ) <*» * = Jf " J? r 3 dr dO = 2. (J ) = ^ 
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13. The boundary curve C is the circle x 2 + y 2 = 16, z — 4 oriented in the clockwise direction as viewed from above (since S is 
oriented downward). We can parametrize C by r(t) = 4 cos t i — 4 sin t j + 4 k, 0 <t < 2tt, and then 
r'(t) = -4sinti -4cosi".j. ThusF(r(t)) = 4sinti + 4costj -2k, F(r(t)) • r'(t) = -16sin 2 i - 16cos 2 t = -16, and 

§ C F ■ dr = f 2w F(r(0) • r'(t) dt = jf^-Mj dt = -16 (2tt) = -32tt 
Now curl F = 2 k, and the projection D of S on the xj/-plane is the disk ar + y 2 < 16, so by Equation 16.7.10 with 
z = g(x, y) = ^/x 2 +y 2 [and multiplying by -1 for the downward orientation] we have 

Jf s curl F • dS = - f f D (-0 - 0 + 2) dA = -2 • A(D) = -2 • tt(4 2 ) = -32tt 

15. The boundary curve C is the circle x 2 + z 2 = 1, y = 0 oriented in the counterclockwise direction as viewed from the positive 
y-axis. Then C can be described by r(t) = cos t i - sin t k, 0 < t < 2n, and r'(t) = - sin ti - cos t k. Thus 
F(r(i)) = -sintj + costk, F(r(t)) • r' (<) = -cos 2 t, and § c F ■ dr = f 2 "{- cos 2 t) dt = -\t - \sm1t) 2 J = ~v. 
Now curlF — -i - j - k, and S can be parametrized (see Example 16.6.10) by 
r((j), 0) = sin<£ costfi + sin0 sintfj + cos 0 k, 0 < 6 < ir, 0 < <f> < ir. Then 
x re = sin 2 <t> cos 6 i + sin 2 <j> sin 0 j + sin </> cos 0 k and 

fj s curl F • dS = jf curl F ■ (r* x to ) dA = J 0 " / 0 " ( - sin 2 <j> cos 9 - sin 2 0 sin 5 - sin 0 cos </>) d.0 d<6 

= fo{-2sin 2 <j> - 7rsin<ji cos<£) = [\ sin 2^ - - f sin 2 = -ir 

17. It is easier to use Stokes' Theorem than to compute the work directly. Let 5 be the planar region enclosed by the path of the 
particle, so 5 is the portion of the plane z = \y for 0 < x < 1, 0 < y < 2, with upward orientation, 
curl F = 8y i + 2z j + 2y k and 

§ C F ■ dr = Jj s curlF • dS = JJ D [-8y (0) - 2* ft) + 2y] dA = £ (2j/ - |yj dy <fe 
= £ j 0 2 f y dy dx = Jg [f V 2 ] £ ds = /o 1 3 dx = 3 

19. Assume 5 is centered at the origin with radius a and let i/i and Ho be the upper and lower hemispheres, respectively, of S. 
Then // s curlF - dS = JJ H curl F • dS + ff Ha curl F • dS = F • dr + ^F • dr by Stokes' Theorem. But Ci is the 

circle x 2 + y 2 = a 2 oriented in the counterclockwise direction while d is the same circle oriented in the clockwise direction. 
Hence § c ? ■ dr = -§ Ci F • dr so ff s curl F • dS = 0 as desired. 
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1. divF = 3 + x + 2x = 3 + 3x, so 




/ jf s div FdV = H £ £ (3x + 2)dxdydz = % (notice the triple integral is 



three times the volume of the cube plus three times x). 
To compute ff s F • dS, on 

Si: n = i, F = 3 i + j/ j + 22 k, and /JT^ F • dS = J 'fa 3 dS = 3; 



x 



S 2 : F = 3x i + xj + 2xz k, n = j and ffa F ■ dS = f/ Sj xdS = §; 

5 3 : F = 3xi + xyj + 2xk, n = k and fL F • dS = // 2xdS = 1; 

S 4 : F = 0, J'J S4 F ■ dS = 0; S 5 : F = 3xi + 2xk, n = -j and ffa F • dS = Jf^OdS = 0; 

S 6 : F = 3xi + x3/j,n= -kand// S6 F dS = J/ S( . 0dS = 0. Thus // S F • dS = § . 

3. div F = 0 + 1 + 0 = 1, so [Sis div F dV = //is 1 dV = - 1^ • 4 3 = S is a sphere of radius 4 centered at 
the origin which can be parametrized by r(</>, 0) = <4 sin <j> cos (3, 4 sin <■/> sin 0, 4 cos cj>), 0 < 0 < tt, 0 < 0 < 2?r (similar to 
Example 16.6.10). Then 



F • (r^ x ro ) = 64 cos (j> sin 2 0 cos (9 + 64 sin 3 4> sin 2 0 + 64 cos 0 sin 2 0 cos 0 = 1 28 cos </> sin 2 0 cos 0 + 64 sin 3 <j> sin 2 0 



5 - divF = Tki x V e *) + i;( x V 2z3 ) + = V e * + ^i^ 3 ~ f e * = Ixyz 3 , so by the Divergence Theorem, 



r*xr ( = (4 cos <t> cos 0, 4 cos 0 sin 0,-4 sin <j>) x (-4 sin <j> sin 0,4 sin cj> cos 0,0) 
= (16 sin 2 0 cos 0, 16 sin 2 <j> sin 0, 16 cos 0 sin 0) 
and F(r(<?l>, 0)) = (4 cos 0, 4 sin 0 sin 0,4 sin 0 cos 0). Thus 



and 



// s F dS =// ZJ F (r < , ) xr e )dA = jT®* (128 cos 0 sin 2 0 cos 0 + 64 sin 3 0 sin 2 0)d0d0 
= / 0 2,r [ifsin 3 0 C os0 + 64(-|(2 + sin 2 0)cos0)sin 2 0]^ d0 
= Jf SgS sin 2 0 d0 = 2§S fjf _ 1 sin 20] 2 * = 2|o * 




11. div F = j/ 2 + 0 + x 2 = x 2 + y 2 so 



JJ 5 F • dS = /// E (x 2 + y 2 ) dV = f 2 J* r 2 -rdz dr d8 = J* J 0 2 r 3 (4 - r 2 ) dr d0 
= J«* d 0 j 0 2 (4r 3 - r°) dr = 2n [r* - |r»] J = f * 
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13. F(x, y, z) = xs/x* + y 2 + z 2 i + yy/x 2 + y 2 + z 2 j + z ,/x 2 + y 2 + z 2 k, so 

div F = x • I(x 2 + y 2 + * 2 )~ 1/2 (2x) + (x 2 + y 2 + z 2 ) 1 / 2 + y ■ \{x 2 + y 2 + z 2 )-'/ 2 (2y) + (x 2 + y 2 + z 2 ) 1 ' 2 

+ z ■ ±(x 2 + y 2 + z 2 )-V 2 (2z) + (x 2 + y 2 + z 2 ) 1 ' 2 
= (x 2 + y 2 + z 2 )" 1 ' 2 [x 2 + (x 2 + y 2 + z 2 ) + y 2 + (x 2 + y 2 + z 2 ) + z 2 + (x 2 + y 2 + z 2 )] 
= 4(x 2 + y 2 + z 2 ) =V x2+ 2 
V'x 2 + y 2 + z 2 



Then 



ff F • dS = /// 4,/x 2 + y 2 + z 2 dV = / / / ■ P 2 sin <f> dp d0d(j> 

JJs J J .IE JO Jo Jo 

= /; /2 sin 0 dcfi j** dO ft 4p 3 dp = [- cos 0]^ 2 [9\l" [p*] I = (1) (iter) (1) = 2* 

15. /jV F • dS = JJJ E VT^dV = ft j* J 2 " 1 '' " v^^dz dy dx = $ >/§ + § sin" 1 (^) 

17. For 5i we have n =s -k, so F • n = F (-k) = -x 2 z - y 2 = -y 2 (since z = 0 on Si). So if D is the unit disk, we get 
// Si F ■ dS = jf Si F • ndS = Jf D (-y 2 ) dA = - r 2 (sin 2 5) r dr d6 = Now since S 2 is closed, we can use 

the Divergence Theorem. Since div F = ^ (z 2 x) + ^ (|y 3 + tan z) + ^ (x 2 z + y 2 ) = z 2 + y 2 + x 2 , we use spherical 
coordinates to get /J^ F • dS = divF dV = Ifg^fi p 2 ■ P 2 sin <f> dp d<l> dO = §*. Finally 
/f s F.dS = /4F.dS-j-/ Si F.dS = f 7 r-(-^) = i 7 r. 

19. The vectors that end near Pi are longer than the vectors that start near ft, so the net flow is inward near Pi and divF(Pi) is 
negative. The vectors that end near P 2 are shorter than the vectors that start near P 2 , so the net flow is outward near P 2 and 
div F(P 2 ) is positive. 



21. 



-5 
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From the graph it appears that for points above the x-axis, vectors starting near a 
particular point are longer than vectors ending there, so divergence is positive. 
The opposite is true at points below the x-axis, where divergence is negative. 
F(x,y) = (xy,x + y 2 ) => divF = £ (xy) + ^ (x + y 2 ) = y + 2y = 3y. 
Thus div F > 0 for y > 0, and div F < 0 for y < 0. 



«,. x si + yj + zk . 8 f x \ (x 2 + y 2 + z 2 ) - 3x 2 M . ., 

3r dy((x 2 + y 2 +z 2 ) 3 / 2 ) a " d dz ( (x 2 + y* + z 2 ) 3 / 2 )' 

,.2 



we have 



^(tt) = ^^4^^?^^^ = 0, except at (0, 0, 0) where it is undefined. 
/ (x 2 +y 2 -t-z 2 ) ' 

25. Jf s a • ndS = fff B divadV = 0 since div a = 0. 
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27. jj s curl F-dS = /// E div(curlF)dV = 0 by Theorem 16.5.11. 

29. JJ s (fVg) ■ ndS - fff B div(fVg)dV = /// a (/Vfl + Vr, ■ V/)4V by Exercise 16.5.25. 

31. If c = ci i + C2 j + C3 k is an arbitrary constant vector, we define F = fc = fc\ i + /c 2 j + /c3 k. Then 

div F = div fc = j£ c, + |£ c 2 + |£ c 3 = V/ ■ c and the Divergence Theorem says /J fi F ■ dS = fff B div FdV =* 
JJ S F • ndS = /// E V/ ■ c dV. In particular, if c = i then jf s findS = fff E VfidV 

jj fm dS = jjj i£ dV (where n = m i + n 2 j + na k). Similarly, if c = j we have jj fn 2 dS = jjj ^j- dV, 

andc = kgives jj fn 3 dS= jjj ^dV. Then 

./'j s /nd5 = ( /j s /», dS) i + (J/ s /n 2 dS) j + (/j s /n 3 dS) k 

=a//.i-)' + a//,W' + a//j-) k -///-(i' + ^^^ 

= fff E VfdV as desired. 

16 Review 

CONCEPT CHECK 

1 Sec Definitions 1 and 2 in Section 16. 1 . A vector field can represent, for example, the wind velocity at any location in space, 
the speed and direction of the ocean current at any location, or the force vectors of Earth's gravitational field at a location in 

2. (a) A conservative vector field F is a vector field which is the gradient of some scalar function /. 
(b) The function / in part (a) is called a potential function for F, that is, F = V/. 

3. (a) See Definition 16.2.2. 

(b) We normally evaluate the line integral using Formula 16:2.3. 

(c) The mass is m = J c p{x,y) ds, and the center of mass is (x, y) where x = i f c xp (x, y) ds, y = £ f c yp (i, y) ds. 

(d) See (5) and (6) in Section 16.2 for plane curves; we have similar definitions when C is a space curve 
[see the equation preceding (10) in Section 16.2]. 

(e) For plane curves, see Equations 16.2.7. We have similar results for space curves 
[see the equation preceding (10) in Section 16.2]. 

4. (a) See Definition 16.2.13. 

(b) If F is a force field, f c F • dr represents the work done by F in moving a particle along the curve C. 

(c) f c F • dr = J c Pdx + Qdy + Rdz 

5. See Theorem 16.3.2. 
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6. (a) J c F ■ dr is independent of path if the line integral has the same value for any two curves that have the same initial and 

terminal points. 

(b) See Theorem 16.3.4. 

7. See the statement of Green's Theorem on page 1 108 [ET 1084]. 

8. See Equations 16.4.5. 

=(f-§> + (w-f)^(S-f)— ' 

(c) For curl F, see the discussion accompanying Figure 1 on page 1118 [ET 1094] as well as Figure 6 and the accompanying 
discussion on page 1 1 50 [ET 1 126]. For div F, see the discussion following Example 5 on page 1119 [ET 1095] as well as 
the discussion preceding (8) on page 1 157 [ET 1 133]. 

10. See Theorem 16.3.6; see Theorem 16.5.4. 

11. (a) See (1) and (2) and the accompanying discussion in Section 16.6; See Figure 4 and the accompanying discussion on 

page 1124 [ET1100]. 

(b) See Definition 16.6.6. 

(c) See Equation 16.6.9. 

12. (a) See (1) in Section 16.7. 

(b) We normally evaluate the surface integral using Formula 16.7.2. 

(c) See Formula 16.7.4. 

(d) The mass is m = JJ S p{x, y, z) dS and the center of mass is (x, y, z) where x = ^ ff s xp(x, y, z) dS, 
V=$l Us WK*. 2/. *) dS,z = ^ ff g zp{x, y, z) dS. 

13. (a) See Figures 6 and 7 and the accompanying discussion in Section 1 6.7. A M6bius strip is a nonorientable surface; see 

Figures 4 and 5 and the accompanying discussion on page 1 139 [ET 1115], 

(b) See Definition 16.7.8. 

(c) See Formula 16.7.9. 

(d) See Formula 16.7.10. 

14. See the statement ofStok.es' Theorem on page 1 146 [ET 1 122]. 

15. See the statement of the Divergence Theorem on page 1153 [ET 1 129]. 

16. In each theorem, we have an integral of a "derivative" over a region on the left side, while the right side involves the values of 
the original function only on the boundary of the region. 
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TRUE-FALSE QUIZ ____ 

1. False; div F is a scalar field. 

3. True, by Theorem 16.5.3 and the fact that div 0 = 0. 

5. False. See Exercise 16.3.35. (But the assertion is true if D is simply-connected; see Theorem 16.3.6.) 
7. False. For example, div(j; i) = 0 = div(x j) but y i ^ x j. 
9. True. See Exercise 16.5.24. 

11. True. Apply the Divergence Theorem and use the fact that div F = 0. 

EXERCISES 

1. (a) Vectors starting on C point in roughly the direction opposite to C, so the tangential component F • T is negative. 
Thus J c F • dr = j c F ■ T ds is negative. 

(b) The vectors that end near P arc shorter than the vectors that start near P, so the net flow is outward near P and 
div F(P) is positive. 

3. f c yzcosxds= /* (3cost) (3sint)cost y/(l) 2 + (-3sini) 2 + (3cos i) 2 dt = J^^cos 2 t sint)\/Todt 
= 9^ (-£ cos 3 i)]* = -3 ^(-2) =6^ 

5. f c y* dx + x 2 dy = & [y 3 (~2y) + (1 - y 2 ) 2 ] dy = - 2y 2 + 1) dy 

= [-b 5 -!v 3 +y]^ = -i-| + i-i-I + i = ^ 

7. C: x — l + 2t dx = 2dt,y = 4t => dy = 4dt, z = -1 + 3t => dz = 3dt, 0 < t < 1. 

J c xydx + y 2 dy + yzdz = £[(1 + 2t)(«)(2) + (4*) 2 (4) + («){-! + 3t)(3)] di 

= j^ne* 2 - At)dt = - 2tX = 1?-2 = 1? 

9. F(r(t)) = e- t i + t 2 (-t)j + (i 2 + t 3 )k,r'(i) = 2i i + 3t 2 j - k and 

/ c F • dr = /> e - £ - Sf 5 - (t 2 + i 3 )) dt = [-2te- - 2e"' - ±t 6 - At 3 - |*«]* ==§-*. 

11. ^ [(1 + xj/Je 1 "] = 2xe X!/ + xV*" = £ [e w + xV] and the domain of F is R 2 , so F is conservative. Thus there 
exists a function / such thatF = V/. Then /„(x,y) = e" +x 2 e xy implies f(x,y) = e» + xe* v + g(x) and then 
Mse,V) = xye*v + e*»+g'(x) = (1 + xy)e^ + g'(x). But f T (x,y) = (1 + xy)e*\ so g'(x) = 0 => <,(x) = /<T. 
Thus f(x, y) = e v + xe x " + K is a potential function for F. 

13. Since (4x 3 y 2 - 2xy 3 ) = 8x 3 y - 6xy 2 = £ (2x 4 y - 3x 2 y 2 + 4y 3 ) and the domain of F is K 2 , F is conservative. 
Furthermore /(x, y) = x"y 2 - x 2 j/ 3 + y 4 is a potential function for F. t = 0 corresponds to the point (0, 1) and t = 1 
corresponds to (1, 1), so j c F • dr = /(l, 1) - /(0, 1) = 1 - 1 = 0. 
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340 □ CHAPTER 16 VECTOR CALCULUS 

15. Gli r(t) = ti + f 2 j,-l <t<l; 
C 2 :r(i) = -ti+j,-l<t<l. 
Tlien 

/ c xy 2 dx - x 2 ydy = J*Jf - 2t b )dt + /*, id* 
Using Green's Theorem, we have 

= /-. <*» = (2^ 5 - 2x)dx = - x 2 ] 1 ^ = 0 

17. / e x 2 y dx - xy 2 dy = Jf U (-xy 2 ) - £ (i 3 y)l = // (V - x 2 ) dA . - Jo r 3 dr d<? = -8tt 

19. If we assume there is such a vector field G, then div(curl G) = 2 + 3z - 2xz. But div(curl F) = 0 for all vector fields F. 
Thus such a G cannot exist. 

21. For any piecewise-smooth simple closed plane curve C bounding a region D, we can apply Green's Theorem to 
F(x, y) = f(x) i + g(y)j to get J c f(x) dx + g(y) dy = JJ D [& g(y) - £ dA = f/ fl 0 dA = 0. 

23. V 2 / = 0 means that + ^ = 0. Now if F = /„ i - /«J and C is any closed path in D, then applying Green's 

ox 1 oy L 

Theorem, we get 

J c F • dr = J c f v dx - u dy = ./To [£ (-/.) - £ (/»)] <M 

= - + fyy) dA = - fj D 0 dA = 0 

Therefore the line integral is independent of path, by Theorem 16.3.3. 
25. 2 = / (x, g) = x 2 4- 2y with 0 < x < 1, 0 < y < 2x. Thus 

A(S) = Jj D Vl + 4x 2 + 4dA = /o 1 /^ v^T^Fdycte = £ 2x y/5 + 4x*dx = |(8 + 4x 2 ) 3 ' 2 ]* = 1(27 - 5 y/E). 
27. 2 = /(x, y) = x 2 + i/ 2 with 0 < x 2 + y 2 < 4 so r<t x r v = -2x i - 2y j + k (using upward orientation). Then 



jf s zdS= SJ (x 2 +y 2 )y/4xi+W- + ldA 

x2 + v 2<4 

= Jf f 2 r 3 y/lT4^dTd0 = ^*(3B1 VT7 + l) 

(Substitute u = 1 + 4r 2 and use tables.) 
29. Since the sphere bounds a simple solid region, the Divergence Theorem applies and 

Hs F • dS = ISSm F dV = /Jjy* - 2) dV = /// a * dV - 2jJJ E dV 

= °[r^Z; i c] " 2 - ^ = -2.^(2)3 = -^ 
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Alternate solution: F(r(r/>, 9)) = 4 sin </> cos 9 cos </> i — 4 sin </> sin 0 j + 6 sin 0 cos 9 k, 

x r« = 4sin 2 </> cos0i + 4sin 2 <j> sin#j + 4sin</> cos</>k, and 
F • (r<p xrj) = 16 sin 3 <p cos 2 9 cos</> — 16 sin 3 <f> sin 2 9 + 24 sin 2 <j> cos</> cos 9. Then 



/ f s F • dS = / 0 2,r ( 16 sin 3 0 cos 0 cos 2 9 - 16 sin 3 <£■ sin 2 9 + 24 sin 2 <j> cos <j> cos 9) d<f> d9 

= r o 2 "| ( -i6sin 2 e)^ = -f^ 



31. Since curlF = 0, // s (curlF) ■ dS = 0. We parametrize C: r(t) = cos* i + sin* j, 0 < t < 2n and 
§ C F ■ dr = (- cos 2 1 sin t + sin 2 1 cos t) dt = A cos 3 1 + ± sin 3 1] ^ = 0. 



33. The surface is given byx + y + z = lorz=l-x-i/,0<x< 



1, 0 < y < 1 - x and r x x r„ = i + j + k. Then 



f c F • dr = Jf s curlF ■ dS = Jf D (-y i - zj - xk) ■ (i + j + k) dA = // D (-l) dA = -(area of D) = 



F(r(</>, 61)) • (r,/, x r ff ) = sin 3 4> cos 2 (9 + sin 3 <j> sin 2 0 + sin 0 cqs 2 0 = sin <!> and 
// s F ■ dS = Cf* smd>d<pd9 = (2n){2) = 4tt. 

37. Because curl F = 0, F is conservative, so there exists a function / such that V/ = F. Then f x (x, y, z) = 3x 2 yz — 3y 
implies f(x,y,z)=x 3 yz-3xy + g(y,z) f y {x,y,z) = x 3 z - 3x + g v (y,z). But f v {x,y,z) = x 3 z - 3x, so 
g(y, z) = h(z) and f(x,y, z) = x 3 yz - 3xy + h(z). Then f,(x,y, z) m x 3 y + h'(z) but f z {x, y, z) = x 3 y + 2z, 
so h(z) = z 2 + K and a potential function for F is /(x, i/, z) = x 3 yz - 3xy + z 2 . Hence 
f c F-dr = .f c V/dr = /(0,3,0)-/(0,0,2) = 0-4 = -4. 

39. By the Divergence Theorem, fj g F ■ n dS = / ff E div F dV = 3(volume of E) = 3(8 - 1) = 21. 



41. Let F = a x r = {a u a 2 , a 3 ) x (x, y, z) = (a 2 z - a 3 y, a 3 x - aiz, a iy - a 2 x>. Then curl F = <2ai, 2a 2 , 2a 3 > = 2a, 




and ff s 2a ■ dS = /f s curl F • dS = / c F • dr = J c (a x r) • dr by Stokes' Theorem. 
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□ PROBLEMS PLUS 



1. Let Si be the portion of f2(5) between S(a) and S, and let dSi be its boundary. Also let Sl be the lateral surface of Si [that 
the surface of Si except 5 and 5(a)]. Applying the Divergence Theorem we have J J dS = jjj V • dV. 

v -L = /A a_ ±\ I v \ 

t* \dx'dy'dz/ \( X 2+y2 + z 2f/> ' {X 2 + y 2 + z 2f/2 > ^ + yi + , 2) 3/2 / 



is, 
But 



(* 2 + y 2 + - 3s 2 ) + (s 2 + + z 2 - 3y 2 ) + (a 2 + y 2 + z 2 - 

(i a +y a + 2 a )«/a _U 

dS = 0 dV" = 0. On the other hand, notice that for the surfaces of ftSj other than 5(a) and 5, 

r • n = 0 => 

Jj T —?idS = - jj ^ dS. Notice that on 5(a), r = a =*> n = -2 = -I and r ■ r = r 2 = a 2 , so 

Therefore |fi(S)| = jj^^ dS. 

3. The given line integral \ J c (bz - cy) dx + (cx - az) dy + (ay - bx) dz can be expressed as f c F • dr if we define the vector 
field F by F(x, y, z) = Pi + Qj + Rk = \(bz -cy)i+ \(cx - az)j + \(ay - bx) k. Then define 5 to be the planar 
interior of C, so 5 is an oriented, smooth surface. Stokes' Theorem says J c F • dr = jj s curlF • dS = jj' s curlF • ndS. 
Now 

' — (t-fMf-£MS-f> 

= (§a + |o) i + (|| + |b) j + + |<j) k = ai + bj + ck = n 

» 

so curlF • n = n • n = |nj 2 = 1, hence JJ S curl F • ndS = JJ S dS which is simply the surface area of S, Thus, 
J' c F • dr = ^ J^,(6^r — cj/) dx + (cx — az) dy + (ay — bx) dz is the plane area enclosed by C. 

5. (F- V)G= ^JL+Q.JL + ftJ^j (P 2 i + Q 2 j+Rik) 
= (F • VP 2 ) i + (F • VQ 2 ) j + (F • VR 2 ) k. 
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Similarly, (G • V)F = (G • VPi)i +(G ■ VQi) j + (G • VPi)k. Then 

» j k 

F x curl G = Pi Qi Ri 

dRi/dy -dQ 2 /dz dP 2 /dz - dR 2 /dx dQ 2 /dx - 8P 2 /dy 

{■ dQ 2 dP 2 $Fk < » #S8A , , f a dR 2 dQ 2 8Q 2 8P 2 \ . 

( 8P 2 3R 2 n dR 2 dQ 2 \ 

and 



+ 



Then 



(F .v,o +r xc„,^(p,^ + ^ + ^), + (,^ + a,^ + ^)i 



and 



pi.^ 8 ,««.(*^ + »^ + *^). + (nf. + »^ + *^)j 



Hence 



(F • V) G + F x curl G + (G • V) F + G x curlF 



. +[(*£+^H**+^M*3 + *£)> 

= V(PiPa + QiQ 2 + RiR 2 ) = V(F • G). 
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17 □ SECOND-ORDER DIFFERENTIAL EQUATIONS 

17.1 Second-Order Linear Equations 

1. The auxiliary equation is r 2 - r - 6 = 0 => (r-3)(r + 2) = 0 => r = 3, r = -2. Then by (8) the general solution 
isy = cie 3x + c 2 e~ 2x . 

3. The auxiliary equation is r 2 + 16 = 0 => r = ±41 Then by ( 1 1 ) the general solution is 

y = e 0x (ci cos 4x + c 2 sin 4x) = ci cos 4a; + c 2 sin 4.x. 



5. The auxiliary equation is 9r 2 - 12r + 4 = 0 =► (3r - 2) 2 = 0 



r = §. Then by (10), the general solution is 



c 2 xe' 



2x/3 



7. The auxiliary equation is 2r 2 - r = r(2r - 1) = 0 # ?- = 0, r = A, so y = cie 0x + c 2 e x/2 = ci + c 2 e x/2 . 
9. The auxiliary equation is r 2 - 4r + 13 = 0 r = 4 - = 2 ± 3z, so y = e 2x (ci cos3x + c 2 sin3x). 

-2 ± %/l2 1 v^3 

11. The auxiliary equation is 2r- + 2r - 1 = 0 => r = — = --±^-, S o 

4 Z z 

y = Cie (-l/2+V3/2)t + C2e (-l/2-^3/2)« 



13. The auxiliary equation is 100r 2 + 200r + 101 = 0 r = 2 °° onn ^ = _1 ± T5 



200 

P = e- t [ Cl cos(^t)+c 2 sin(^)]. 

15. The auxiliary equation is 5r 2 - 2r - 3 = (5r + 3)(r - 1) = 0 => r = -f, 

r = 1, so the general solution is y = cie -31 ' 5 + cae". We graph the basic 

solutions /(x) = e -3l/5 , <?{x) = e" as well as y = e~ 3x/5 + 2c 1 , 

y = e _3x/5 - e x , and y = -2e~ 3x/5 - e 1 . Each solution consists of a single 
continuous curve that approaches either 0 or ±oo as x — » ±oo. 



10 



-3 



-10 



17. r 2 - 6r + 8 = (r - 4)(r - 2) = 0, so r = 4, f = 2 and the general solution is y = cie 4x + c 2 e 2x . Then 

y' = 4cie 4x + 2c 2 e 2x ,soy(0) = 2 =► Cj 4- c 2 = 2 and y'(0) = 2 =>■ 4ci + 2c 2 = 2, giving c, = -1 and c 2 = 3. 
Thus the solution to the initial-value problem is y = 3e 2x - e 4x . 

19. 9r 2 + 12r + 4 = (3r + 2) 2 =0 => r = -§ and the general solution is y = c ie - 2l/3 + c 2 se- 2l/3 . Then y(0) = 1 => 
ci = 1 and, since y' = -^cie" 2x/:l + c 2 (l - fx) e" 2x/3 , y'(0) =0 =* -fci + c 2 = 0, so c 2 = § and the solution to 
the initial-value problem is y = e -2 ^ 3 



+ fxe" 



e/3 
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21. r 2 - 6r + 10 = 0 => r = 3 ± i and the general solution is y = e 3x (ci cosx + c 2 sinx). Then 2 = y(0) = ci and 
3 = y'(0) = c 2 + 3ci c 2 = -3 and the solution to the initial-value problem is y = e 3l (2cosx - 3sinx). 

23. r 2 - r - 12 = (r - i)(r + 3) = 0 =S» r = 4, r = -3 and the general solution is y = cie 4 * + c 2 e~ 3lB . Then 

0 = 2/(1) = cie* + c 2 e -3 and 1 = y'(l) = Aci_e A - 3c 2 e~ 3 so cj = f e" 4 , c 2 = -±e :l and the solution to the initial-value 
problem is y = \e~ 4 e 4x - ±e 3 e - 31 = ^e ix ~ 4 - ^H». 

25. r 2 + 4 = 0 => r = ±2i and the general solution is y = a cos 2x + c 2 sin 2x. Then 5 = y(0) = ci and 3 = y(7r/4) = c 2 , 
so the solution of the boundary-value problem is y = 5 cos 2x + 3 sin 2x. 

27. r 2 + 4r + 4 = (r + 2) 2 = 0 => r = -2 and the general solution is y = cie~ 2x + c 2 xe- 2 *. Then 2 = y(0) = Ci and 
0 = J/(l) = cie -2 + cse -2 so c 2 = -2, and the solution of the boundary-value problem is y = 2e~ 2x - 2xe~ 2x . 

29. r 2 - r = r(r - 1) = 0 => r = 0, r = 1 and the general solution is y = c. + c 2 e*. Then 1 = y(0) = ci + c 2 

e — 2 1 e — 2 e x 
and 2 = y(l) = a + c 2 e so Ci = -, c 2 = -. The solution of the boundary-value problem is y = H -. 

G 1 C 1 C ~"~ J. 6 1 

31. r 2 + 4r + 20 = 0 r = -2 ± 4t and the general solution is y = e -2l (ci cos4x + c 2 sin 4xj. But 1 = y(0) = ci and 

2 = y(7r) = cie -2 " ci = 2e 2,r , so there is no solution. 

33. (a) Case I (A = 0): y" + Ay = 0 => y" = 0 which has an auxiliary equation r 2 = 0 => ?=0 => y = ci + c 2 x 
where y(0) s 0 and y(L) = 0. Thus, 0 = y(0) = ci and 0 = y{L) = ciL =*> Cl = c 2 = 0. Thus y = 0. 

Case 2 (A < 0): y" + Ay = 0 has auxiliary equation r 2 = —A =► r = [distinct and real since A < 0] => 

y = cie^ 1 + C2e -v/rXx where y(0) = 0 and y(L) = 0. Thus 0 = y(0) = ci + c 2 (*) and 



Multiplying (*) by e v/rXL and subtracting (t) gives c 2 (e*^ - e" v/rXL ) =0 => c 2 = 0 and thus ci = 0 from (*). 



Thus y = 0 for the cases A = 0 and A < 0. 

(b) y" + Ay = 0 has an auxiliary equation r 2 + A = 0 => r=±iv / A y = ci cos \/Ax + c 2 sin \/Ax where 
y(0) = 0 and y(L) = 0. Thus, 0 = y(0) = ci and 0 = y(L) = c 2 sin y/XL since ci = 0. Since we cannot have a trivial 
solution, c 2 # 0 and thus sin \/A L = 0 =* \/A L = nir where n is an integer => A = n 2 K 2 /L 2 and 
y = c 2 sin(mrx/L) where n is an integer. 

35. (a) r 2 — 2r + 2 = 0 =► r = 1 ± i and the general solution is y = e x (ci cos x + c 2 sin x). If y(a) = c and y(b) = d then 
e a (ci cos a + c 2 sin a) = c =>■ ci cos a + c 2 sin a = ce~" and e 6 (ci cos 6 + c 2 sin b) = d =>■ 
Ci cos 6 + c 2 sin 6 = de . This gives a linear system in ci and c 2 which has a unique solution if the lines are not parallel. 
If the lines arc not vertical or horizontal, we have parallel lines if cos a = k cos 6 and sin a = k sin b for some nonzero 



0 = y(L) = c,e^ + (fce"^ (t). 
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cos a , sin a sin a sin b . 

constant k or r = k = -— => = r => tan a = tan b b-a = mr,n any integer. (Note that 

coso smo cos a coso 

none of cos a, cos b, sin a, sin 6 are zero.) If the lines are both horizontal then cos a = cos b = 0 => 6 - a = n7r, and 
similarly vertical lines means sin a = sin 6 = 0 =>• b~a = mr. Thus the system has a unique solution if 6 - a ^ n7r. 
(b) The linear system has no solution if the lines are parallel but not identical. From part (a) the lines are parallel if 

ce" 



b - a = nit. If the lines are not horizontal, they are identical if ce a = kde b => — — -r = k = 



de~ b cos 6 

1, = ' (lf d = 0 then c = 0 also ' ) lf they are horizontal then cos b = °' but k = ^ also ^ sin & S* °) so 

we require ^ = e « - <> Thus ^ system ^ no solution if 6 - a = nit and -t / e 1 '"**— r unless cos 6 = 0, in 
a smb a coso 

... c „_ 6 sina 
which case - ^ e" *-r-r. 

a sin o 

(c) The linear system has infinitely many solution if the lines are identical (and necessarily parallel). From part (b) this occurs 

when 6 - a = mr and | = tf- unless cos 6 = 0, in which case £ = e 0 " 1 ^. 

a coso a sino 



1 7.2 Nonhomogeneous Linear Equations 

1. The auxiliary equation is r 2 - 2r - 3 = (r - 3)(r + 1) = 0 r = 3, r = -1, so the complementary solution is 

y c (x) = cje 3x + c 2 e~ x . We try the particular solution y p (x) = 4cos2x + B sin 2a;, so 

y' p = -2Asin2x + 2Bcos2x and y' p = -4Acos2x - 4/Jsin2x. Substitution into the differential equation gives 
(-44 cos 2a: -4B sin 2a:) - 2(-24sin2x + 2Bcos2x) -3(4 cos 2x + Bsin2x) = cos2x 
(_7^4 - 45) C os 2x + (44 - 75) sin 2x = cos 2x. Then -74 - 4B = 1 and 44 - IB = 0 => 4 = and 
B = —fa. Thus the general solution is y(x) = y c (x) + y p {x) = C\e 3x + c 2 e' x - ^ cos2x - ^ sin 2x. 

3. The auxiliary equation is r 2 + 9 = 0 with roots r = ±3t, so the complementary solution is y c (x) = ci cos3x + c 2 sin3x. 
Try the particular solution y p (x) = Ae~ 2x , so y' v = -24e" 2x and y' p ' = AAe~ 2x . Substitution into the differential equation 
gives 4/te" 21 + 9(Ae~ 2:r ) = e~ 2 * or \ZAe~'' = e -21 . Thus 13A = 1 yl = ± and the general solution is 

y(x) = 2/ c (x) + y P {x) = ci cos3x + oi sin3x + ^e~ 2x . 

5. The auxiliary equation is r 2 - 4r + 5 = 0 with roots r = 2 ± i, so the complementary solution is 

y c (x) = e 2l (ci cosx + c 2 sinx). Try y p (x) = Ae~ x , so y' p = -AeT x and y' p = Ae~ x . Substitution gives 
4e -x - 4(-Ae~ x ) + 5(Ae~ x ) = e~ x lOAe"* = e" x => A = ^ . Thus the general solution is 

j/(x) = e 2l (ci cosx + C2 sin x) + yge -1 . 
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7. The auxiliary equation is r 2 + 1 = 0 with roots 7- = ±i, so the complementary solution is y c {x) = Ci cos a; + a sinx. 
For y" + y = e 1 try y pi (x) = Ae x . Then y' P1 = y' v \ = Ae x and substitution gives Ae x + Ae x = e x => A=\, 
so y pl (x) = \e x . For y" + y = x 3 try y m {x) = Ax 3 -f fix 2 + Cx + D. Then ?/ P2 = 3Ax 2 + 2Bx + C and 
y' p ^ = 6Ax + 2B. Substituting, we have 6Ax 4- 2B 4- Ax 3 + Bsc 2 + Cx + D = x 3 , so A = 1, B = 0, 
6A + C = 0 => C = -6, and 2B + D = 0 => D = 0. Thus ?/ P2 (x) = x 3 - 6x and the general solution is 
y(x) = y c {x) + y vi (x) + y P2 {x) = a cosx + c 2 sinx + \e x + x 3 - 6x. But 2 = y(0) = ci + ± => 
ci = § and 0 = y'(0) = c 2 + 3 - 6 => c 2 = -y. Thus the solution to the initial-value problem is 
y(x) = § cosx + sinx + ^e 1 + x 3 - 6x. 

9. The auxiliary equation is r 2 - r = 0 with roots r = 0, r = 1 so the complementary solution is y c (x) = ci + oie x . 
Try y p (x) = x(Ax + B)e x so that no term in y p is a solution of the complementary equation. Then 
y'„ = {Ax 2 + {2A + B)x + B)e x and y' p = (Ax 2 + (4A + B)x + (2A + 2B))e x . Substitution into the differential equation 
g\ves{Ax 2 + {AA + B)x + {2A + 2B))e x -{Ax 2 + {2A + B)x + B)e x = xe x => (2Ax + (2A + B))e x = xe x ■+ 
A = |, B = -1. Thus y p (x) = (^x 2 - x)e* and the general solution is y{x) — c\ + cie x -f (§x 2 - x)e x . But 
2 = 3/(0) = ci + C2 and 1 = y'{0) = c 2 - 1, so c 2 = 2 and ci = 0. The solution to the initial-value problem is 
1f(at) = 2e x + (±x 2 - x)e x = e x {\xr - x + 2)'. 

11. The auxiliary equation is r 2 + 3r + 2 = (r + l)(r + 2) = 0, so r = -1, r = -2 and j/ c (x) = ete~" + cae -2 *. 

Try j/ p = A cosx + B sinx => j/ p = - A sinx + Bcosx, 2/ p = - A cosx - Bsinx. Substituting into the differential 
equation gives (-Acosx - Bsinx) + 3(- A sin x + B cos x) + 2(A cos x + B sin x) = cosx or 
(A + 3B) cosx + (-3A -I- B) sinx = cos x. Then solving the equations 
A + 3B = 1, -3A + B = 0 gives A = ^, B = ^ and the general 
solution is y(x) = cie _ ' T -1- C2e~ 2x + jL cosx + sinx. The graph 

v 

shows y p and several other solutions. Notice that all solutions are 
asymptotic to y p as x — » co. Except for j/,„ all solutions approach either oo 
or —oo as x — » — oo. 

13. Here y c {x) = c x e 2x + c 2 e _I , and atrial solution is j;„(x) = {Ax + B)e x cosx + (Cx + D)e x sinx. 

15. Here j/ c (x) = cie 2 * + c 2 e*. For y" - 3y' + 2y = e x try y, n (x) = Axe 1 (since y = Ae x is a solution of the complementary 

equation) and for y" - 3y' + 2y = sin x try y P2 {x) = Bcosx + Csinx. Thus a trial solution is 

y P {x) = y P1 {x) + y P2 (x) = Axe x + Bcosx + Csinx. 

17. Since y c {x) = e~ x {a cos3x + ci sin3x) we try y p {x) = x(Ax 2 4- Bx + C)e~ x cos3x + x(Bx 2 + Bx + F)e~ x sin3x 
(so that no term of y p is a solution of the complementary equation). 

© 2012 Ccngogc Learning. All Rights Reserved May nol he scanned, copied, or duplicated, or posled to a publicly accessible website, in whole or in part. 

www.elsolucionario.net 
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Note: Solving Equations (7) and (9) in The Method of Variation of Parameters gives 

i 

Ul ~ a (yiy' 2 - yal/i) U2 ~ a ( yi y' 2 - y 2 y[) 

We will use these equations rather than resolving the system in each of the remaining exercises in this section. 

19. (a) Here 4r 2 + 1 = 0 r = ±\i and y c (x) = Ci cos(ix) + c 2 sin(§x). We try a particular solution of the form 

y p (x) = A cos x + B sin x =f- y' p = - A sin x + B cos x and y' p = -A cos x - B sin x. Then the equation 

+ y = cosx becomes 4(— Acosx — 23 sin as) + (,4 cosx + Bsinx) = cosx or 
—3.4 cosx - 3Bsinx = cosx A = — |, B = 0. Thus, y P (x) = -± cosx and the general solution is 

y(x) =y c (x)+y P (x) = cicos(^x) +c 2 sin(ix) - A cosx. 

(b) From (a) we know that y c (x) = ci cos § + c 2 sin f . Setting yi = cos §, y 2 = sin f , we have 

cos cc sin 

2/12/2 - 2/22/'! = | cos 2 f + | sin 2 f = i. Thus u'i = j-^- = - ± cos(2 • §) sin f = — A (2 cos 2 f - l) sin f 

and u > 2 = ggffgj = I cos (2 • f ) cos f = 1(1 - 2sin 2 f ) cos f . Then 

■ui(x) = / (| sin f - cos 2 § sinf)dx = -cosf + § cos 3 § and 
"2(1) = / (| cos f - sin 2 f cos §) dx = sin § - f sin 3 f . Thus 

2,„(x) = (- cos f + § cos 3 f ) cos f + (sin f - § sin 3 f ) sin f = - (cos 2 f - sin 2 f ) + f (cos 4 f - sin 4 f ) 
= - cos (2 • f ) + f (cos 2 f + sin 2 f ) (cos 2 f - sin 2 f ) = - cos x + § cos x = - § cos x 

and the general solution is y(x) = y c (x) + y p (x) = ci cos § + c 2 sin § - § cos x. 

21. (a) r 2 - 2r + 1 = (r - l) 2 = 0 => r = 1, so the complementary solution is y c (x) = ae T + c 2 xe*. A particular solution 
is ofthe form y P (x) = >le 2a: . Thus 4>le 2l -4Ae 2l + >le 21 = e 2 * => Ae 2x = e 2x A = 1 => i/ P (x) = e 2 *. 
So a general solution is y(x) = t/ c (x) + y P (x) = cie 1 + c 2 xe x 4- e 2x . 

(b) From (a), j, c (x) = cie* + C2xe x , so set j/i = e*, y 2 = xe*. Then, yuj' 2 - y 2 y[ s= e 2x (l + x) - xe 2 * = e 2 * and so 
u'i = -xe 1 => m (x) = - / xe 1 dx = -(x - l)e* [by parts] and u 2 = e x => u 2 (x) = / e* dx = e*. Hence 
2/p ( x ) = (! — x)e 2a: + xe 2 * = e 2x and the general solution is y(x) = y^x) + y p (x) = c x e x + c 2 xe* + e 2x . 

23. As in Example 5, y c (x) = ci sin x + c 2 cos x, so set 2/1 = sin x, yi = cosx. Thenyi3/ 2 - 2/22/i = - sin 2 x - cos 2 x = -1, 

so „> = _sec_£OTsx = secx _^ ui(x) = /seexdx = ln(secx + tanx) forO < x < f, 

, , sec 2 x sin x . . 

and u 2 = — = -secx tanx u 2 (x) = -secx. Hence 

y p (x) = ln(secx + tanx) • sin x - secx • cosx = sinxln(secx + tanx) - 1 and the general solution is 
y{x) = cisinx + C2 cosx + sin x ln(secx + tanx) - 1. 
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— e 2x e~ x 

25. j& = e x , 3/2 = e 2x and 1/iVa - = e 3x . So ui = (1 + e _ x)e3T = - 1 + e -, ' and 

*w = / da: = ~ e_x = in(i + e_I) _ e_I - Hence 

y p (x) = e 1 ln(l + e" T ) + e 2 *[ln(l + e~ x ) - e~ x ) and the general solution is 
y(x) = [c, + ln(l + e-*)\e x + [c 2 - e~ x + ln(l + e"*)]e 2 *. 

27. r 2 - 2r + 1 = (r - l) 2 = 0 => r = 1 so y c (x) = cie* + eB»e". Thus yi = e x , y 2 = xe x and 

fti* - tftyi = e*(x + l)e x - xe x e x = e 2x . So u{ = _ ^^M±jH = ^ 

y p {x) = -\e x ln(l + x 2 ) + xe* tan -1 x. Hence the general solution is y(x) = e* [ci + c 2 x - ± ln(l + x 2 ) + xtan -1 x]. 

17.3 Applications of Second-Order Differential Equations 

1. By Hooke's Law fc(0.25) = 25 so k = 100 is the spring constant and the differential equation is 5x" + lOOx = 0. 
The auxiliary equation is 5r 2 + 100 = 0 with roots r = ±2 s/bi, so the general solution to the differential equation is 
x(t) = cicos(2v / 5t)+c 2 sin(2 v / 5t). We arc given that x(0)= 0.35 => ci = 0.35 and x'(0) = 0 => 
2s/Ec 2 -0 =» C2 = 0, so the position of the mass after t seconds is x(t) = 0.35cos(2 Vbt). 

3. A;(0.5) = 6 or k = 12 is the spring constant, so the initial-value problem is 2x" + 14x' + 12x = 0, x(0) = 1, x'(0) = 0. 
The general solution is x(t) = cie~ 6t + c 2 e"'. But 1 = x(0) = ci + c 2 and 0 = x'(0) = -6ci - c 2 . Thus the position is 
given by x(f) = -ie- et + fe- t . 

5. For critical damping we need c 2 - 4mfc = 0 or m = c 2 /(4fc) = 14 2 /(4 • 12) = § kg. 

7. We are given m = 1, fc = 100, x(0) = -0.1 and x'(0) = 0. From (3), the differential equation is + c ^ + 100x = 0 

with auxiliary equation r 2 + cr + 100 == 0. 

If c = 10, wc have two complex roots r = -5 ± 5 \/3 z, so the motion is underdamped and the solution is 
x = e" 6t [ciCOs(5 y/3t) +023111(51/34)]. Then -0.1 = x(0) = ci and 0 = x'(0) = 5y/3c 2 - 5c x ■» c 2 = 

so x = e- 5t [-0.1 cos(5 V^t) - sin(5 V3 i)] . 
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SECTION 17.3 APPLICATIONS OF SECOND-ORDER DIFFERENTIAL EQUATIONS □ 351 
If c = 15, we again have underdamping since the auxiliary equation has roots r = ± ^i. The general solution is 
x = e- 18 " 2 [ci cos^i) + c 2 sin( 5 ^r)] > so -0.1 = x (0) = c, and 0 = x'(0) = ^c 2 - f ex => c 2 = 

Thus x = e~™'* [-0.1 cos(^ r ) - ^ sin(^t)]. 

For c = 20, we have equal roots n - r 2 - -10, so the oscillation is critically damped and the solution is 
x = (ci + c 2 t)e- 10 '. Then -0.1 = .x(0) = Cj and 0 = x'(0) = -10ci + c 2 =* c 2 = -1, so x = (-0.1 - t)e~ 10t . 

If c = 25 the auxiliary equation has roots r x = -5, r 2 = -20, so we have overdamping and the solution is 
x = ae~ 5t + c 2 e _20f . Then -0.1 = x(0) = a + c 2 and 0 = x'(0) = -5ci - 20c 2 ci = and c 2 = ^, 

If c = 30 we have roots r = -15 ± 5 V$, so the motion is 
overdamped and the solution is x = cie(- 15 + 5 ^) t + c 2 e(- 15 - 5 ^) J . 
Then -0.1 = x(0) = ci + c 2 and 
0 = z'(0) = (-15 + 5v^5)ci + (-15-5 s/E) c 2 => 

Cl — inn auu (.2 — 100 , su 




-0.11 



9. The differential equation is mx" + kx = F 0 cos ui 0 t and u) 0 / w - ^Jk/m. Here the auxiliary equation is me 2 + fc = 0 
with roots ±y/k/mi = ±wi so x c (0 = ci coswi + c 2 smojt. Since wo / u, try x fl [t) = Acoswof + Bsinujot. 
Then we need (m)(-uo)(Acosu)nf + ZJsinwo'-) + k(AcosuJot + Bs'mujot) = Fncosu/ot or A(k — mujl) = F 0 and 

F F) /c 

5 (ft - mwj}) = 0. Hence B = 0 and A = fc _ ^ 2 = m ( cj2 _ ^,2) since w2 = ~ • Thus the motion of the mass is given 

Fo 



by x(t) - ci cos wt + c 2 sinwt + m ^ 2 _ ^,2) cos Wot 



11. From Equation 6, x(t) - f(t) + g(t) where f{t) = Ci coscj* + c 2 smart and = 



F 0 



cos wo*. Then / 



m(u! 2 - w 2 ,) 

is periodic, with period 3f , and if w / w 0 , is periodic with period If -g- is a rational number, then we can say 
^ = f, => a = ^ where a and 6 are "on-zero integers. Then 

x(t + a-^)=f(t + a^)+g(t + a^)=f(t)+g(t + ^-^)=f(t)+g(t + b-^)=f(t)+g(t)=x(t) 
so x(t) is periodic. 

13. Here the initial-value problem for the charge is Q" + 20Q' + 500Q = 12, Q(0) = Q'(0) = 0. Then 
Q c (t) = e- lo '(c 1 cos20t + c 2 sin20t)andtryg p (0 = A =► 500A = 12 or A = 
The general solution is Q(t) = e _10t (c. cos 20t + c 2 sin 20t) + j^. But 0 = Q(0) = ci + jfg and 
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• Q'(t) = 7(4) = e- lot [(-10ci + 20c 2 ) cos 204 + (-10c 2 - 20ci) sin 204] but 0 = Q'(0) = -10ci + 20c 2 . Thus the charge 
is Q(t) = -2^e- 10t (6cos20t + 3sin20t) + jfg and the current is 7(4) = e" 10 * (f ) sin 204. 

15. As in Exercise 13, Q c (t) = e" 10t (ci cos 20t + c 2 sin 204) but E(t) = 12sin 104 so try 
Q p (4) = 4 cos 104 + Ssin 104. Substituting into the differential equation gives 
(-1004 + 200B + 5004) cos 104 + (-100B - 2004 + 500B) sin 104 = 12 sin 104 => 
4004 + 200B = 0 and 400B - 2004 = 12. Thus 4 = - B = jg and the general solution is 
Q(4) = e- 10t (ci cos 204 + c 2 sin 204) - jfg cos 104 + sin 104. But 0 = Q(0) = ci - jfo so ci = . 
Also Q'(4) = ^ sin 104 + ^ cos 104 + e - 10t [(-10 Cl + 20c 2 )cos204 + .(-10c 2 - 20ci)sin204] and 
0 = Q'(O) = $g - 10ci + 20c 2 so c 2 = - =§5. Hence the charge is given by 
Q(4) = e- 10t cos 204 - gfg sin 204] - gfg cos 104 + ^ sin 104. 

17. z(4) = 4cos(w4 + 5) <=> i(4) = 4[cosw4cos<5 — sinw4sin 5} x(t) = 4^^- cosoj4 + ^ sina>4^ where 

cos 6 = a/A and sin (5 = -c 2 /4 <^ x(4) = Ci cos w4 + c 2 sin wt. [Note that cos 2 S + sin 2 5 = 1 c? + c 2 = 4 2 .] 

17.4 Series Solutions 

oo oo 

1. Let ?/(a;) = J] c^z". Then = Y ndx" and the given equation, y' - y = 0, becomes 

n=0 n=l 
00 00 00 oo 

Y riCnX 71 ' 1 - Y c n x n = 0. Replacing n by n + 1 in the first sum gives (n + l)o»+iS n - X) = °> so 

n=l n=0 n=0 n=0 

t 

00 

Y [{n + l)c n +i - c n ]x n = 0. Equating coefficients gives (n + l)c n +i - c„ = 0, so the recursion relation is 

71 = 0 

Cn+1 = rf+l ,n = °' 1 ' 2 ' Thenc i = c o> C2 = = Y> c 3 = = I • ^co = c 4 == ic 3 = ^j, and 

Co °° 00 Cn 00 s n 

in general, c„. = — . Thus, the solution is y(x) = Y c ^ x "' = E = c « !E ~T = °o eX • 

ni „=o n =o n\ n =o ™ 

00 00 00 

3. Assuming y(x) = E c n x n , we have ?/'(.x) = Y nc n x n ~ ] = Y ( n + l)c, !+ ix n and 

77=0 71 = 1 71 = 0 



OO 



-x 2 y = - Y c n x n+2 = - Y c n -2x" . Hence, the equation y' = x 2 y becomes Y (» + l)c,. + ia: n - Y c n -- 1 x n =0 

77 = 0 71 — 2 71=0 71 = 2 

oo CV—2 

or ci + 2c 2 x + Y [( n + !) c n+i - c n - 2 ] a:" = 0. Equating coefficients gives ci = c 2 == 0 and c„+i = n 

n = 2 n+1 

for n = 2, 3, But ci = 0, so C4 = 0 and c 7 = 0 and in general c 3n +i = 0. Similarly c 2 = 0 so C3n+2 = 0. Finally 

CO C3 Co CO C6 CO Co Co ~_ , . 

C3 = T' C6 = "6 = 6~3 = 3^2! ,C9 = 9" = 9^3 = ^-^,..,a»de^ = p-^-j. Thus, the solut.on 

00 00 00 ,.„ 00 T 3n oo (x 3 /3\ n \, 

= £ C77X" = E csnx 3 " = Y ^V 3 " = co E ~ = co Y = Coe ■ 

71 = 0 n=p n = 0 J •«) n = l) J l! ,1 = 0 «! 
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SECTION 17.4 SERIES SOLUTIONS □ 353 
5. Let y (x) = £ c n x" =^ y (x) = £ n^i"" 1 and y" (x) = £ (n + 2)(n + l)c n+2 x n . The differential equation 

n=0 n=l n=0 

oo oo oo oo 

becomes £ (n + 2)(n + l)c„.+ 2 x n nw"" 1 + £ c n x" = 0 or £ [(n + 2)(n + l)c n+2 + nc™ + c n ]x n = 0 

71=0 " — i »=0 ri— a 



[oo oo 
since £ nc„x" = £ ncx" 
71=1 71=0 



Equating coefficients gives (n + 2)(n + l)cn +2 + (n + l)c n = 0, thus the 



— (ti 4- l)c c 

recursion relation is c„ +2 = 7 — , -w = r-5, n = 0, 1, 2, . . . . Then the even 

(n + z;(n + l) n + 2 

~ . . , cq c 2 co C4 co . , 

coefficients are given by c 2 = - — , a = -— = — -, ce = -— = - . . and in general, 

I 4 2-4 O Z • 4 • O 



and in general, c 2 „ +1 = (-1)" 3 . 5 .T (2n + 1) = The S °' Uti0n h 



ci _ (-2)"n!ci 

••••(2n + l) 

„ (x) - C0 ^izDl x ^ +Cl y (~ 2 ) re " ! 



'nto 2"n! 1 n to(2n+l)!' 

OO OO OO OO 

7. Let »(*)= £ c Tl x n y' (x) = £ ncnx"' 1 = £ (n + l)c +J x n and j/" (x) = £ (n + 2)(n + l)c„ +2 x n . Then 

71=0 n=l =0 71=0 

(x-l)y"(x) = £(n+2)(n+l)c, l+2 x n+1 - £ (n+2)(n+l)c„ +2 x" = £ n(n+l)^ + n"-£(n+2)(n+l) C „ +2l ". 

ri=0 71=0 71=1 n-0 

Since X] ™( n + l)cn+ix n = 2 n ( n + l)cn+ix n , the differential equation becomes 

71 = 1 71=0 
OO OO OO 

£ n(n + l)c n+ ix n - £(»l+ 2)(n + l)c Tl+2 x n + £(ra + l)c„+ix n = 0 

>i=0 n=0 7>=0 

£ [n(n + l)c„ +1 - (n + 2)(n + l)c n+2 + (n + l)c„ + i]x" = 0 or £ [(n + l) 2 c„+i - (n + 2)(n + l)c„ +2 ]x n = 0. 

71 = 0 71=0 

Equating coefficients gives (n + l) 2 c, l+ i - (n + 2)(n +■ l)c„ +2 = 0 for n = 0, 1, 2, . . . . Then the recursion relation is 

c "+ 2 = ( n | n 2 |(n + i) Cn+1 = ^rl Cn+1 ' S0 give " Co and Cl ' WC haVC C2 = 2 Cl ' 03 = 3 C2 = 5 Cl > C4 = f c 3 = |e*, and 

Cl 00 x" 

in general c„ = — , n = 1, 2, 3, . . . . Thus the solution is y(x) = Co 4- ci £ — . Note that the solution can be expressed as 

n n=1 n 

co - ci ln(l - x) for |x| < 1. 

OO OO OO OO 

9. Lety(x) = £ c n x". Then -xy'(x) = -x £ = - £ nc n x" = - £ nc„x n , 

71 = 0 71 = 1 71 = 1 n = 0 

00 

= £ ( n + 2 )( n + l)c7i+ 2 x", and the equation y" - xy' — y — 0 becomes 

71 = 0 

OO 

£ [(n + 2)(n + l)cn+ 2 - rac,, - c n Jx n = 0. Thus, the recursion relation is 

71 = O 
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354 □ CHAPTER 17 SECOND-ORDER DIFFERENTIAL EQUATIONS 

^ = (n^fn+1) = (n + 2x1 + 1) = n+2 ftCR ~ 0,1,a °" e ° f the given COnd,ti ° nS is * (0) = L But 

V(O) = E o cn(0)" = co +0 + 0+ • ■ = co.soco = 1. Hence )C2 = ^ = i,c 4 = ^ = ^,cc = ^ = . . ., 

1 ' « 

c 2 „ = The other given condition is y'(Q) = 0. But y'(0) = £ nc n (0) n_1 = ci + 0 + 0 + • • • = c u so ci = 0. 

1 

Ci 

By the recursion relation, c 3 = — = 0, c 5 = 0, . . . , c 2n +i = 0 for n = 0, 1, 2, . . . . Thus, the solution to the initial-value 
problem is y(x) = £ c„x" = £ e 2n z 2 " =E^u=E i£ £ L - /2 - 

n = 0 , n = 0 n=0 * W n = 0 " ! 

oo oo oo oo oo 

11 Assuming that y{x) = E c„x", we have xy = x E CnX n = E r. n x n+1 , x 2 y' = x 2 E n&j"" 1 = £ nc n x n+1 , 

n = 0 n = 0 n=0 n = 1 n = 0 

y"(i) = £ n(n - ljci"" 2 = £ (n + 3)(n + 2)c n+3 x' l+1 [replace n with n + 3] 

n = 2 n=-l 
oo 

= 2c 2 + £ (« + 3)(n + 2)c n+3 x n+1 , 

n = 0 

oo 

and the equation y" + x 2 y' + xy = 0 becomes 2c 2 + £ [(n + 3 )( n + 2)c„ +3 + nCn + c n ] = 0. So c 2 = 0 and the 

n = 0 

recursion relation is c„ +3 = + = ~ tJlxitl'lvV " = 0, 1, 2, . . . . But c<, = y (0) = 0 = c 2 and by the 

(n + 3)(n + 2) (n + 3)(n + 2) 

1 2ci 2 

recursion relation, c 3n = c 3n+2 = 0 for n = 0, 1, 2, . . . . Also, cj = j/'(0) = 1, so a = = — jr" 3. 

5a, . , xfl 2-6 , 1 , 2 2 2 5 2 , n ,„ 2 2 5 2 (3n - 1) 2 „. ... 

C7 = -^ = (- 1 )V6T4^ = ( - 1) "TP c 3»+i=(-l) (3n + l)! -Thus, the solunoms 

17 Review 

CONCEPT CHECK 

1 (a) ay" + by' + cy = 0 where a, 6, and c are constants. 

(b) ar 2 + 6r + c = 0 

(c) If the auxiliary equation has two distinct real roots t'i and r 2 , the solution is y = c\e Tlx + c 2 e r2Z . If the roots are real and 
equal, the solution is y = ae rx + C2xe rx where r is the common root. If the roots are complex, we can write n = a+.i0 
and r 2 = a — i/3, and the solution is y = e c,I (c 1 cos/3x + c 2 sin /3x). 

2. (a) An initial-value problem consists of finding a solution y of a second-order differential equation that also satisfies given 
conditions y(xo) = yo and y'{xo) = 2/1, where yo and yi are constants. 
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(b) A boundary-value problem consists of finding a solution y of a second-order differential equation that also satisfies given 
boundary conditions y{x 0 ) = yo and y(xi) = yi. 

3. (a) ay" + by' + cy = G(x) where a, b, and c are constants and G is a continuous function. 

(b) The complementary equation is the related homogeneous equation ay" + by' + cy = 0. If we find the general solution y c 
of the complementary equation and y p is any particular solution of the original differential equation, then the general 
solution of the original differential equation is y(x) = y p {x) + y c {x). 

(c) See Examples 1-5 and the associated discussion in Section 172. 

(d) See the discussion on pages 1 1 77-1 179 [ET 1153-1 1 55]. 

4. Second-order linear differential equations can be used to describe the motion of a vibrating spring or to analyze an electric 
circuit; see the discussion in Section 17.3. 

5. See Example 1 and the preceding discussion in Section 17.4.. 

TRUE-FALSE QUIZ 

1. True. See Theorem 17.1.3. 

3. True, cosh x and sinh x are linearly independent solutions of this linear homogeneous equation. 

EXERCISES 

1. The auxiliary equation is 4r 2 -1 = 0 => (2r 4- l)(2r - 1) = 0 => r — ±A. Then the general solution 
is2/ = Cl e" /2 + c 2 e-* /2 . 

3. The auxiliary equation is r 2 +3 = 0 =s> r = ±i/3 i. Then the general solution is y = ci cos( v / 3x) + c 2 sin(\/3x). 

5. r 2 - 4r + 5 = 0 =i> r = 2 ± i, so y c (x) = e 2l (ci cos 1 + C2 sin x). Try y p (x) = Ae 2x => y' p = 2Ae 2x 
and y' p = AAe 2x . Substitution into the differential equation gives 4Ae 2x - 8Ae 2x + 5Ae 2x = e 2x =t- A=l and 
the general solution is y(x) = e 2x (ci cosx + c 2 sinx) -I- e 2 *. 

7. r 2 -2r + l = 0 => r = 1 and y c {x) = ae x + c 2 xe x . Try y„(x) = (Ax + B) cosx + (Cx + D) sin x 

y' p = (C - Ax- B) sinx + (A + Cx + D) cos x and y' p ' = (2C — B — Ax) cos x + (-2 A - D - Cx) sin x. Substitution 
gives (-2Cx + 2C - 2A - 2D) cosx + (2Ax - 2A + 2B - 2C) sinx = x cosx •* A = 0, B = C = D = -A. 
The general solution is y(x) = ae x + c 2 xe x - A cosx - ^(x + l)sinx. 

9. r 2 - r - 6 = 0 =» r = -2, r = 3 and y c {x) = cie -21 + c 2 e 31 . For y" - y' - 6y = 1, try y P1 (x) = A. Then 
y' P1 (x) = yp, (x) = 0 and substitution into the differential equation gives A = - A. For y" - y' - 6y = e~ 2x try 
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356 □ CHAPTER 17 SECOND-ORDER DIFFERENTIAL EQUATIONS 

y P2 {x) = Bxe~ 2x [since y = Be~ 2x satisfies the complementary equation]. Then y' P2 = (B - 2Bx)e~ 2x and 
y'n = (4Bx - AB)e~ 2x , and substitution gives -bBe~ 2x = e~ 2x =>' B = -\. The general solution then is 
y{x) = c ie - 2x + c 2 e 3x +y pi (x) + y P2 (x) = c x e~ 2x + c 2 e 3x - ± - \xe~ 2x . 

11. The auxiliary equation is r 2 + 6r = 0 and the general solution is y(x) = Ci + c 2 e~ 6x = k\ + k 2 e~ 6< - x ~ 1 K But 
3 = = kj + k 2 and 12 = y'(l) = -6k 2 . Thus fc 2 = -2, ki = 5 and the solution is j/(x) = 5 - 2 e - 6<I - l >. 

13. The auxiliary equation is r 2 - 5r + 4 = 0 and the general solution is y(x) = cie* + c 2 e 4: ". But 0 = y(0) =d+Qj 
and 1 = y'(0) = ci + 4c 2 , so the solution is y(x) = \{e 4x - e x ). 

15. r 2 +4r + 29 = 0 => r = -2 ± 5l and the general solution is y = e _2l (ci cos5x + c 2 sin5x). But 1 = y(0) = a and 
-1 = j/(rr) = -cie~ 2 " =i> ci = e 2!r , so there is no solution. 

OO OO oo 

17. Let y(x) = £ c„x n . Then y" (x) = £ n(n - l)c„x n ~ 2 = £ (n + 2 )(« + l)cn+2z" and the differential equation 

n=0 n=0 n=0 

oo 

becomes £ [(n + 2)(n + l)c„ +2 + (n + l)c„]x" = 0. Thus the recursion relation is c H+2 = -c„/(n + 2) 

n=0 

1 f-1) 2 

for n = 0, 1, 2, .... But co = j/(0) = 0, so c 2 „ = 0 for n = 0, 1, 2 Also c : = y'(0) = 1, so c 3 = --, c 5 = V"^> 

f— l) 3 (— 1) 3 2 3 3! (— l) n 2 n fi! 

C7 = 0 g _ = * — b : , . . . , c 2rt+ i = -tt 1 for n = 0, 1, 2, Thus the solution to the initial-value problem 

3 • 5 • 7 7! (2n +1)! 

n =o n=o (2n + lJ! 

19. Here the initial-value problem is 2Q" + 40Q' + 400Q = 12, Q (0) = 0.01, Q'(0) = 0. Then 
<?c(t) = e _10t (ci cos 104 + c 2 sin lOt) and we try Q p (t) = A. Thus the general solution is 
Q(t) = e- 10t (ci cos lOt + c 2 sin lOi) + But 0.01 = Q'(0) = ci + 0.03 and 0 = (?"(0) = -10c, + 10c 2> 
so ci = -0.02 = c 2 . Hence the charge isgiven by Q(t) = -0.02e" 10 '(cos lOt + sin lOt) + 0.03. 

21. (a) Since we are assuming that the earth is a solid sphere of uniform density, we can calculate the density p as follows: 

mass of earth = M Jf y ^ ^ volume of , he portion 0 f the earth which | ies within a distance r of the 
volume of earth 1 7ri? 3 

a ., 4 3 , » j Mr 3 GAJ r rn GMm 
center, then V T = frrr 3 and M r = pV,- = Thus F r = ^ — = r. 

(b) The particle is acted upon by a varying gravitational force during its motion. By Newton's Second Law of Motion, 

d 2 y _ GMm „, M , 2 . . ., GM , . . „ GMm 
m = F y = ^j— y, so r/ (t) = -k y (t) where = At the surface, -mg = Fr = , so 

g = jp" « Therefore fc 2 = 
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(c) The differential equation y" + k 2 y = 0 has auxiliary equation r 2 + k 2 = 0. (This is the r of Section 17.1, 
not the r measuring distance from the earth's center.) The roots of the auxiliary equation are ±ik, so by (1 1) in 
Section 17.1, the general solution of our differential equation for t is y(t) = Ci cosfci + c 2 sinfci. It follows that 
y'(t) = -dksinkt + cafceosfct. Now y (0) = R and y'(0) =Q,soc 1 =R and c 2 fc = 0. Thus y{t) = flcos kt and 

y' (t) = -kR sin kt. This is simple harmonic motion (see Section 1 7.3) with amplitude R, frequency k, and phase angle 0. 
The period is T = 2n/k. R m 3960 mi = 3960 • 5280 ft and g = 32 ft/s 2 , so k = y/g/R « 1.24 x HT 3 s" 1 and 
T = 2n/k « 5079 s » 85 min. 

(d) y(t) = 0 cos fit = 0 Art = f + ?m for some integer n = -rc#sin(f + irn) = ±kR. Thus the 
particle passes through the center of the earth with speed kR « 4.899 mi/s « 17,600 mi/h. 
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□ APPENDIX 

Appendix H Complex Numbers 



1. (5 - 6i) + (3 + 2i) = (5 + 3) + (-6 + 2)i = 8 + (-4)i = 8 - 4i 

3. (2 + 50(4 - i) = 2(4) + 2(-i) + (5»)(4) + (5i)(-i) = 8 - 2t + 20i - 5i 2 = 8 + 18i - 5(-l) 
= 8 + m + 5 = 13 + 18* 

5. V2+Ti = 12 - 7i 

1 + Ai ^ 1 + 4i 3 - 2i _ 3 - 2i + 12t - 8(-l) _ 11 + lOj 11 10 . 
3 + 2i ~ 3 + 2i ' 3-2t 3 2 + 2 2 13 13 + 13* 

1 1 1 -i _ 1-t = I^jj _ x_i', 

X+< l-(-l) 2 2 2* 

11. i 3 m i 2 ■ i = (-1)1 = -i 
13. = y/2li = Si 

15. 12 -5i = 12 + 15i and |12 - 15i| = yj\2 2 + (-5) 2 = 044 + 25 = = 13 

17. =4? = 0^4i = 0 + 4t = 4i and |-4i| = ^O 2 + (~4) 2 = x/l6 = 4 

19. 4x 2 + 9 = 0 4x 2 = -9 & s 2 = -f o ar = dbyC| = ± i ^i = ±|i. 

By the formula, x» + 2x + 5 = 0 i , = zi±^ZEM = zl±fll m Z*±« = _ x ± 2 , 

23.Bythequadraticformula,2 2 +2 + 2 = 0 o «- zi±v|Ziiffl = zI^EZ = _ | ± 

25. For z = -3 + 3i, r = a/(-3) 2 +3 2 = 3 y/2 and tan 0 = = - 1 => 6 = ^ (since z lies in the second quadrant). 
Therefore, -3 + 3t = 3 s/% (cos ^ + i sin ^) . 

27. For z = 3 + 4i, r = \/3 2 + 4 2 = 5 and tan 0 = § 6 = tan -1 (§) (since 2 lies in the first quadrant). Therefore, 

3 + 4i = 5[cos(tan _1 f) + zsin^an" 1 $)].. 

29. For z = y/3 + i, r = {Vs) 2 + l 2 = 2 andtanf = ^ => 0 = f =*■ z = 2(cos f 4- isin f ). 
Fortu = 1 + \/3i, r = 2andtan0 = \/3 => 0 = | =t> w = 2(cos f + tsin f ). 
Therefore, zw = 2 • 2[cos(f + §) + tsin(f + f )] = 4(cos f + isin §), 

z/w = § [cos(£ - f ) + isin(f - f)] = cob(-S) + isin(-£ ), and 1 = 1 + Oi = l(cos 0 + esin 0) =► 
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l/z = ±[cos(0- £) +isin(0 - £ )] = \ [cos(-£) + isin(-£)] . For l/z, we could also use the formula that precedes 
Example 5 to obtain 1 fz = ± (cos £ - i sin £ ) . 

31. For z = 2 v / 3-2i,r = ^(2 v/3) 2 + (-2) 2 = 4 and tan0 = ^- = —fe 6 = -£ ^ 
z=4[cos(-£)+isin(-£)].For™ = -l + i,7- = v^,tan0=^ = -l * **» f 4> 
tu - y/2 (cos 2f + isin ^). Therefore, Z » = 4 \/2 [cos(-§ + + isin(-£ + ^)] = 4 y<§ (cos f| + iang), 
*/« = ^ [cos(-£ - f J +| sin(-f - f J] = ^ [cos(-^) + < sin(-^)] = 2 v/2 (cos $C + i sin and 
l/z = l[cos(-f) -isin(-f)] = i(oosf + isin£). 

33. Forz = 1 + i,r = \/2andtan0 = | = 1 0 = £ z = xfiH (cos £ + isin £). So by De Moivre's Theorem, 

(1 + i) 20 = [v/2 (cos £ + i sin § )] 20 = (2 1 ' 2 ) 20 (cos 2^ + j sin ) = 2 10 (cos 5tt + « sin 5tt) 
= 2 lo [-l + i{0)] = -2 10 = -1024 

35. For 2 = 2 v/3 + 2i, r = ^(2 v/3 ) 2 + 2 2 = v/16 = 4 and tan 0 = ^ = ^ =* <? = £ * * = 4(cos £ + i sin £). 
So by De Moivre's Theorem, 

(2V3 + 2i) 5 = [4(cos£ +isin£)] S = 4 5 (cos^ +isin^) = 1024[-^ + ±i] = -512 \/3 + 512i. 
37. 1 = 1 + Qi = 1 (cosO + i sinO). Using Equation 3 with r =l,n = 8, and 9 = 0, we have 

/ n i o J,— \ /nil La \ 

= i 1/8 



Q + 2kir\ . . /0 + 2fc7r\ 



= cos -r- + i sin where fc = 0, 1, 2, . . . , 7. 



w 0 = l(cos0 + isin0) = l, Wl = l(cos £ + isin£) = + -fci, 
W2 = l(oos £ +i sin f ) = i, w 3 = l(cos $ + isin^) = + ^i, 
w 4 = l(cos7r + isin7r) = -1, w s = l(cos^£ + isin ^f-) = -Jfo - -^i, 
we = l(cos 2f + isin 4f ) = -i, w 7 = l(cos 7 -f + isin 7 -f) = - ^i 

39. i = 0 + i = 1 (cos f + i sin £ ) . Using Equation 3 with r = 1, n = 3, and 6 = £, we have 

m = 1 ' cosl -2— - J + zsin( - 2 — - J , where k = 0, 1, 2. 

wo = (cos£ +isin£) = S§ + \i 
m = (cos'^f +isinf^) =-^r + tH 

w 2 =, (cos ^ + isin ^) = -i ( 
41. Using Euler's formula (6) with y = £ , we have e"^ 2 = cos £ + isin £ = 0 + li = i. 
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43. Using Euler's formula (6) with y = ^, we have e ilr/3 = cos ^ + isin 




45. Using Equation 7 with x = 2 and y = ir, we have e 2+tlr = e 2 c" r = e 2 (cos ir + isin 7r) = e 2 (-l + 0) = — e 2 . 
47. Take r = 1 and n = 3 in De Moivre's Theorem to get 



cos 3 9 + 3(cos 2 0)(i sin 0) + 3(cos 0)(i sin 0) 2 + (i sin 0) 3 = cos 39 + i sin 39 



cos 3 0 + (3 cos 2 (9 sin 9)i - 3 cos 9 sin 2 0 - (sin 3 9)i = cos 30 + i sin 30 
(cos 3 0 - 3 sin 2 0 cos 0) + (3 sin 0 cos 2 0 - sin 3 9)i = cos 30 + i sin 30 



Equating real and imaginary parts gives cos 30 = cos 3 0-3 sin 2 9 cos 0 and sin 30 = 3 sin 0 cos 2 0 - sin 3 0. 
49. F(x) = e rx = e (n+ '" )l = e OI+ '"' a e" 1 (cos bx + i sin fee) = e" x cos bx + i(e ox sin bx) => 



F'(x) = (e ax cos bx)' + i(e ox sin bx)' 

= (ae" x cos bx — be ax sin bx) + i(ac ax sin bx + be ax cos bx) 
= a[e ax (cosbx + isinbx)] + 6[e°*(— sinbx + icosbx)] 
= ae rx + b[e ax (i 2 sin bx + j cosbx)] 

= ae rx + bi[e" x (cosbx + isinbx)] = ae rx + bie' x = (a + bi)e rx = re' 



[l(cos & + i sin 0)] 3 = l 3 (cos 30 + i sin 30) 
(cos 0 + i sin 0) 3 = cos 30 + i sin 30 



© 2012 Centre Learning. All Ri B hls Reserved. May not be scanned, copied, or duplicated, or posted lo ■ publicly accessible website, in whole or in pan. 

www.elsolucionario.net 



